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ABSTRACT. In this paper, we prove that every non-elementary subgroup
of the mapping class group of a surface has non-arithmetic Teichmdiiller
length spectrum. Namely, Teichmiiller translation lengths of its pseudo-
Anosov elements generate a dense additive subgroup of R. We prove
this by introducing the notion of cross-ratios on MF and PMUF, and
studying its geometric and dynamical properties, despite the lack of
negatively curved feature of the Teichmiiller space nor the conformal
geometry on PMF.

1. INTRODUCTION

Let S be a connected orientable surface of finite type with negative Euler
characteristic. Let

Mod(S) := Homeo™ (S)/ ~

be the mapping class group of S, the group of isotopy classes of orientation-
preserving homeomorphisms on S.

Teichmiiller space 7 = T(S) is the space of all marked Riemann surface
structures on S, equipped with a natural metric d, called the Teichmiiller
metric. The natural Mod(.S)-action on (7,dy) given by change of markings
is properly discontinuous and by isometries. Hence, for each g € Mod(\S),
its Teichmiiller translation length

n
len(g) := lim M, oeT

n—-+oo n

is well-defined, independent of the choice of 0 € T.
For a subgroup I' < Mod(.S), we call

len(T") := {len(g) : g € " pseudo-Anosov}

the Teichmiiller length spectrum of I'. The quotient space Mod(S)\ T is
the moduli space of Riemann surface structures on S, and the Teichmiiller
length spectrum len(Mod(.S)) is the same as the set of lengths of all closed
geodesics in the moduli space Mod(S)\ 7, with respect to the induced metric
on it. Similarly, the Teichmiiller length spectrum len(I") of T' < Mod(S) is
the same as the set of lengths of all closed geodesics in the associated cover
I'\'T of the moduli space.
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We say that I' < Mod(S) has non-arithmetic Teichmiiller length spectrum

if the additive subgroup
(len(T")) < R

generated by its Teichmiiller length spectrum is dense. We also call len(T")
non-arithmetic in this case.

A subgroup I' < Mod(S) is called non-elementary if I' contains two in-
dependent pseudo-Anosov mapping classes. Our main theorem is the non-
arithmeticity of Teichmiiller length spectrum of a non-elementary subgroup.

Theorem 1.1 (Non-arithmeticity). Let I' < Mod(S) be a non-elementary
subgroup. Then its Teichmiiller length spectrum len(T") is non-arithmetic.

Note that the non-elementary hypothesis is necessary; if I' is a cyclic sub-
group generated by a single pseudo-Anosov mapping class, then (len(I")) C R
is a scaled copy of Z.

In general, the length spectrum can be similarly discussed for a general
isometric action on a metric space. Its non-arithmeticity is a fundamen-
tally important property from many geometric and dynamical aspects. In-
deed, non-arithmeticity is a necessary ingredient for mixing, equidistribution,
counting results for geodesic flows, dynamics of horospherical foliations, and
measure classification of horospherical-invariant measures. In general nega-
tively curved settings, those geometry and dynamics were studied in ([Dal00],
[Rob03], etc). In the settings of subgroups of mapping class groups and Te-
ichmiiller spaces, study of geodesic flows was carried in [GM23a], and mea-
sure classifications within ML was studied in our recent work [CK25|. All
of those results assume non-arithmeticity of length spectra.

In the following specific cases of a non-elementary discrete subgroup I' <
Isom(X) of isometries on a CAT(—1) space X, non-arithmeticity of its length
spectrum is known:

(1) T\ X is a negatively curved surface, due to Dal’bo [Dal99],
(2) X is a rank-one symmetric space, due to Kimﬂ IKim06].
(3) the limit set of I' possesses a non-singleton connected component,
due to Bourdon [Bou95|.
(4) T contains a parabolic isometry, due to Dal’bo—Peigné [DP9S].
A natural generalization to Zariski dense discrete subgroups of higher-rank
Lie groups is established by Benoist [Ben00)].

Remark 1.2. We also note that, to the best of the authors’ knowledge, it
is an open problem whether the length spectrum of a non-elementary dis-
crete subgroup I' < Isom(X) is always non-arithmetic when X is a simply
connected Riemannian manifold with curvature at most —1.

In contrast, Teichmiiller space is neither Gromov hyperbolic [MW95] nor
homogeneous except for sporadic surfaces. Besides the full mapping class
group Mod(S) which contains a Veech group acting on a Teichmiiller disk

1Inkang Kim, not the second-named author.
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as a non-elementary Fuchsian group, Theorem is the first result for non-
arithmeticity of Teichmiiller length spectra of subgroups of Mod(S).

1.1. On the proof. To prove Theorem [I.1] we introduce the notion of cross-
ratios on the space MJF of measured foliations and the space PMF of pro-
jective measured foliations on S, and studying its geometric and dynamical
properties. See Definition [2.1] for precise definitions of cross-ratios.

Showing the non-arithmeticity using cross-ratios was already done by
Kimﬂ IKim06| for rank-one symmetric spaces. Indeed for instance in real
hyperbolic case, Kim proved that if a discrete subgroup of isometries does
not have non-arithmetic length spectrum, then its limit set is contained in
a discrete union of proper spheres in the boundary. This can also be seen
as a consequence of negatively curved geometry and the conformality of
boundary action. Kim then deduced that the discrete subgroup cannot be
non-elementary, based on a structure theory of rank-one Lie groups.

In contrast, in the setting of Teichmiiller geometry, we do not have a neg-
atively curved geometry, homogeneity of the space, and conformality of the
boundary action. To overcome this difficulty, after we introduce the notion of
cross-ratios on MF and PMF, we also observe useful relationship between
cross-ratios and geometric and dynamical properties of limit sets. Moreover,
we further investigate piecewise-linear structure of MJF by using the the-
ory of train tracks, and then complete the proof of the non-arithmeticity by
proceeding certain inductive arguments.

Remark 1.3. We remark that an approach to proving the non-arithmeticity
of Teichmiiller length spectra (Theorem [1.1]) via train tracks and reduction
to linear algebra has been attempted with a mistake in an earlier version
[GM23D] of the work of Gekhtman—Ma |[GM23a] as well as in Gekhtman’s
UChicago Ph.D. thesis [Gek14], which was purported to work even for non-
elementary semigroups of mapping class groups. In this current paper, we
take a different approach, as described above.
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2. PROOF OF THE NON-ARITHMETICITY

2.1. Measured foliations and pseudo-Anosov mapping classes. Be-
fore proving Theorem let us briefly review some basic facts on mea-
sured foliations and pseudo-Anosov mapping classes. For more comprehen-
sive overview, we refer to ([FLP79], [FM12]).

We denote by MF = MF(S) the space of equivalence classes of (singular)
measured foliations on S, where the equivalence is generated by isotopy and
Whitehead moves (see [FLPT9, Exposé 5| for details). Each element of MF
can be represented by a pair (F,p) of (singular) foliation F on S and a
transverse measure ft.

The mapping class group Mod(S) acts naturally on MF by homeomor-
phisms. According to the Nielsen—Thurston classification ([Nie44], [Thu8§],
cf. [FLP79, Exposé 9]), a mapping class g € Mod(S) is called pseudo-Anosov
if there exist transverse measured foliations (Fy, i), (Fs, pts) € MF and a
real number Ay > 1 such that

9'(-7:U7Mu) = (-7:1u)\g’ﬂu) and g- (Fsaﬂs) = (-Fstgl ',Ufs)'

We call (Fy,py) and (Fs, ps) the unstable and stable measured foliations
for g respectively, and they are uniquely determined up to scaling of the
transverse measures. The real number )\, is called the stretch factor of g,
and it satisfies
len(g) = log A\q

(|Ber78], [Thu88|). Note that A,—1 = A,.

The space PMF = PMF(S) of projective measured foliations on S is
defined by

PMF := MF/ ~

where the projectivization is given by scaling transverse measures. Thurston
compactified the Teichmiiller space T using PMUF as its boundary. The
compactification T UPMF is now referred to as the Thurston compactifica-
tion, and hence PMF is also referred to as the Thurston boundary. Thurston
also showed that the Mod(.S)-action on 7 and the induced Mod(.S)-action on
PMF are glued together and give rise to the Mod(S)-action on 7 UPMF
by homeomorphisms ([Thu8§|, [Thu97]).

For a pseudo-Anosov g € Mod(S), we choose

gt, g e MF
unstable and stable measured foliations for ¢ respectively, which are not

unique but we make certain choices. It follows from the above discussion
that their projective classes

lg"].lg7]1 € PMF
are distinct fixed points of g acting on T UPMF. Moreover, g exhibits the

north-south dynamics: for x € T UPMF ~ {[¢F]},

g"r —[g7] asn— +oo and ¢"x —[¢g7] asn— —oo



NON-ARITHMETICITY OF LENGTH SPECTRA OF SUBGROUPS OF MCG 5

and the convergence is uniform on compact subsets [McC85, Section 4| (cf.
[[va92, Theorem 3.5]). Note also that [(¢g~1)*] = [¢7] and [(¢71)~] = [¢7].
Two pseudo-Anosov g, h € Mod(S) have either the common fixed points
(ie., {[gF]} = {[h*]}) or disjoint fixed points (i.e., {[g*]} N {[RF]} = 0)
[MP89, Lemma 2.5]. We say that they are independent when they have
disjoint set of fixed points in PMF. A subgroup I' < Mod(S) is called
non-elementary if there exist independent pseudo-Anosov g,h € T".

2.2. Cross-ratios on MF and PMF. We prove Theorem by intro-
ducing the notion of cross-ratios on MJF and PMF.

For two isotopy classes «, 8 of simple closed curves on S, we denote by
i(a, B) € R>q their geometric intersection number, i.e., minimal number
of intersection points of their representatives. Isotopy classes of (essential)
simple closed curves on S can be regarded as measured foliations whose
transverse measures are given by intersection numbers with them, by foliat-
ing their annular neighborhoods with closed leaves isotopic to those simple
closed curves. In this regard, the function i(-,-) continuously extends to

i:MFXMF—)]RZO

which we also call geometric intersection number ([Thu22, Section 9.3|,
|[Ree81l, Corollary 1.11]). Then i(-,-) is invariant under the Mod(S)-action
and equivariant under the scaling: for z,y € MF, g € Mod(S), and t,s > 0,
we have

i(g-x,g-y)=i(z,y) and it -z, s-y) =ts-i(z,y)
where ¢ -z and s - y are obtained by scaling transverse measures of x and y

by t and s respectively.
For a pseudo-Anosov mapping class g € Mod(.S), we have

i(r,g7) >0 for every x € MF with [z] # [¢g7]

([FLP79, Théoréme 1, Exposé 12|, [FLP79, Lemme 6, Lemme 16, Exposé 9],
[Ree81] Theorem 1.12]). The same property also holds for g*.

Definition 2.1 (Cross-ratios). For z,y,z,w € MJF, we define their cross-
ratio

iz, w)i(y, 2)
iz, 2)i(y, w)
whenever i(z, 2)i(y,w) # 0. Note that this is invariant under scaling trans-
verse measures, and hence the cross-ratio is well-defined on PMF as well.

[, y,z,w] = € R>p

In Proposition 2.3 below, we relate the cross-ratio to dynamics of pseudo-
Anosov mapping classes. We begin with the following lemma, which might
be standard to experts; we present the proof for the sake of completeness.
With an extra element “0”, we give a topology on MF LI {0} by setting
that a sequence {zy, }neny C MF converges to 0 if the associated sequence of
transverse measures converge to the zero measure.

Lemma 2.2. Let g € Mod(S) be pseudo-Anosov. Then the following holds:
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(1) For any v € MF, we have

- i(z,97)

A -

! i(gt,97)

(2) Let {zp}tneny € MF be a sequence such that, as n — 400, we have
Ty — x € MF withi(x,g7) > 0. Then

gt e MFU{0} asn— +oo.

i(fL‘,g_) +
7_9 as n — +o00.
i(g%,97)

(3) The convergence in (1) and (2) is uniform on compact subsets of
MFN Rsg-g~ in the sense that for any compact Q C MF~Rsq-g~

and an open neighborhood U C MF of HQ.97) gt C MF,

i(gt,97)

A "g"Q U for all large n € N.

Ay"g" s —

Proof. We first prove (2). Let {zp}neny C MF be a sequence such that
Ty — ¢ € MF with i(z,g7) > 0 as n — +o0. Since i(z,g~) > 0, we have
[x] # [¢7] € PMF. Then by the north-south dynamics of g on PMF, we
have

[9"xn] — [g7] € PMF  asn — +oo.
Hence, there exists a sequence {t,}nen C Rsg such that t,¢"x, — ¢g* as
n — +00.
As n — +oo, we have
i(Ag" 9" Tn, g7 ) = A "i(@n, g "9 ) = i(Tn, 97 ) = i(z,97) > 0.

Note that A\, "g"z, = ()\g_"tgl)tng”mn for all n € N, and that t,g,2, — g
as n — —oo. It follows from the above computation that
i(Ag""Tn,97) i(x,97)
. i Ay r—
i(tng"wn,g7)  i(gt,97)

—ny—1 __
Ayt = as n — +oo.

Therefore,

i(z,97) +

-n. . n _ —ny—1 n X
)\g gz, = (/\g t, )tng Ty — e g as n — +oo,

as desired.

We now prove (1). By (2), it suffices to consider the case that [z] = [¢7] €
PMF. Then

- _ 2
Ag"g =X —0 asn— +oo.
Since i(x, g~ ) = 0 in this case, the desired convergence holds.

Finally, (3) follows from (2). O

We now deduce the following relation between cross-ratios and stretch
factors from Lemma Note that in the following, ¢g"h" is pseudo-Anosov
for all large n € N since g and h are independent ([McC85], [Iva92]).
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Proposition 2.3. Let g,h € Mod(S) be independent pseudo-Anosov map-
ping classes. Then

Agnhn
NG AR
Proof. For each n € N, let f,, := ¢g"h™ € Mod(S), which is pseudo-Anosov
when n is large enough. For such n € N, we choose ff € MJF such that

i(f,r, f,7) = 1. It then follows from the north-south dynamics of g and h
that

—[g",hT,g7,h7] asn — +oo.

(] = (gt e PMF and [f;] = [h7] € PMF asn — +oo.

Hence, by rescaling transverse measures of fi¥ € MF, we may assume that
sequences {fF},en € MF is convergent. We denote their limits by x,y €
MF, ie.,

fF—a2 and f, -y asn— +oo.
T

n

fn) =1 for all large n € N, we have
Afo = i(fufy s ) = (g " 3 )

Since i(

and hence
Agnhn

(2.1) SO
AEAT

=1 ((}\;ngn) ()\;nhn) f;rvf;) — (A}:nhnf;r’)\;ng—nf;) )

Since [z] = [¢g1] and [y] = [h~], we in particular have
i(x,h”) >0 and i(y,g") >0
by the independence of g and h. Hence, by Lemma [2.2(2), we have as
n — +o0o that
i(z,h™)

Uz h ) iy, gt) -
i(h+, ho) ‘

: )
i(g*,97)

Now since z = tg™ and y = sh™ for some t,s > 0, it follows from above
convergences and Equation ([2.1)) that

Agwn i@, )iy, g )i(h ", g7) - ilg" ) (AT, 97)

N, PR = T  and A9 —

as n — +o00.

AGAR Wt h7)ilgtg7) T ilgT, g7 )i(RT A7)
Since 1 =i(f,7, ;) = i(z,y) =ts-i(gT,h™) as n — 400, we also have
ts = #
(g™ h7)

Therefore,

)\g”h" N i(g+7h_)i(h+7g_)
Aoy i(gT, g )i(ht A7)
This finishes the proof. O

= [g+, ht, g, h™] asn — 4oo.
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2.3. Proof of Theorem We are now ready to prove Theorem Let
I' < Mod(S) be a non-elementary subgroup and suppose to the contrary
that its Teichmiiller length spectrum len(I") is not non-arithmetic. That is,
for some ¢ > 0 we have

(len(I')) Cc-Z.

Then for any independent pseudo-Anosov g, h € I'; it follows from Proposi-
tion 2.3 that

(2.2) loglgt,h", g~ ,h" ]| €c-Z.
Denote by

Ar :={[g"] : g € T pseudo-Anosov} C PMF

the limit set of I'. Since I' < Mod(S) is non-elementary, Ar is the unique
I-minimal subset of PMF and is perfect [MP89, Theorem 4.1, Proposition
5.2]. Moreover, the north-south dynamics of pseudo-Anosov mapping classes
also gives rise to that

{([g7),197]) : g € T pseudo-Anosov} C Ar x Ar

is a dense subset (cf. proof of Proposition . Hence, for z,y,z,w € Ar
such that i(z, 2)i(y, w)i(x,w)i(y, z) > 0, it follows from Equation (2.2)) that

(2.3) log[z,y,z,w]| €c-Z.

We will deduce a contradiction from Equation (2.3)).

For a maximal and recurrent train trackﬂ 7 on S, let V; be the real vector
space of weights on the branches of 7 satisfying the switch condition, and
let K (1) C V; be the non-empty open convex cone consisting of weights
which are positive on every branch of 7. Then there exists a natural R -
equivariant map ¢, : K(7) — MUF which is a homeomorphism onto its
image. Moreover, the image U(7) := ¢, (K (7)) C MF is a non-empty open
cone in MF whose elements are carried by 7 (cf. [Pap83) Section II.3]).
These (U(7),¢7)’s form an atlas of MF, giving rise to a piecewise-linear
structure [Thu22, Proposition 9.5.8] (cf. [Pap08, Proposition 4.3]). Each
(U(7), ¢+) is called the train track chart associated to 7. We refer to ([PH92],
[Pap83|) for more comprehensive expository.

In the rest of the proof,

we fix a pseudo-Anosov g € T.

Then there exists a train track chart (U(7), ¢-) containing g~ € MF such
that, after replacing g with its positive power if necessary, g=2U(7) C U(7)
and the g~2-action on U(7) induces an action on V; given by an invertible
linear map A : V; — V. with the leading eigenvalue « := )\3 [PP8T7, Theorem
4.1] (cf. |[Pap83|, Section IV]).

3We omit precise definitions of train track and its maximality and recurrence. It is
enough for our purpose to have the following properties.
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Since Ar is perfect, there exists a pseudo-Anosov h € I' such that g and

h are independent and h* € U(7); in particular, i(h*, g*) > 0. We simply
write z := hT € MF. Then for each n € N,

R CARY IO LI I W CAR i LG T

i(gt 9™ )(g”z g7"2) (gt gT)i(Ag"g"z A g )

By Lemma (1), we have A "g™"z ﬁ g%, and hence

l97.9"2,9" .9~

g7, 9"2,97,97"2] =1 asn— +oo.

On the other hand, since i(g", g7 )i(9"z, g7 "2)i(g", 9 "2)i(g"2,97) > 0, it
follows from Equation (2.3)) that

g7, 9"2,97,9 "2] =1 for all large n € N.

In other words,

") = i(g",97"2)i(g"2,97)

i(9" 2,9~ ot ) for all large n € N.
i
Since i(g"z,97"z) = i(2,97*"2), ( "z) =i(g"g",2) = Aji(g*, 2), and
i(9"z,97) =1i(z,97 g ):)\ i(z,97), Wehave

—QnZ) — )\Qn . i(gfraz)z(zagi)
i(g*.97)

Now noting that [z] = [hT] # [g7], it follows from (|[Pap86}, Proposition 3],
[PH92l Section 3.4]) that there exists a maximal and recurrent train track o
on S and associated train track chart (U(o), ¢, : K(0) C V, — U(0)) such
that g~ € U(o) and that the function

i(z, ¢s(+)) 1is linear on K(o).

Let ¢ : V; — R be the linear form such that

¥() = i(z,¢0()) on K(o).
By [Pap08, Proposition 4.3|, there exists an open cone neighborhood W C
K(7) of ¢71(g7) such that ¢,(W) C U(o) and there exist convex cones
Wi,...,W,, C W with non-empty interiors such that W = U;n:1 W; and
the transition map

(2.4) i(z,9 for all large n € N.

$;' 0 ¢, s linear on W; for each 1 < 5 < m.
For each j, let ¢; : V. — V, be the linear map such that
o = qﬁ;l o¢, on Wj.
Define a linear form L; : V. — R by
Lj:=1o¢;.
Now define the function f; : K(7) — R by
fr () =i(z,0-())-
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Then we have
fr=1L; onWj.
We simply write
vi= ¢ () € K(1).
The following observation is crucial in deducing the desired contradiction.
See Figure [I] for its name.

Lemma 2.4 (Bottom of Iceberg Lemma). For each 1 < j < m, we have
Lj (’U) S 0.

Proof. Let u € int W and for t € [0, 1], let u; := (1 —t)u+tv € K(7). Then
by the convexity of f; proven in Theorem A.1| (cf. [AH24, Theorem

Jr(u) < (1 =1) fr(u) + tf2(v).
On the other hand, for small enough ¢ > 0, u; € W; and hence
fr(ue) = Lj(ug) = (1 =) Lj(u) +tL;j(v) = (1 =) fr(u) + tL;j(v).
Combining them, we have
Ly(0) < fo(v) = i(2,2) = 0.

FIGURE 1. Iceberg on f;

Now we set ' .
_i(g",2)i(z,97)
(gt 97)
Recalling oo = )\3, it follows from Equation ({2.4)) that
fr(A") =C-a" for all large n € N.

> 0.
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Since [g7%"z] — [¢7] in PMF as n — +o0, we have [A"v] — [¢-1(g7)] as
n — 400, after projecting to some unit sphere in K(7) C V;. Hence,

A"v e W for all large n € N.
For each n > 0, set

Py =[] (Lj(A™) = C-a™).
j=1

Then for all large n € N, it follows from A"v € W that L;(A"v) = f-(A™v) =
C' - o™ for some 1 < j < m. This implies

(2.5) P, =0 forall large n € N.

Now for each 1 < j < m, define the vector space V; := V, xR and consider
the linear form L; : V; — R defined by

Ej(u, s) = Lj(u) = C - s.
We also define A; : V; — V; by
Aj(u, ) == (Au, as),

which is an invertible linear map.
We then consider tensor products

m

/‘7::®V}-, E::éij, and A\::éAj.
j=1 j=1 j=1

Then L : V — R is a linear form and A : V — V is an invertible linear map.
Let

X5(t) =t + cart + -+ et + e

be the characteristic polynomial of A. Since A is invertible, ¢y # 0. By
Cayley—Hamilton theorem,

A\d + Cd_lA\d_l + -+ 01121\—{— o Id = 0.
In other words, for each n > 0,
A\n—l-d + Cd_lA\TH_d_l + o4 ClA\TH_l + 001/4\” = 0.

In particular, setting

m
7=, 1) eV,
j=1
we have
An+d@\+ CdflAn—i_d_li)\—i- et clAn—H/ﬁ_i_ C()Ani)\: 0’
and hence

L (E”erﬁ) +eg 1L (ﬁ””‘lﬁ) 4t L (ﬁ”“ﬁ) + ol (ﬁ”ﬁ) -0
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Note that for each n > 0,
m
3% = @) (A", ")
j=1
and hence
m
L(A) =[] (Z;j(A") - C-a™) = P.
j=1

Therefore, it follows that

Poiag+cqg1Prig1+ -+ c1Pot1 +coP, =0 for each n > 0.

On the other hand, as in Equation (2.5), P, = 0 for all large n > 0.
Therefore, since ¢y # 0, backward induction gives P, = 0 for all n > 0. In
particular,

Py=0.

Since Py = 72, (L;j(v) — C), this implies

Lij(v)—C =0 forsomel<j<m.

However, by Bottom of Iceberg Lemma (Lemma [2.4), L;j(v) < 0. This is a

contradiction to C' > 0, completing the proof of Theorem [I.1] O
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