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ABSTRACT. Let I" be a discrete subgroup of a connected semisimple real al-
gebraic group of higher rank. The growth indicator function ¢ records the
directional exponential growth of the Cartan projections of elements of I" in the
positive Weyl chamber at. We prove that if I' is a non-elementary relatively
Borel Anosov group, then r is strictly concave on non-collinear directions.
We prove this by establishing the Cl-smoothness of the Manhattan hypersur-
face, defined as the unit level set of the critical-exponent map ¢ — 5¢(1"). More
generally, for a non-elementary f-transverse group, we prove local Cl-regularity
near every point of the §-Manhattan hypersurface that is positive on the 6-
limit cone and has a critical gap at infinity. In particular, the §-Manhattan
hypersurface is globally C! for relatively §-Anosov groups, and their 6-growth
indicator functions are strictly concave on non-collinear directions.

1. INTRODUCTION

Let G be a connected semisimple real algebraic group. The main result of this
paper is a sufficient condition for the #-growth indicator function of a Zariski dense
f-transverse group of G to be strictly concave in a neighborhood of a point. This
result implies that the #-growth indicator function of every Zariski dense relatively
0-Anosov group of G is strictly concave. We establish our main result by proving lo-
cal C'-regularity of the -Manhattan hypersurface of a non-elementary f-transverse
group at every point that is positive on the #-limit cone and has a critical gap at
infinity. We begin by introducing the notation needed to state this result precisely.

Let A < G be a maximal real split torus, and set a := Lie A. Fix a positive Weyl
chamber at C a, and let A C a* denote the corresponding set of simple restricted
roots. We denote by

k:G—at

the Cartan projection.
Fix a nonempty subset § C A which is invariant under the opposition involution
of a (see (2.1)). Consider the partial Cartan subspace

ag := ﬂ ker o.

acEANO

Let
T - a4 — Qg

be the canonical projection invariant under every Weyl group element that fixes ag
pointwise, and set

kg :i=mgor:G— ag.
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A subgroup I' < G is called 6-discrete if the restriction
I<Lg|r ' > ay

is proper. Equivalently, for every T > 0, the set {y € ' : |[kg(7)|| < T'} is finite,

where ||| is any norm on ag. While every discrete subgroup of G is A-discrete, the

f-discreteness hypothesis is required to introduce the following #-growth indicator

function. The #-growth indicator function of a #-discrete subgroup I', denoted by
YL ag — [0, +00) U {—o0},

records the directional exponential growth of the set kg(I'). More precisely, for
u € ag ~{0}, define

e 1
) = [ul] inf limsup log # {x € T ¢ sg(y) € C. ()] < T3
SU T w400 T

where the infimum is taken over all open cones C C ay containing u, and set

Y2(0) := 0.

This definition is independent of the choice of norm. When 6 = A, the growth
indicator function was introduced by Quint [Qui02b]; the definition for general 6
was introduced by the first two named authors and Wang [KOW25|. In rank one,
it reduces to the usual critical exponent.

The growth indicator function is positively homogeneous, concave, and upper
semicontinuous. Its effective support is the #-limit cone

Ly(T) :={u € ag : tuke(yn) — u for some {v,} C T and ¢, \,0}.
More precisely,
{ueag: f(u) >0} = Ly(T),

and 12 = —oo outside Ly(T).

The principal class of 6-discrete subgroups considered in this paper consists of
transverse groups. Let Py < G be the parabolic subgroup associated with 8, and
let

.7:9 =G / Pg
be the corresponding partial flag manifold. We denote by
Ag (F) C Fo

the #-limit set of I'. Throughout the paper, every discrete subgroup I' is assumed
to be non-elementary in the sense that Ag(I") is infinite. A discrete subgroup I' < G
is called O-transverse if the following two conditions hold:

e for every o € 0 and every sequence of distinct elements {v,} C T,
a(k(vn)) — +00;

e any two distinct points x,y € Ag(T") are transverse; equivalently, the diag-
onal G-orbit

G-(z,y) CFoxFy

is open.
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For such a group, the action of T on Ag(T") is a non-elementary convergence action.
There are two important subclasses of transverse groups. A #-transverse group is
called 0-Anosov if its action on Ay (T") is a uniform convergence action, and relatively
0-Anosov if this action is a geometrically finite convergence action. These classes
generalize, respectively, convex cocompact and geometrically finite subgroups of
rank-one Lie groups.

1.1. Strict concavity of the growth indicator function. The main purpose
of this paper is to prove the strict concavity of the growth indicator function for
relatively Anosov groups. Since 1/)1(2 is positively homogeneous, it is linear along
each ray. Thus the strongest natural form of concavity one can expect is strict
concavity between non-collinear directions. We say that 1/)1‘2 is strictly concave if,
whenever v, w € ay are non-collinear and both 9% (v) and 1% (w) are finite, one has

YP(0 +w) > PR(v) + Pp(w).

For 6-Anosov groups, work of Quint [Qui03] and Sambarino [Sam24] (see also
[Sam14], [PS17]) implies that ¥ is strictly concave, differentiable on the relative
interior of L£4(T'), and has infinite slope at every nonzero point of its relative bound-
ary. Their arguments rely on thermodynamic formalism (e.g. [BCLS15]) and do
not directly extend to relatively 6-Anosov groups.

For relatively 6-Anosov groups, the results of Canary, Zhang, and the third
named author, together with Quint’s duality, yield the analogous differentiability
and infinite-slope properties [CZZ25]. Thus strict concavity was the remaining
missing part of this regularity picture.

Our first main theorem fills this gap.

Theorem 1.1 (Strict concavity of the growth indicator function). Let T' < G be a
Zariski dense relatively 8-Anosov group. Then its 0-growth indicator function 1/}?
is strictly concave.

Remark 1.2. Reyes—Wang [RW26] have independently established Theorem

We record two closely related consequences of T heorem A linear form ¢ € aj
is said to be tangent to 1/112 at a nonzero vector u € ag if

¢ >v% and o(u) = Ye(u).

Since both ¢ and 1/112 are positively homogeneous, tangency at u depends only on
the ray R u, which is necessarily in L4(T") \ {0}.

Corollary 1.3 (Tangent directions). LetI' < G be Zariski dense relatively 0-Anosov
group. For every ¢ € aj, there is at most one ray in Lo(I') \ {0} along which ¢
is tangent to 1/er- In addition, the tangent linear forms in aj are in one-to-one
correspondence with the rays contained in int Lo(T').

Indeed, strict concavity gives the uniqueness of the tangent ray. When I is
Zariski dense, the limit cone Lg(I') has nonempty interior in ay [Ben97]. The
differentiability result of [CZZ25|] associates a unique tangent linear form to every
ray in int L4(T), while the infinite slope result ensures that the tangent ray of every
tangent linear form lies in this interior. Thus the correspondence is bijective. The
correspondence is given by

Reou — dpd],.
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For a linear form ¢ € aj that is positive on Lg(I") \ {0}, this uniqueness has a
natural normalized formulation. The section

Se ={u e Lg(T) : p(u) =1}
is compact and convex. Since wlq is upper semicontinuous, it attains its maximum
on Sg. Moreover, strict concavity implies that this maximum is attained at a unique
point. We denote it by ug; thus

0 0
Ug) = max u).
vrlug) = _ max = vr(u)

Thus ug is the unique dominant asymptotic Cartan direction for the weighted
counting problem determined by ¢.

The uniqueness in Corollary [1.3| was needed in the local mixing result [KOP26] to
identify a direction arising from thermodynamic formalism with the direction char-
acterized by tangency to the growth indicator function. This application was one
of the main motivations for the present work, together with the intrinsic geometric
question of whether growth indicator functions are strictly concave.

1.2. The Manhattan hypersurface. Our approach to Theorem [I.1]is through a
convex set dual to the growth indicator function. For ¢ € aj, define the extended
critical exponent

§°(T) :=inf{ s >0: Z e~s¢re () < o0 b € [0, +o0],
~yel
where the infimum of the empty set is understood to be +oc.

Whenever ¢oky is bounded below and proper on I'; this agrees with the counting
exponent

1

§%(T) = limsup — log # {y € T': ¢(rg(7)) < T} .
T—+o0 T

In particular, this applies when ¢ is positive on Ly(T") ~ {0}.

Following Burger [Bur93] and Quint [Qui02bl [Qui03], define

Qy(I) :={¢p€ay:6°T) <1},

Its boundary
09yl ={pea;:5°T) =1}

is called the 0-Manhattan hypersurface of T'.

Quint’s duality identifies Qg(I") with the set of linear forms dominating the
growth indicator function:

Q@) ={p€a;:¢>yr}.
Consequently,
90Qy(T) ={¢ € a; : ¢ is tangent to 1/)1(2} .
If ¢ is positive on Lg(T") \ {0}, the same duality gives the variational formula
5(I) = max % (u).
0= e B VT

Thus the geometry of the Manhattan hypersurface is dual to the geometry of the
growth indicator function.
Our second main theorem establishes the regularity of this dual hypersurface.
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Theorem 1.4 (Smoothness of the Manhattan hypersurface). Let I' < G be a non-
elementary relatively 6-Anosov group. Then its 0-Manhattan hypersurface 8 Qg(T)
is a C* hypersurface.

Remark 1.5. Reyes—Wang [RW26] have independently established Theorem
Theorem implies Theorem by Quint’s duality [Qui03].

1.3. The general transverse case. Theorem is a consequence of a local reg-
ularity theorem for general transverse groups. The additional hypothesis is formu-
lated in terms of growth at infinity.

Motivated by the work of Pit—Schapira [PS18] in negative curvature, Wen [Wen26]
introduced the critical-gap-at-infinity condition, also called the strongly positively
recurrent condition, for transverse groups. We recall its precise definition in Sec-
tion 23] Roughly speaking, this condition requires that the exponential growth
arising outside every compact part of the associated flow space be strictly smaller
than the full exponential growth. Wen proved that a critical gap at infinity implies
finiteness of the associated Bowen—Margulis—Sullivan measure.

Our most general result is the following.

Theorem 1.6. Let I' < G be a non-elementary 0-transverse group. Suppose that

¢ €0Qy(I)

is positive on Lo(T') ~ {0} and has a critical gap at infinity. Then @ Qy(T") is a C*
hypersurface in a neighborhood of ¢.
If, in addition, T is Zariski dense, then 0 Qg(T') is strictly convex in a neighbor-

hood of ¢.

Canary, Zhang, and the third named author proved that, if I' is relatively 6-
Anosov, then every ¢ € 0 Qy(I") is positive on Ly(I") \ {0} [CZZ25]. Wen [Wen26]
further proved that every such ¢ has a critical gap at infinity. Therefore, for rel-
atively 6-Anosov groups, Theorem applies at every point of the Manhattan
hypersurface and yields Theorem

1.4. Comments on the proof. The proof of Theorem [I.6]is inspired by the work
of Cantrell-Tanaka [CT25] on Manhattan curves associated with pairs of premet-
rics on hyperbolic groups. Their argument gives the C'-regularity of the Manhattan
hypersurface for Anosov groups and relies on the uniform hyperbolicity of the un-
derlying group.

For relatively Anosov groups, this strategy can be adapted using the reparametriza-
tions of flow spaces developed in [ZZ22 [KO25]. For general transverse groups,
however, such a reparametrization is unavailable because there is no sufficiently
controlled global structure outside compact subsets of the flow space.

To overcome this, we construct a bounded continuous map

f:g—>a9,

which we call the Cartan displacement observable. Its orbit integrals coarsely re-
cover the partial Cartan displacement of recurrent orbit segments. More precisely,
for orbit segments whose initial and terminal points lie over a fixed compact part

of the quotient,
T
/ f(giv)dt
0
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differs from the corresponding partial Cartan projection by a uniformly bounded
amount. The construction of the above observable is the main novelty of this paper.

This observable allows us to identify the derivative of a local convex graph
parametrizing the Manhattan hypersurface, at every point where the derivative
exists, with ratios of averages against the corresponding Bowen—Margulis—Sullivan
measure. As we will show, the critical-gap-at-infinity condition is stable under
small perturbations of the linear form and gives uniform control of the mass of
these measures outside compact subsets. We use this to prove that the relevant
averages depend continuously on the linear form.

The local graphing function of the Manhattan hypersurface is convex and hence
differentiable almost everywhere. Its derivative agrees almost everywhere with a
continuous function obtained from the Bowen-Margulis—Sullivan averages. A stan-
dard convexity argument then shows that the graphing function is everywhere dif-
ferentiable with continuous derivative, proving the C'-regularity of the Manhattan
hypersurface. In the Zariski dense case, the local strict-convexity assertion follows
from the known rigidity of equality in the convexity inequality for critical exponents.

1.5. Notation. Given two functions f,¢g : X — (0,+00), we write f < g, or
equivalently g > f, if there exists a constant C' > 0 such that

f(z) < Cg(x)

forevery z € X. If f < g and g < f, we write f < g.

Acknowledgements. Oh is partially supported by National Science Foundation
grant DMS-2450703. Zimmer was partially supported by a Sloan Research Fel-
lowship and National Science Foundation grants DMS-2105580 and DMS-2452068.
This material is based upon work supported by the National Science Foundation
under Grant No. DMS-2424139, while the authors were in residence at the Simons
Laufer Mathematical Sciences Institute in Berkeley, California, during the Spring
2026 semester.

2. SEMISIMPLE ALGEBRAIC GROUPS

Throughout the paper, G is a connected semisimple real algebraic group. Let
g = p+t be a fixed Cartan decomposition of its Lie algebra where ¢ and p are +1
and —1 eigenspaces of a fixed Cartan involution of g respectively. Let a C p be a
maximal abelian subspace, and fix a positive Weyl chamber a* C a. We denote by
> C a* the set of restricted roots and by A C a* the corresponding set of simple
restricted roots corresponding to the choice of a*. Then we have the decomposition

g=00®EP g,
acXx
where
g, ={X €g:[H,X]|=a(H)X for all H € a}.

Let X (resp. ¥7) denote the restricted roots which are nonnegative (respectively,
nonpositive) linear combinations of elements of A.
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2.1. Cartan projection. Let K < G denote the maximal compact subgroup with
Lie algebra . By the Cartan decomposition, for any g € G there exists a unique
k(g) € a™ such that
g € K(exp k(g))K.
This defines the map « : G — a™, called the Cartan projection.
Fix a representative wg € K of the longest Weyl element that has order two. The
opposition involution is the map

(2.1) i:=—Ady,:a—a.
It satisfies
k(g™') =ik(g) forall geG.
The adjoint i* : a* — a* of the opposition involution preserves the set of simple
roots. For a subset § C A, we define

i0:={i*a: a € 0}.

2.2. Parabolic subgroups and flag manifolds. Given a nonempty 8 C A, the
associated parabolic subgroup Py is the stabilizer under the adjoint action of the

Lie algebra
uy = @ a,

aEE;
where X := X+ \ span(A \ 6).
The Furstenberg boundary and, more generally, the 8-boundary are the quotient
spaces
Fa:=G/Pan and Fyp:=G/Py.
We also call Fy a partial flag manifold. Two elements x € Fy and y € Fiy are
transverse if there exists g € G such that

r=gPs and y=guwoPi-,
Equivalently, the pair (z,y) is contained in the unique open G-orbit in Fy X Fixp.

2.3. The partial Iwasawa cocycle. We denote by N < P the unipotent radical
of Pa. Then we have the Iwasawa decomposition G = KAN, and the product map
K x A x N — G is a diffeomorphism.

The Iwasawa cocycle Ban : Gx Fa — a is defined as follows: for ¢ € G and
x € Fa, Ba(g,x) € a is the unique element such that

gk € K(exp Ba(g,z))N

where k € K satisfies kPa = 2 in Fa.
For general 6 C A, let
ag := ﬂ ker .
ag
For a € A, let w, denote the (restricted) fundamental weight associated with «.
Then {wq|a, taco is a basis for the dual space aj. Thus, we can identify aj; with the
span of {wq }aco and, in particular, view aj as a subspace of a*. Moreover, there
exists a unique projection
T - a4 — Qg
satisfying
(2.2) Wa(me(H)) = wo(H) forall H € aand « € 6.
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The partial Iwasawa cocycle By : G X Fg — ag is defined as

(2.3) By(g,2) = mo(Bal(yg, T))

for any & € Fa that projects to x € Fy under the canonical projection Fa — Fpy.
The above definition is independent of the choice of & [Qui02al, Lemma 6.1].

2.4. The limit cone. The limit cone of I' < G is defined as the asymptotic cone
of k(') C at:

L(T):={X €a’:3{v,} CT and t, \, 0 such that t,x(y,) = X}.

Denoting by kg := mg ok : G — af, the 0-limit cone Ly(T) is the asymptotic
cone of xg(I') C a. We have

Lo(I') = ma(L(T)).

2.5. Patterson—Sullivan measures. Let I' < G be a non-elementary 6-discrete
subgroup. The 6-limit set Ap(T') C Fp consists of all £ € Fp for which there exists
a sequence of distinct elements {7, } C I' such that

mirela(n(vn)) — +oo and k, Py — &,
ac

where 7, = k, exp(k(vn))ln with k,, ¢, € K. When I is Zariski dense, this is
equivalently the set of £ € Fy for which (7,)« Leby converges to the Dirac mass
at £ for some sequence {v,} C ' where Leby denotes the K-invariant probability
measure on Fy. Moreover, Ag(I') C Fy is the unique closed I'-minimal subset of
Fo [Ben97].

For ¢ € a; and 0 > 0, a Borel probability measure p on Fy is called a 6-
dimensional ¢-Patterson—Sullivan measure for T' on Fy if, for every v € T', the
measure v, 4 is absolutely continuous with respect to u and

At
dp
If ¢ € aj is tangent to ¥ at an interior direction of aj, then there exists a
one-dimensional ¢-Patterson—Sullivan measure for I" supported on Ag(T") ([Qui02a]
for 0 = A, [KOW25|, Proposition 5.12] in general).

We call T §-divergent or f-regular if, for any a € 6 and any sequence {v,} C T
of distinct elements,

(z) = em00(Bo(y L) fop p-a.e. T € Fy.

a(k(yn)) = +oo0  as n — +oo.
For ¢ € ag, we set

§%(T) := limsup log #H{y € I': #(r(v)) < T} € [0, 4+o0].
T—4o00 T

If ¢ >0 on Ly — {0}, then 0 < §%(T) < +oco [KOW25, Lemmas 3.5, 4.3].
Lemma 2.1. IfT' < G is {a}-discrete for « € A, then 0 < 0¥~ (T") < +00.

Proof. Set 0, := {a}. The space ap,, is one-dimensional, and aéty is a ray. Writing
Wy = ZBGA csf, the coefficient ¢, is positive and ¢z > 0. Since f[q, = 0 for all
B #a,
wa(H) = cqa(H) >0 for every H € aj ~{0}.
Since Ly (T") = a;’a, it follows that w, is positive on Lg_(T") \ {0}. Therefore,
[KOW25, Lemmas 3.5, 4.3], applied with 8 = 0,,, gives 0 < 6¥=(T") < +o0. O
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In the following proposition, the linear form §¢(I')¢ is always tangent to %
[KOW25|, Lemma 4.5], but the tangent direction is allowed to belong to the bound-
+
ary of ay .

Proposition 2.2 ([CZZ24, Proposition 3.2]). Suppose that T' < G is 0-divergent.
If ¢ € a}, satisfies 0(T') < +oo, then there exists a 6% (T')-dimensional ¢-Patterson—
Sullivan measure for T' supported on Ag(T).

Next, we recall some consequences of an ergodic dichotomy for transverse groups
established in [CZZ24] and [KOW25|. To state the result, we need a few definitions.
Given ¢ € a}, the pair (T, ¢) is of divergence type if §%(T') < +o0 and

Z 6,5¢(r)¢(n(v)) = +o00.
ver

Also, recall that T acts on Ay(T") as a convergence group and hence there is a well-
defined notion of conical limit point: = € Ag(T') is a conical limit point if there
exist a sequence {7, } C I" of distinct elements and distinct points a, b € Ag(T") such
that v, 'z — a and v, 'y — b for all y € Ag(T') \ {z}. In this case, we say that
{¥} C T converges conically to x. The set of all conical limit points is called the
conical limit set.

Theorem 2.3 ([CZZ24], [KOW25]). Suppose T’ < G is a non-elementary 0-transverse
group and ¢ € o} satisfies 6*(I') < +oo. If (T, ¢) is of divergence type, then:
(1) There is a unique 6°(T)-dimensional ¢-Patterson—Sullivan measure for T
supported on Ag(T'); denote it by p.
(2) If, in addition, T is Zariski dense, then there is a unique % (I')-dimensional
¢-Patterson—Sullivan measure for I' supported on Fg.
(3) The action of T on (Ae(T'), 1) is ergodic.
(4) The conical limit set in Ag(T") has full p-measure.

3. PROJECTIVELY VISIBLE MODELS OF TRANSVERSE GROUPS

In [CZZ24] and [CZZ26], projectively visible models were constructed for trans-
verse groups. In this section, we recall this construction.

3.1. Background on convex real projective geometry. We recall some ter-
minology from real projective geometry.

Suppose that Q C P(R?) is a properly convex domain, i.e., Q is a bounded convex
open subset of some affine chart of ]P’(Rd). Its automorphism group is

Aut(Q) := {g € PGL(d,R) : gQ = Q}.

For a subgroup H < Aut(2), its limit set is the set Aq(H) C 99 of points x € 99
such that there exist o € Q and a sequence {h,} C H with h,0 — =.

Given z,y € Q, we let [z,y] denote the projective line segment contained in
joining x to y. We further define (z,y) := [z, y] ~ {z,y}, [z,y) := [z,y] ~ {y}, and
(@,y] = [z,y] \ {«}.

The Hilbert metric dg on € is defined as follows: for distinct p,q € €, let
a,b € 9Q be the unique points with p,q € (a,b) and in the order a,p,q,b, and
define
lla —ql[ b — pll

1
dao(p,q) == s log
(,9) = g log [ e =gl
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where ||| is any norm on any affine chart containing Q. The Hilbert metric is a
proper geodesic metric on which Aut(Q2) acts by isometries. Moreover, for p,q € Q,
the line segment [p, q] can be parametrized as a geodesic.

Directly from the definition of the Hilbert metric and convexity, we have the
following useful estimate on the distance between two geodesic rays with a common
endpoint.

Lemma 3.1. Let p,q € Q and x € 9. For every p’ € [p,x), we have

da(p', [¢,2)) < da(p, q).

An element W € Grq_1(R?) is a supporting hyperplane at x € 9 if z € P(W)
and P(W)NQ = @. Convexity of 2 implies that every boundary point is contained
in at least one supporting hyperplane, and we say that 9Q is C'-smooth at x € O
if x is contained in a unique supporting hyperplane.

We end this section by recording a result of Tholozan. Given a discrete group
Iy < Aut(Q?), the Hilbert metric critical exponent is

1 I'y:d <R
da(lo) := limsup og #{y € T'o : do(y0,0) < R}
R—+o00 R

where o € 2 is any fixed point. It follows from Tholozan’s work that this critical
exponent has a uniform upper bound, depending only on the dimension d.

Theorem 3.2 ([Thol7]). If Ty < Aut(fQ) is discrete, then dq(T'o) < d—2.

3.2. Projectively visible groups. Next we define a special class of groups acting
on properly convex domains, the projectively visible groups, and their relation with
transverse groups.

Definition 3.3. Let Q C ]P’(Rd) be a properly convex domain. A discrete subgroup
Do < Aut(Q) is projectively visible if

o (z,y) CQ for every z,y € Aq(Ty),

o every z € Ag(Tp) is a C'-smooth point of A.

Under some mild conditions on G and Py, every transverse group can be identified
with a projectively visible subgroup. We fix any norm ||-|| on as.

Theorem 3.4 ([CZZ24, Theorem 6.2]). Suppose that G has trivial center, that
0 C A is a nonempty subset with 6 = i1*0, and that Py contains no simple factors
of G. If ' < G is O-transverse, then there exist d € N, a properly convex domain
QcC P(Rd), a projectively visible subgroup Ty < Aut(Q2), an isomorphism p : Tg —
T, and a p-equivariant homeomorphism & : Aq(To) — Ap(T).

Moreover, if o € Q, then there exists Cy > 1 such that for all v € Ty,

Cy M da(o,70) — Co < |[re(p())|| < Co da(o,v0) + Co.

Proof. The “moreover” assertion is not stated explicitly in [CZZ24, Theorem 6.2]
so we briefly explain why it follows from the proof in [CZZ24, Appendix B]. In
particular, there exists an irreducible faithful representation ® : G — PSL(d,R)
such that ® o p = idp,. Further, there exist positive integers {maq }aco such that

log [@(g)]l = > mawa(re(9))

ach
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for all g € G, where ||®(g)|| is the operator norm of ®(g). Hence
log ([[@(9)]| [®(9)7]]) = D (ma + mi-a)wa(ra(9))
ach
for all g € G. By [DGK24, Proposition 10.1], there exists ¢; > 0 such that

|da(0,70) —log (|2 (o) |2(p(1)) )| < &

for all v € T'g. Since >_, c(ma + Mmi-q)wa is positive on aj ~{0}, there exists a
constant cp > 1 such that for all g € G,

3 k(@) < D (Ma +misa)walra(9)) < ez llra(g)ll-
acl

Finally, using the fact that ® o p = idr,, we obtain for all v € I'g,

;" da(o,70) — 3t er < |lko(p())]| < c2 dalo,70) + cacr.
O

For general G, by replacing G with a quotient, one can always assume that G
has trivial center and Py contains no simple factors of G, see [CZZ24], Section 2.4].
Hence, we can always find (2, Tq, p, £) satisfying Theorem (3.4

Definition 3.5. Given a f#-transverse group I' < G, a projectively visible model of
T is a choice of (Q, Ty, p, &) that satisfies the conclusion of Theorem (3.4

3.3. Shadows. We assume 6 = i*0. Suppose that I' < G is a non-elementary
f-transverse group. Choose a projectively visible model (©, T, p, &) of I'. Since
€ : Aq(Tg) — Ap(T) is a p-equivariant homeomorphism, we may regard measures
on Ag(T") as measures on Aqg(T'o) by pulling them back through &.

Fix a basepoint 0 € . For R > 0 and v € I'y, we define the shadow of the
Hilbert R-ball centered at o by

Or(7) :={x € 92 : dg(yo, [0, z)) < R}.
We also write R
Or(p(7)) := & (Or(7) N Aa(o)) C Ap(I).

The following shadow Lemma estimates the size of a shadow with respect to a
Patterson—Sullivan measure.

Proposition 3.6 (Shadow Lemma, [CZZ24, Proposition 7.1]). Let ¢ € a} and
§ > 0. Let p be a 6-dimensional ¢-Patterson—Sullivan measure for T on Ag(T).
Then for all sufficiently large R > 0, there exists C = C(R) > 1 such that for all
vel,
Cle 09 < (@R(’Y)) < Ce99(s(M).
An important property of shadows is their uniform multiplicity. Fix a linear

form ¢ € aj such that there exists a 6-dimensional ¢-Patterson—Sullivan measure
for T on Ag(T"). Then for n € N, we set

Sy ={y €T : ¢(s(v)) € [n,n +1)}.

Lemma 3.7 (Uniform multiplicity, [CZZ24, Lemma 8.2]). Suppose ¢ € aj is as
above. Then for any R > 0,

sup sup # {7 €S’ xe 6}%(7)} < +00.
neENzeAy(T)
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3.4. Conical limit points. We continue to suppose that I' < G is a non-elementary
f-transverse group, (2, T, p,€) is a projectively visible model of T', and o € Q is a
fixed basepoint.

Recall that the convergence action of I' on Ag(I") has a well-defined notion of
conical limit point and hence a conical limit set. The action of I'y on 2 gives an
equivalent characterization in terms of geodesic rays. The next result records this
equivalence.

Proposition 3.8. If x € Aq(T'y) and {v,} C Tg is a sequence of distinct elements,
then the following are equivalent:
(1) {p(vn)} CT converges conically to () € Ag(T") (in the convergence group
sense).
(2) There exist p € Q and R > 0 such that y,p — x and

sup do(vp, [p, 7)) < R.
n>1

(3) There exist R > 0 such that
S m Or(Vn).

n>1

Proof. The equivalence between (1) and (2) is due to [CZZ26l Lemma 3.6]. Thus
it suffices to show that (2) and (3) are equivalent.
Suppose (2) holds. Let R; := dq(p,0). For each n, choose p! € [p,z) with

do(ymp, pl,) < R. Then, by Lemma [3.1]
dQ(p;w [07 LC)) S dﬂ(pv O) = R1~
Therefore,

do (1m0, [0,2)) < do (1m0, Yap) + do(Vap, P)) + da(®),, [0,2)) < R+ 2R;.

Thus
2 € (1) Oryan, (1)
n>1
and hence (3) holds.
Suppose (3) holds. Then clearly

sup do (7,0, [0,2)) < R.

n>1
and so we just need to prove that v,0 — x. Let dp be a distance on P(Rd) induced
by a Riemannian metric. By [CZZ24] Lemma 12.5], we have diam Ogr(vy,) — 0
with respect to this distance. For each n, we can fix z, € 0 such that y,0 €
[0,2]. Then z, € Or(v,). Since {v,} are distinct and T’y acts properly on €,
we have dp(zy,vn0) — 0. Since z,z, € Ogr(y,) and diam Ogr(y,) — 0 we have
dp(zn,z) — 0. Thus v,0 — z. O

4. CRITICAL GAP AT INFINITY

Suppose that § = i*0, that I' < G is a non-elementary 6-transverse group, and
that (2, T, p,€) is a projectively visible model of T'.

In this section, we consider the flow space given by the projectively visible model
and Bowen-Margulis—Sullivan measures on it, and discuss their relation to the
critical gap at infinity, following Wen’s work [Wen26].
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4.1. Flow spaces. We denote by T the unit tangent bundle over 2 with respect
to the infinitesimal Hilbert metric, and let ¢, : T'Q — T'Q, t € R, denote the
geodesic flow. For v € T'Q, let v+ = limy_ 100 gsv € 9Q be the forward and
backward endpoints of v, respectively.

We consider the flow space

G:={veT'Q:v" v € Aq(To)}.

Let Ag)(FO) C Aq(To) x Aq(Ty) denote the set of ordered pairs of distinct points.
Since I'y is projectively visible, G is homeomorphic to Ag)(FO) x R. Using the Hopf
parametrization for G, we can make this identification explicit.

Since each point in Aq(Lg) is C'-smooth, for ¢ € Ag(Ty) and a,b € Q, the
following limit exists (see [Bra20, Lemma 3.2]):

Be(a,b) := Qg;gcdn(p, a) — da(p,b).

Then fixing a base point o € €0, the map
veG (v,vT, Byt (0,7(v)))
is a homeomorphism and the natural I'g-action on G corresponds to the I'y-action
on Ag) (Tp) x R given by
v (@y,t) = (v, Y.t + By (v 1o, 0)).
For the rest of the paper, we identify
G=A5 (To) x R
using this map. Under this identification, the Hilbert geodesic flow is given by
gt(z,y,8) = (z,y,s+t) forteR.

4.2. BMS measures. Suppose ¢ € aj and (I, ¢) is of divergence type. We define
the Bowen—Margulis—Sullivan (BMS) measure on G associated with ¢.
For z,y € Ag(T"), the ag-valued Gromov product is defined as

<1‘,y>9 == (89(971717) +1B9(9715y))

for g € G with g Py = = and gwg Py = y, noting that we are assuming § = i*6. This
is well defined and independent of the choice of g.

Notice that § := 6?(I") = 6" #(T'). So by Theorem there exist unique 6-
dimensional ¢- and i*¢-Patterson-Sullivan measures p and y; for I' on Ag(T), re-

spectively. Then the Radon measure on A((f) (T") defined by
00 dyy(a) dps (y)
is I'-invariant. Hence, the Radon measure mg on G = Ag) (T'o) x R defined by
dig(v) = N0 dpu(e () ) dpus(€(v™) )t

is invariant under the I'g-action and the Hilbert geodesic flow, where dt denotes the
Lebesgue measure on the R-component. Since 'y acts properly on G, this measure
descends to a geodesic-flow-invariant measure my on the quotient I'y\ G called the
BMS measure associated with ¢.

This measure has the following dynamical properties.
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Theorem 4.1 ([CZZ24, [ KOW25, [BCZZ24al). The geodesic flow on T\ G is ergodic
with respect to mg. Moreover, if ||mg|| < 400, then the geodesic flow on I'o\ G is
mazing with respect to my.

Proof. Ergodicity follows from the ergodic dichotomy in [CZZ24, [KOW25|, as we
are assuming that (I, ¢) is of divergence type. The Hilbert length spectrum {¢q(7) :
v € Ty}, where £ denotes the Hilbert translation length, generates a dense additive
subgroup of R by [BZ23, Lemma 2.8]. Then mixing follows from the proof of mixing
for continuous GPS systems in [BCZZ24a, Theorem 4.2]. O

4.3. Critical gap at infinity. In this section, we recall Wen’s results in [Wen26]
showing that a “critical gap at infinity” implies the finiteness of the BMS measure.
Suppose that 6 is i-invariant and that I' < G is a non-elementary #-transverse
group. Fix ¢ € a;. We suppose that (I',¢) is of divergence type, and that
(Q,To, p, &) is a projectively visible model of T'.
For a compact subset K C G, let 'y C I'y be the subset of elements v € T'y for
which there exist v € K and t > 0 such that

gv €YK and g gvNToK C KU~YK.

Then for ¢ € aj, let

§(K):=1inf Qs >0: » e **0) < 400

Y€K

By [Wen26, Lemma 4.2], there exists a compact set Ky C G such that if v € Ty,
then gjo,00) vy Ko # 0 for some v € K. For subsets containing Ky, Wen established
the following monotonicity property.

Lemma 4.2 ([Wen26l Lemma 4.4])). Suppose K1,Ks C G are compact. If Koy C
K C int(KQ), then

§%(Ky) < 0%(K,).
The entropy at infinity for ¢ € aj is
62,(T) :=inf {6*(K) : K C G compact and Ko C K}.
Then ¢ has a critical gap at infinity for I if
62 () < 6%(T).

This is also referred to as the strongly positively recurrent (SPR) condition.
Recall the #-limit cone L£4(T) from Section

Theorem 4.3 ([Wen206, Theorems 4.8 and 4.9]). If ¢ € aj is positive on Lo(T') {0}
and has a critical gap at infinity for T, then (T, ¢) is of divergence type and the
BMS measure on T'o\ G associated with ¢ is finite.

Proof. Wen’s results are stated in the context of abstract GPS systems, and in
Appendix [A] we state Wen’s general result and explain why it implies the above
theorem. (]
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5. FLOW OBSERVABLES ENCODING CARTAN DISPLACEMENT

In this section, we continue to assume that § = i*0, that I' < G is a non-
elementary f-transverse group, and that (Q, g, p, £) is a projectively visible model
of T'. The main construction of the paper is given in Proposition [5.1] where we
construct Cartan displacement observables on G whose orbit integrals coarsely re-
code the Cartan displacement of recurrent geodesic flow. These observables will be
a key ingredient in the proof of Theorem

Proposition 5.1 (Cartan displacement observable). There exists a T'g-invariant
continuous bounded map

f:G— ag,
with the following property: For every compact set K C G, there exists Cx > 0
such that, if v e K, v €Ty, and grv € YK for some T > 0, then
< Ckg.

/0 F(geo) dt — ro(p(7)

The associated additive Cartan displacement cocycle is

T
F(v,T):= / f(gpv) dt.
0
It satisfies
F(U, S+ T) - F(Uv S) + F(QSU, T)a
and Proposition says that F(v,T) coarsely records the partial Cartan displace-
ment of every orbit segment whose initial and terminal points lie over a fixed com-

pact part of the quotient.
For ¢ € aj, define the associated ¢-Cartan displacement observable by

f¢, I:¢Of.

Then the map (¢, v) — fy(v) is continuous, the map ¢ — fy is linear, and
sup [ fo(v)| < Co [|9]]
veEG

where Cy = sup,,¢g ||f(v)|. Moreover, for every compact set K C G,

T
(5.1) / Folgeo) dt — 3(ro(o(7))| < Cxc 16l

whenever v € K and grv € vK.
The function fy descends to a bounded continuous function

f¢:F0\g—>R.

Before proving Proposition we give one application. Fix ¢ € aj such that
(T, %) is of divergence type and |my|| < 4+o0c. Let pu, denote the unique §%(I')-
dimensional ¢-Patterson—Sullivan measure for I' on Ay(T"), given by Theorem [2.3

Corollary 5.2. There ezists a set A C Ag(I') with full py-measure with the fol-
lowing property: if x € A, {vn} C T converges to x conically, ¢1,¢> € aj, and

[ fo, dmy # 0, then R
lim ¢1(k(n)) _ ffmdmy
n=o0 ¢3(k(1m)) [ fa,dmy




16 KIM, OH, AND ZIMMER

Proof. By Theorem the geodesic flow on (I'o\ G,my) is ergodic. Fix a set
Ao CTo\ G of full my-measure such that the Birkhoff ergodic theorem holds on Ay

for each function in the finite set {f,, }acs. By linearity of ¢ > f¢, the Birkhoff
ergodic theorem holds on Ag for each function in { f¢}¢e a3
Let Aj C G denote the lift of Ag. Then Aj has full m,-measure and hence

A:={z € Ag(T) : x = £(vT) for some v € A}

has full jy-measure.

Now fix € A, a sequence {v,} C I' converging conically to x, and ¢1,¢2 € aj
such that [ f4, dmy # 0.

Fix v € A} such that z = £(vT). Let n, := p~(vn). Since & : Aq(To) — Ag(T) is
a homeomorphism, {n,} C 'y converges conically to v*. Then, by Proposition
there exist a compact subset K C G and a sequence {¢,,} C [0, +00) with ¢, — 400
such that ¢, v € n, K for all n > 1. Then, by the Birkhoff ergodic theorem and

(B
[ fordmy lim I fou (grv)dt i 21(50m) .
S 0t RSN
ff¢2dm¢ nree fo ' f¢72 (gro)dt  m—ree P2(k(7n))

Remark 5.3. We remark that when ||my|| = 400, one may try to apply the Hopf

ratio ergodic theorem to prove a similar result. However, in this case, f4 may not
be in L'(To\ G, my) and hence the Hopf ratio ergodic theorem may not apply.

Next, we verify that linear forms that are positive on the 6-limit cone have
positive integrals.

Lemma 5.4. If ¢ € a} is positive on Ly(T') \ {0}, then

/qudmw > 0.

Proof. Since py-a.e. point in Ag(T") is conical (see Theorem [2.3), arguing as in the
preceding proof, we can fix v € G such that

I 1 R
li — dt = —— d
i 7 | fowontt = g [ dng

and there exist a compact subset K C G, a sequence {t,,} C [0, +00) with t,, = +00,
and a sequence {n,} C I'g such that g, v € 1, K for all n > 1. Then there exists
C1 > 0 such that

|dQ(Oa 77n0) - tn| < (.

Then by (5.1)),

L Gslp)) 1 [
w22 " do(o,10) ||m¢/ Jodmy.

Since ¢ is positive on Ly(T') \ {0}, there exists Co > 1 such that

(ko(p(mn))) = C3 " llwo(p(11n))ll = Co

and so the “moreover” part of Theorem implies positivity of the integral. [
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5.1. Proof of Proposition We begin by bounding the partial Iwasawa co-
cycle in terms of the Hilbert distance.

Lemma 5.5. There exist a,b > 0 such that, for every a € 0, x € Fy, and v € Iy,
wa(Bo(p(7),2)) < a da(o,v0) + b.
Proof. For every a € 0, there exists C, > 0 such that
wa (Bo(h,z)) < Cqwa(ke(h))
for every h € G and x € Fy; see, for instance, [KZ26, Lemma 4.1]. Hence
wa (Bo(p(7),2)) < Ca lwall 5o (p(M))]] -

Since 0 is finite, the constants on the right-hand side may be chosen uniformly in
a. The desired estimate now follows from the “moreover” part of Theorem[3.4 O

Let d be the dimension of the ambient vector space containing (2, so that 2 C
P(R?), and set
Ai=d+a,
where @ is given by Lemma [5.5] For every o € 6 and v € G, define
Pa(v) = Z ef>\dn(wow(v))@wa(Be(p('v)’lé(vﬂ))7
v€Tlo
where 7 : T'Q — Q is the basepoint projection.

We first verify that this series converges locally uniformly. Let L C G be compact
and set

Ry, :=supdq(o, 7(v)).
veEL

For v € L, the triangle inequality and Lemma applied to v~ 1, give
67)\ dg(wo,ﬂ(v))ewa(BG(P(’Y)_l»E(”+)))

< e MiLtb o —(A—a)da(ov0) — ARL+b,—dda(0,70)

By Theorem
Z e~ddal070) < 4o,
v€Tlo
It follows that P, is positive and continuous.
We next record the equivariance of P,. If n € Ty, then the cocycle identity, the
p-equivariance of ¢, and the change of variables v — 71y give

e“’”(B"("(”)’E(”+)))Pa(nv)
— Z e—/\dn(707nﬂ(v))ewa(Be(P(v)_l,E(nv+))+Be(P(n)7€(v+)))
Y€l
— Z e—/\dn(n’lvom(v))ewa(Be(p(n_lv)_l’ﬁ(“)))
Y€l
= P,(v).
Thus

(5.2) ewa(Be(p(n)yﬁ(f“)))pa(nv) = P, (v).
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Since the basepoint of g;v is at Hilbert distance |¢| from the basepoint of v, we

also have

(5.3) e MNP, (v) < Py(gw) < MNP, (v)

for every v € G and t € R.
Since {wala, Jaco is a basis of aj, there exists a unique continuous map

Q:G—ag
such that for every « € 6,
(5.4) wa (Q(v)) = log Pu(v).
By , we have
(5.5) Q(1v) = Q(v) — Bo(p(n),&(v"))

for every n € I'g and v € G.
Choose ¢y > 0 such that for every H € ay,

|| < comax|wq (H)].
acl

By (.3),

|wa (Q(g1v) — Q)| < Alt].
Consequently,
<5‘6) ”Q(gtv) - Q('U)” < CO |t| 5 C() = 69)\.

‘We now define
f(v) = Q(v) — Q(g1v).
The map f is continuous, and (5.6) gives

sup ||[f(v)|| < Co.
vEG

Moreover, since the T'g-action commutes with the geodesic flow and (g1v)* = v,
(5.5) gives

f(nv) = Q) = Qlgi7v)
= Q(v) = By (p(n),£(v")) — Qlg1v) + Bo(p(n), £((910)"))
= f(v).
Thus f is I'g-invariant.
It remains to verify the Cartan displacement estimate. First observe that, for
every T > 0,
T+1

T T 1
/ £(grv) dt = / (Qgr) — Qgrs1v)) di = / Q)di— [ Qo) dr.
0 0 0 T
Hence, by 7

< Cp.

T
(5.7) /0 £(gev) dt — (Q(v) — Qlorv))

Now fix a compact set K C G, and suppose that v € K and grv € vK. Then
v~ tgrv € K. Applying (5.5) with n =y~ gives

Q(v 'grv) = Qgrv) — Ba(p(y) ™, &(0)).
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It follows that
(5.8)
1Q(v) = Qlgrv) + Bo(p(7) ™ £(0M)) || = || Q) — Q(y ' grv ||<2sup 1Q(w)]|-

Set
D :=1+ diam ({o} Un(K)),
where the diameter is taken with respect to dg. Since v 'grv € K,
da(yo, m(grv)) = do(o, (v tgrv)) < D.

Moreover, by Lemma the point 7(grv) € [w(v),v") is within distance D of the
ray [0,v7"). Therefore,

Bq/(v0,2D) N [o,v™) # 0.
By [CZZ24, Lemma 7.3|, there exists Cp > 0, depending only on D, such that

(5.9) |Bo (p(7) =, €(v™)) + ro(p(0))]| < Cp-
Combining and (5.9), we obtain
1Q(v) — Q(grv) — Ka(p(7))[ < 2322 1Q(w)[l + Cb.

Finally, (5.7) yields

T
/0 f(gev) dt — ro(p(7))

< Co+2 sup || Q(w) + Cb.
weK

This proves the proposition with

Cx :=Cy+2 su% 1Q(w)] + Cp.
we

6. SMOOTH POINTS OF THE MANHATTAN HYPERSURFACE

Suppose that § = i*0 and that I' < G is a non-elementary f-transverse group.
Fix ap € 6 and set 0y := 0 ~ {ap} so that we have a subspace ag, C ag. We also

set g 1= ZQGO Wa, Which is positive on ae Notice that
ag, OR o = ag.
Since Qp(I') is convex and 19 > 0 on af ~{0}, there exists a convex function
@ :a; — R so that
0Qy(T) = {u+ P(u)iho : u € ag, }.

In other words, for each u € aj , ®(u) is the abscissa of convergence, in the param-
eter s, of the series

$ ksl (),
~€T

Since & is convex, it is differentiable almost everywhere, and we prove the following.
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Proposition 6.1. Suppose @ is differentiable at u € ag , ¢ :=u+ O (u)ho, and py
is a 1-dimensional ¢-Patterson—Sullivan measure for T' on Ag(T).

There ezists a set A C Ag(T") with full py-measure with the following property:
if v € A, {yn} C T converges to x conically, and ) € aj , then

1um M == i
n—s0 o (K(Yn)) dt],—g

Proof. By the ergodic dichotomy (see [CZZ24, Theorem 1.4]), the conical limit set
either has full or zero yg-measure. In the case when the conical limit set has zero
measure, the proposition is vacuously true, so we can assume the conical limit set
has full p4-measure.

By replacing G with a quotient, we can assume that G has trivial center and Py
contains no simple factors of G, see [CZZ24| Section 2.4]. Then, using Theorem (3.4
we can fix a projectively visible model (2, T'g, p, &) of T

By Proposition if x € Ap(T) and {7,} C T converges to x conically, then
there exists R > 0 such that

D(u + t).

z € () Orlm).
n=1

By linearity, it suffices to prove the assertion when v = w,, a € 6y. Fix a € 0y
and write

d
- = O(u+twy) and 0 :=0“(T)

dt|,_q
for simplicity. Since I' is {a}-discrete for every a € 6, by Lemma 0 < 4o0. For
s#0, let

£(s) = D(sdwy + u) — P(u) .
50
Then f(s) = 0as s — 0.
It also suffices to fix € > 0 and construct a full pg-measure subset A. C Ag(T")
with the following property: if x € A, and {v,;} C I' converges to « conically, then

e WalR() . wa (K(75))
(6.1) 2¢ 4+ lim inf ———= > r > —2¢ + lim sup ———==.

j—=oo Yo(k(v5)) jooo Yol(k(75))
Indeed, to finish the proof we can take A := (1, .y A1/n-

Fix € > 0 and then fix s > 0 such that e — f(s) > 0 and € + f(—s) > 0. Let
@s = (80wq + u) + P(s0wey +u)thg and
D_s = (—80wy + u) + P(—sdw, + u)ty.

Let 1 be a §-dimensional w,-Patterson—-Sullivan measure, let 114, be a 1-dimensional
¢s-Patterson-Sullivan measure, and let pg4_. be a 1-dimensional ¢_,-Patterson—
Sullivan measure for I on Ap(T"). Fix Ry € N sufficiently large so that the Shadow
Lemma (Proposition holds for 1, e, tte,, and pe , whenever R > Ry.
We first show that for pg-a.e. x € Ag(T), if {,;} C I' converges to x conically,
then
lim inf 7(”&(&(%))
i=voe Yo (K(75))
Fix R > Ry. For each n € N, recall

Sy ={y €T :4o(r(v)) € [n,n+ 1)}

>r — 2e.
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and let
Epgy = U {@R(fy) cy € 8% and u ((?)R(’y)) > e_(r_e)‘st(“('V))} .
Then by definition,
]-ER,n < Z M (OR(V)) eS(Tie)(SwO(H(’Y))]‘(A’)R('y)
~ESHO
where 1 denotes the indicator function, and hence
po(Brn) < 30 1 (On(m) x99y, (On()).

yESHO

Then, by the Shadow Lemma (Proposition
ps(Ern) < Z e~ 30wa (k(7)) gs(r—€) 8o (5(7)) o= (5 (7))
vesyo
= es(r—e)én—@(u)n Z e—(séwa-‘ru)(ﬁ('y)).
vESHO

Here and below, the implicit constants depend on R but not on n.
Notice that by the Shadow Lemma (Proposition and the uniform multiplicity
of shadows in the sets S¥° (Lemma

Y e (matuitisdnatui)(s() = §7 oo < §7 <(A9R(’Y)) <1

yesyo ~eSyo yESHO

)

Hence,
Z ef(séwaJru)(/{('y)) < 6<I>(s§wa+u)n,

esyo

and therefore
to(ERrp) < e5(r—€)dn—&(u)n B (sdwa+u)n

Then . §
po(Ern) < (GS(T—G)é—rst(S)sé) _ (e—sé(e—f(s))>

Since s > 0 satisfies € — f(s) > 0, we have

Zu,ﬁ(ER,n) < +o0.

n=1
By the Borel-Cantelli lemma, this implies that for pg-a.e. z € Ag(T),
z ¢ Er, for all sufficiently large n.
Recall that R > Ry was arbitrary. Let

p= U N U#z

R€[Rp,00)NNm=1n=m
Then E is ug-null. The following claim finishes the proof of the first inequality in
@)
Claim: If € Ag(I") \ E and {v;} C T converges to x conically, then
lim inf 76%(5(%))

R ety T
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Proof of Claim: By Proposition there exists R € [Ry,o0) NN such that
z € () Or(y)-
j>1
Hence, in order to have x ¢ Eg , for all sufficiently large n € N, we must have
1 (@R(’yj)) < e~ (r=90%o(k(1:))  for all sufficiently large j € N.
Then the Shadow Lemma (Proposition implies that

M >r —2¢ for all sufficiently large j € N.
Yo (k(75))
This completes the proof of the claim.
A similar argument also shows the second inequality in (6.1)). We present this
for the sake of completeness. Fix R > Ry and consider the set

Fry = U {@R(’7> ty € 840 and p (61{(7)) < e_("+6)5¢0("(7))} )
Then by definition,

1FR1" < Z /J(OR('Y)> e—s(T+e)5¢o(n(7))1@R(’y)
VeSO

and so

po(Fra) < > N(@R('Y)) e (rtolsn) (OR('Y))-
'yGSffO

Then, by the Shadow Lemma (Proposition [3.6])
16 (Frop) < Z e50wa(K5(7)) g=8(r+6)8%o(1k(7)) o= (5 (7))

~ESHO
xe—s(r+e)§n—¢(u)n Z e—(—85wa+u)(”("/)).

YESL®
Here and below, the implicit constants depend on R but not on n.

Notice that by the Shadow Lemma Proposition and the uniform multiplicity
of shadows in the sets S¥° (Lemma [3.7)),

Y e (smatibe(mstvatwi)(k() = 37 gmosle) < 37 gy (@RM) <1
YESHO vESHO ~ESHO

Hence,
Z e_(_55wa+“)('€('7)) < eq)(—S‘;Wa'f‘“)",

yesye
and therefore
/J/¢(FR n) < €_S(T+€)5"_q>(“)"e<b(—s5wa+u)n.
Then n

Nd)(FR,n) < <€—s(r+e)6+rsé—f(—s)sé) _ (e—‘95(€+f(—s)))

Since € + f(—s) > 0,

Z /uL¢(FR,n) < +o00.

n=1
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By the Borel-Cantelli lemma, this implies that for pg-a.e. x € Ag(T),
x ¢ Fr, for all sufficiently large n.
Recall that R > Ry was arbitrary. Hence the set

F= U ﬂ U FR,TL
R€E[Rp,00)NN m=1n=m

is pg-null. As in the preceding claim, one verifies that if z € Ag(I')\F and {v;} C T
converges to x conically, then

wa(K(7))

. (03
lim sup

<7+ 2e.
j—oo Yo(k(75))

Then A, := Ap(T') ~ (F U F) is our desired full pg-measure subset. O

7. CONTINUITY PROPERTIES OF BMS MEASURES

Suppose 8 = i*0, T' < G is f-transverse, and (2, T, p,€) is a projectively visible
model of T'.

We prove the following continuity result for BMS measures associated to linear
forms that are positive on the #-limit cone and have a critical gap at infinity.

Theorem 7.1. Suppose ¢ € a}; is positive on Lo(I") \ {0} and has a critical gap at
infinity for I'. Then the following statements hold:

(1) There exists a neighborhood U C a} of ¢ such that, for every i € U,
(1-a) 1 is positive on Lo(T') \ {0} and
(1-b) v has a critical gap at infinity for T.
(2) If my denotes the BMS measure for i € U and f :To\G — R is a bounded
continuous function, then

¢€U'—>/fdm¢€R

15 continuous.

The rest of the section is devoted to the proof of the theorem. Fix 0 < € < 1
such that

(7.1) <1 “) §0.(T) < 6%(T).

1—e€
Let S denote the unit sphere in ay with respect to some norm. By compactness of
SN Ly(T') and positivity of ¢ on Ly(T') ~ {0}, we can fix a neighborhood U of ¢
such that
(I=€)o(v) <(v) < (1+€)¢(v)
for all v € U and v € SN Ly(T). By linearity, these inequalities extend to all of
Ly(T"). Thus (1-a) follows. Further,

(7.2) 0%(T) < (11> 62() and §¥(T) > ( 1

§*(T
1+ 6) )
for all ¢ € U. Then by our choice of ¢ > 0, every linear form 1 € U has a critical
gap at infinity for T'. This shows (1-b).

Now Theorems [£.3] and [4.T)imply that for each ¢ € U, the BMS measure m,, has
finite mass and the Hilbert geodesic flow on I'g\ G is ergodic with respect to my,.
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Since 9 +— §¥(I') is convex (see, e.g., [CZZ24, Theorem 13.1]), the critical expo-
nent depends continuously on the linear form. Then the construction of the BMS
measures and uniqueness of Patterson—Sullivan measures (see Theorem imply
that for any compactly supported continuous function f : T'o\ G — R, the map

(7.3) 1/)61/{»—>/fdm¢

is continuous. Thus, part (2) of the theorem holds for compactly supported contin-
uous functions. To upgrade to bounded continuous functions, we use the following
lemma.

Lemma 7.2. After shrinkingU, for anyr > 0 there exists a compact set K C To\ G
such that

sup my (K¢) < r.

heu

Assuming the lemma, we complete the proof of (2) in the theorem. Fix v, — ¢

in Y. Then fix 7 > 0 and a compact set K C I'g\ G such that

sup m.y (K€) <.

veu
Fix a compactly supported continuous function x : To\ G — [0,1] with x|x = 1.
Then by the continuity in (7.3)),

lim sup /fdmwn - /fdmw‘ < limsup‘/xfdmwn - /demw‘ + 2 flloo 7
Since r > 0 was arbitrary, [ fdmy, — [ fdmy. O

It remains to prove the lemma. The argument is similar to the proof of [Wen26,
Theorem 3.3], which is itself similar to the arguments in [PS18] Section 5.3].

Proof of Lemma|7.4 Fix R > 0 sufficiently large and let
Kg:={veg:da(r(v),0) < R}
where 7 : T'Q) — Q is the basepoint projection. Lemma implies that
i §9(Kp) = 62 (1),
Using , we can increase R > 0 and assume that

(1 “) §(Kp) < 62(I).

1—e¢
Then ([7.2)) implies that for all ¥ € U,
(7.4) §?(Kg) < (1 —€)6¥(I).

Let ¢ : G — Ty\ G be the quotient map and let Kr = q(Kgr). Using the
continuity in ([7.3)), increasing R, and replacing U with a smaller neighborhood, we
can assume that for all ¢ € U,

mw(}?R) > 0.
For v € I'k,,, let
Ay ={ve G :{gwh<oNKgr #0 and {g;v}1>0 N YKRr # 0}.
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Since the flow on I'g\ G is ergodic with respect to each my, (Theorems [4.3|and [4.1]),
almost every flow line visits K at an unbounded set of times. Hence if

A= U A,
v€Txp

then g(A) has full m-measure for all ¢ € U.
Claim: There exists C = C(R) > 0 such that: If v € T'g,,, then

A, C Aq(To) x O2r(7) x [—C,C + da(o,7v0)].
Proof of Claim: We use the Hopf coordinates on G. Let

C := max{|s| : (w™,w",s) € Kg}.

Then

max{|s| : (w™,w",s) € yKr} < C + dg(o,70).

Now fix v = (v~,v",t) € A,. By the definition of A, we can choose a < 0 with
gav € Kpg and choose b > 0 with gyv € YKg. Then

t>t+a>-C and t<t+b<C+dg(o,70).

So

te [_Ca C+dg (Oa 70)]
By the definition of A, [7(gqev),v") intersects Bo(yo, R) and m(gev) € Ba(o, R),
where Bg, denotes a dg-ball. So Lemmaimplies that [o,vT) intersects Bq(vo,2R).
Hence vt € O3g(7). This completes the proof of the claim.

Notice that max,ex, [[(€(v7),&{(vT))g| is finite. So by the Shadow Lemma
(Proposition , if vy € 'k, then

g (Ay) < (da(o, 70) + 208" D),
Since ¢ is positive on Lg(I') \ {0}, there exists ¢; > 0 such that for all v € T,
o(r(p(1))) = d(ko(p(7))) = e " llro(p(3)I| = c1.
Then by Theorem there exists cq, b > 0 such that for all v € Ty,
da(0,70) < c2d(k(p(7))) + ¢5-
We also have that for all v € 'y and ¢ € U,
P(k(p())) = d(k(p(7))) = [l = ¥l Ik (p(N)]
> (1 —cillo =9l e(r(p(7))) — i ll¢ — -

So by replacing U with a smaller neighborhood, we can assume that

V(r(p(7)) 2 (1= €/2) ¢(k(p(7))) — 1
for all v € Ty and ¢ € U. Since ¢ is positive on Ly(T') \ {0} and thus the set
{o(k(p(7))) : v € To}
is bounded below, we obtain that for all v € I'yg and ¢ € U,
~ ¥ —€ K
My (Ay) < (6(k(p())) + (2C + &) [eg)e™ 0" (NUZ/DoON),

Hence
Mp(A,) < =8 DA=IBx(pM)
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Choose s such that

6*(KR) <s < (112) 5O(I).

By (7.2)), we have s < (1 —¢€)d%(I') for every 1 € U. Since the set {¢(r(p(7))) : v €
T'p} is bounded below, the preceding estimate implies, with a constant independent
of ¢ € U, that

my(A,) < e3¢k (p(7)))

e=*?(=(P(1)) converges by the definition of 6¢(Ky). Hence the

Z iy (Ay)

SIS

The series >
tails of

Y€K R

tend to zero uniformly in ¢ € U. Therefore, we can fix a finite set F' C I'x, such

that for all ¢ € U,
> g4y <

YEL K\ F
Then

K:=q LJA7
yEF

is a compact subset of I'y\ G and

sup my, (K¢) < Z iy (Ay) <7

weu YET KN F

8. PROOF OF THEOREM [L.6]

We now combine our previous results to deduce Theorem [I.6] Suppose that
0 = i*0 and that I" < G is a non-elementary f-transverse group. By replacing G
with a quotient, we can assume that G has trivial center and Py contains no simple
factors of G, see [CZZ24, Section 2.4]. Then, using Theorem [3.4] we can fix a
projectively visible model (£2, T, p,&) of T.

Fix ¢ € 0 Qp(T") such that ¢g is positive on Ly(I') \ {0} and has a critical gap
at infinity for I'. By Theorem @ there exists an open neighborhood U of ¢¢ in aj
such that every v € U is positive on Lg(I") \ {0} and has a critical gap at infinity
for T

As in Section [6] we can view & Qy(T') as the graph of a convex function @ :
ay, — R. Next fix an open set D C aj such that {u + ®(u)io : u € D} is an open
neighborhood of ¢¢ in 9 Qy(I') and is contained in U.

For ¢ € aj, let f¢ :To\ G — R be the function in Section [5 By Proposition
Lemma and Corollary ifu € D, ® is differentiable at u, and ¢ := u+P(u)o,

then .
di (u+ty) = —M
tli=o | foodmg
for all ¢ € aj . Theorem implies that the right-hand side depends continuously
on u. Since P is convex, its derivative exists almost everywhere and agrees there
with a continuous function. A standard convexity argument therefore implies that

® is differentiable everywhere on D.
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It remains to prove the strict-convexity assertion when I' is Zariski dense. Choose
a convex neighborhood V of ¢y whose closure is contained in U, and restrict the
boundary patch to V. Suppose ¢1 # ¢o lie in this patch, let ¢ € (0,1), and set
¢r = td1+ (1 —t)pa. Since ¢y € U, Theoremimplies that (T, ¢) is of divergence
type. Hence [CZZ24, Corollary 13.2] gives 6%*(I") < 1. The critical exponent is
continuous on U, so ¢, lies in the interior of Qy(T"). Thus every nontrivial open
segment between two points of the boundary patch lies in the interior, proving local
strict convexity. ([

APPENDIX A. GPS SYSTEMS AND WEN’S FINITENESS RESULT

In this appendix, we recall the definition of a GPS system, state Wen’s finiteness
result for BMS measures [Wen26|, and then explain why Wen’s result applies in our
context.

A.1. GPS systems and expanding cocycles. In [BCZZ24b|, Blayac, Canary,
Zhu, and the third named author introduced the notion of a Gromov—Patterson—
Sullivan (GPS) system, consisting of a convergence group action, two coarse co-
cycles, and an associated Gromov product. We briefly recall the special case of
continuous GPS systems.

Suppose that M is a compact metrizable space and I' < Homeo(M) is a non-
elementary convergence group. Recall that a continuous cocycle o : I' x M — R is
a continuous function satisfying

o(v1v2,x) = o(y1,722) + o(v2,x) for all y1,72 €T and z € M.

Let M® := {(x,y) € M?: x # y}. Denoting by vt,7~ € M the attracting and
repelling fixed points, respectively, of a loxodromic v € I', a continuous cocycle o
is called proper if for any sequence {7y,} C I' of distinct loxodromic elements such
that {(v;},7;)} is precompact in M?) we have

(Y, 1) = +o0  asn — oo.
We now recall the definition of continuous GPS systems from [BCZZ24D)].

Definition A.1. A continuous GPS system consists of a non-elementary conver-
gence group I' < Homeo(M), continuous proper cocycles 0,5 : I' x M — R, and a
continuous function G : M — R such that

G(yz,vy) = G(z,y) + 5(y,2) + o(7,y) forall y €T and (z,y) € M.
The function G is called a Gromov product.

Gerasimov [Gerl2, Proposition 8.3.1] showed that M can be used to compactify
I'. In particular, I' LU M has a unique metrizable compact topology such that
I' M — I'UM are embeddings and the induced I'-action on I'LI M is a convergence
action (see also [BCZZ24bl Proposition 2.4]). A metric on I' U M generating this
topology is called a compatible metric.

Given a cocycle o : T' x M — R, a function ||-||, : I' = R is called a o-magnitude
if for any € > 0, there exists C' > 0 such that for any v € I' and z € M with
d(y~1,z) > €, we have

IV, = C <oly,z) < |Ivl, +C.

When a o-magnitude exists for a proper cocycle o, we call o expanding. The
cocycles in a GPS system are expanding [BCZZ24bl Proposition 3.4].
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Given an expanding cocycle o on M and § > 0, a probability measure p on M is
a d-dimensional Patterson—Sullivan measure for o if, for every v € I, the measure
v« is absolutely continuous with respect to pu and

drys -1
g—,uu(a:)zef&'('y ) ace.

The critical exponent associated to o is given by

d7(T):==inf<s>0: Ze‘swlv < 400 p € [0, +00]
~el’

and o is of divergent type if

3 eIl = 4o,
~yel

We will mainly consider a Patterson—Sullivan measure whose dimension is equal to
the critical exponent of the cocycle.

One can also define an entropy at infinity 7 (T') as in Section by replacing
the exponent ¢(k(7y)) with ||v][, -

A.2. BMS measures and Wen'’s finiteness result. Given an expanding cocycle
o’ on M, we can define a T-action on M3 x R by

v (2,y,8) = (v&, vy, s + o' (7,y)).

This action is proper [BCZZ24bl Proposition 10.2], and this space has a natural
flow defined by

which descends to a flow on the quotient T'\ (M (® x R), also denoted by 1*.

Now suppose (0,7, G) is a GPS system such that 67(I') = §7(T") =: §. Suppose
also that pu, i are Patterson—Sullivan measures of dimension § for ¢ and &, respec-
tively. Notice that the cocycle o’ defining the action of I' on M) x R may differ

from the cocycles in the GPS system.
The Radon measure 7, on M) x R defined by

ding (z,y,t) := eSC@V di(x)du(y)dt

is invariant under the I-action and the flow {¢*}. Since I acts properly on M? xR,
this measure descends to a flow-invariant measure m,, on the quotient I'\ (M (?) x R)
called a (0,7, G)-BMS measure.

Theorem A.2 ([Wen26l, Theorems 4.8 and 4.9]). With the notation above, suppose
in addition that:
e 07 (I") < 67(T') < 400,
o For every € > 0 there exists Cc > 1 such that for all v € T,
9], < Ceee\lvlla_

Then o,& are of divergent type and the (0,5, G)-BMS measure on T\(M®) x R) is
finite.
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A.3. Proof of Theorem We now explain why Theorem [£.3]is a consequence
of Theorem [A2
By [BCZZ24al, Proposition 10.3], the cocycle

o(v,z) := ¢ o Bo(p(7),£(x))

on Aq(Tp) is part of a continuous GPS system with magnitude [|7]|, := ¢(x(p(7)))-
Since Ty is projectively visible, the action of T'g on Aq(T) is a convergence group
action; see [CZZ26l Proposition 3.15]. By [Bra20, Lemma 3.2],

o' (v,2) = Ba(y""0,0)

defines a continuous cocycle for the action of I'y on Aq(Ty).
Theorem [4.3]is a consequence of Theorem [A-2] and the next two lemmas.

Lemma A.3. o' is an expanding cocycle, and ||v|,, = da(o,70), v € Ty, is a
o’ -magnitude.

Proof. We first show that ¢’ is proper. Suppose not. Then there exists a sequence
{n} C Ty of distinct loxodromic elements (in the convergence group sense) such
that two sequences {,}'} and {7, } converge to two distinct points in Aq(Ty) as
n — oo while we have sup,,cy 8, + (0, 7,0) < +o0.

On the other hand, there exists R > 0 such that dg(o, (7;,7;,)) < R for all n €
N. Since each (y;F,v;, ) is invariant under ~,,, we also have that dg(vno0, (3,7, 7,)) <
R for all n € N. This implies

B+ (0,1m0) — da(o,7m0)| <2R foralln € N.

Hence, the sequence {y,0} C € is bounded, which is a contradiction. This shows
the properness of ¢’.

Next we show that |||, := da(o0,70) defines a o’-magnitude. Fix a compat-
ible metric d on T'o U Aq(Ty). Suppose, to the contrary, that there exist € > 0
and sequences {v,} C Ty and {z,} C Aq(ly) with d(y;,',2,) > € such that
| Bz, (Yn t0,0) — da(0,7,0)| > n for all n € N.

After passing to a subsequence, we may assume that z, — = € Aq(Iy) and
v to =y € Aq(Tg) as n — oo. Then z # y by hypothesis. Since I'y is projectively
visible, (z,y) C €, and hence sup,,cy da(0, [, *0, 2n]) < +oo. This implies that
sup,,en | Ben, (Y 10, 0) — da (v, 1 0,0)| < 400, which is a contradiction. This finishes
the proof. ([l

Lemma A.4. For every ¢ > 0 there exists Ce > 1 such that for all v € T'g,
1Vl < CeecIlo
Proof. Since ¢ is positive on Lg(T") \ {0}, there exists ¢; > 0 such that

17ll; = é(s0(p(1))) = e1 " [lra(p())I| = 1

for all v € Tg. Then the “moreover” part of Theorem [3.4] implies the desired
estimate. g
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