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Abstract. Let n,m ≥ 2. Let Γ < SO◦(n + 1, 1) be a Zariski dense
convex cocompact subgroup and Λ ⊂ Sn be its limit set. Let ρ : Γ →
SO◦(m+ 1, 1) be a Zariski dense convex cocompact faithful representa-
tion and f : Λ → Sm the ρ-boundary map. Let

Λf :=
⋃ß

C ∩ Λ :
C ⊂ Sn is a circle such that

f(C ∩ Λ) is contained in a proper sphere in Sm

™
.

When there exists at least one Λ-doubly stable circle in Sn (e.g., Ω =
Sn − Λ is disconnected), we prove the following dichotomy:

either Λf = Λ or Hδ(Λf ) = 0,

where Hδ is the Hausdorff measure of dimension δ = dimH Λ. Moreover,
in the former case, we have n = m and ρ is a conjugation by a Möbius
transformation on Sn. Our proof uses ergodic theory for directional
diagonal flows and conformal measure theory of discrete subgroups of
higher rank semisimple Lie groups, applied to the self-joining subgroup
Γρ = (id×ρ)(Γ) < SO◦(n + 1, 1) × SO◦(m + 1, 1). We also obtain an
analogous theorem for any divergence-type subgroup.

1. Introduction

Let Hn+1 denote the (n+1)-dimensional real hyperbolic space for n ≥ 2.
The group of its orientation-preserving isometries is given by the identity
component SO◦(n + 1, 1) of the special orthogonal group. A discrete sub-
group Γ < SO◦(n+1, 1) is called convex cocompact if the convex core1 of the
associated hyperbolic manifold Γ\Hn+1 is compact. Let Γ < SO◦(n + 1, 1)
be a Zariski dense convex cocompact subgroup for n ≥ 2, and

ρ : Γ → SO◦(m+ 1, 1)

be a faithful representation such that ρ(Γ) is a Zariski dense convex cocom-
pact cocompact subgroup of SO◦(m+1, 1) where m ≥ 2. For simplicity, we
will call a discrete faithful representation ρ : Γ → SO◦(m+ 1, 1) a deforma-
tion of Γ into SO◦(m + 1, 1) and a (resp. Zariski dense) convex cocompact
deformation of Γ if the image of ρ is a (resp. Zariski dense) convex cocom-
pact subgroup. If Γ < SO◦(n + 1, 1) is cocompact and n = m, the Mostow
strong rigidity theorem [22] says that ρ is always algebraic, more precisely,
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it is given by a conjugation by a Möbius transformation on Sn. However in
other cases, Marden’s isomorphism theorem and the Teichmüller theory im-
ply that there exists a continuous family of convex cocompact deformations,
modulo the conjugations by Möbius transformation on Sm (cf. [20, Section
5]).

Let Λ ⊂ Sn denote the limit set of Γ, which is the set of all accumulation
points of Γ(o) in Sn, o ∈ Hn+1. Let Hδ be the δ-dimensional Hausdorff
measure on Sn, where δ is the Hausdorff dimension of Λ with respect to the
spherical metric on Sn. Sullivan [23, Theorem 7] showed that for Γ convex
cocompact, we have

0 < Hδ(Λ) <∞.

The main aim of this paper is to present a criterion on when ρ is algebraic,
in terms of the Hausdorff measure of the union of all circular slices of Λ that
are mapped into circles, or more generally into some proper spheres in Sm
by the ρ-boundary map. More precisely, by Tukia [26], there is a unique
ρ-equivariant continuous embedding

f : Λ → Sm,

called the ρ-boundary map. We consider all circular slices of Λ which are
mapped into some proper spheres in Sm by f :

Λf :=
[ß

C ∩ Λ :
C ⊂ Sn is a circle such that

f(C ∩ Λ) is contained in a proper sphere in Sm
™
.

Figure 1. f(C ∩ Λ) is contained in a circle

We emphasize that the boundary map f is defined only on Λ and therefore
our definition of Λf involves the image of the intersection C ∩ Λ under f ,
but not the whole circle C (see Figure 1). If n = m and f is a Möbius
transformation of Sn, then f clearly maps all circles to circles and hence
Λf = Λ. The following main theorem of this paper says that in all other

cases, Λf has zero Hδ-measure. In other words, if Hδ(Λf ) > 0, then f is the
restriction of a Möbius transformation of Sn and ρ is algebraic.

Theorem 1.1. Let n,m ≥ 2. Let Γ < SO◦(n + 1, 1) be a Zariski dense
convex cocompact subgroup such that the ordinary set Ω = Sn − Λ has at
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least two components. Let ρ : Γ → SO◦(m+ 1, 1) be a Zariski dense convex
cocompact deformation and f : Λ → Sm the ρ-boundary map. Then

either Λf = Λ or Hδ(Λf ) = 0.

In the former case, we have n = m, f extends to some g ∈ Möb(Sn) and
ρ is a conjugation by g.

When n = m = 2, the topological version of the above theorem that
either Λf = Λ or Λf has empty interior was obtained in our earlier paper
[14] for all finitely generated discrete subgroups. Theorem 1.1 provides its
measure theoretic version. See Theorem 5.3 for the topological version for
general n,m ≥ 2.

Remark 1.2. If Γ < SO◦(3, 1) is convex cocompact with Λ connected, then
Ω is disconnected [19, Chapter IX]; hence Theorem 1.1 applies.

Indeed, we prove Theorem 1.1 under a weaker condition that there exists
a Λ-doubly stable circle (Theorem 5.1).

Definition 1.3. We say that a circle C ⊂ Sn is Λ-doubly stable if for any
sequence of circles Ck converging to C,

# lim sup(Ck ∩ Λ) ≥ 2,

where lim supEk is defined as
T
n∈N

S
k≥nEk for a sequence Ek ⊂ Sn.

If Ω is disconnected, there exists a Λ-doubly stable circle (Lemma 4.2).
If Ω = ∅, i.e., Λ = Sn, then every circle is Sn-doubly stable. In particular,
Theorem 5.1 applies to any uniform lattice Γ of SO◦(n + 1, 1): either f :
Sn → Sm preserves Lebesgue-almost none of the circles, or n = m and f is
induced by a Möbius transformation on Sn.

Remark 1.4. It is an interesting question whether there exists a Zariski
dense convex cocompact subgroup of SO◦(3, 1) whose limit set Λ is totally
disconnected and there is no Λ-doubly stable circle.

In terms of the quasiconformal deformation indicated in Figure 2, our
theorem implies that the union of circular slices of the left limit set which
are mapped into circles has zero Hδ-measure.

Note that (n + 2)-distinct points on Sn form the set of vertices of a
unique ideal hyperbolic (n+ 1)-simplex of Hn+1. Gromov-Thurston’s proof
of Mostow rigidity theorem ([9], [25]) uses the fact that a homeomorphism
of Sn mapping vertices of every maximal volume (n+1)-simplex of Hn+1 to
vertices of a maximal volume (n+ 1)-simplex is a Möbius transformation.

Any (n+ 2)-distinct points on Sn form vertices of a zero-volume (n+ 1)-
simplex of Hn+1 if and only if they lie in some codimension one sphere in
Sn. We also prove the following higher dimensional version of [14, Theorem
1.3], which answered McMullen’s question for n = 2:

2Image credit: Curtis McMullen and Yongquan Zhang [27]
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