A GLOBAL SHADOW LEMMA
FOR RELATIVELY MORSE GROUPS IN HIGHER RANK

DONGRYUL M. KIM AND HEE OH

ABSTRACT. Patterson-Sullivan measures encode the distribution of or-
bits of discrete group actions near the boundary. In this paper, we prove
a global shadow lemma for Patterson-Sullivan measures associated to
relatively Morse subgroups of higher-rank semisimple Lie groups. The
estimate is uniform for shadows centered at arbitrary points in a Gro-
mov model, including points deep in the cuspidal part. This extends the
global shadow lemma of Stratmann-Velani for geometrically finite real
hyperbolic groups. As applications, we obtain uniform local estimates
for Patterson-Sullivan measures, and we give sufficient conditions under
which these measures agree, up to scale, with the Hausdorff measure
defined by the associated visual quasi-metric.
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1. INTRODUCTION

One of the basic themes in geometric group theory and dynamics is that
the large-scale geometry of a discrete group action is reflected in the way its
orbits accumulate at infinity. Patterson-Sullivan theory makes this principle
quantitative: starting from the exponential growth of an orbit, it produces
natural measures on the boundary, and these measures reveal the asymptotic
distribution of the orbit through shadow lemmas, counting estimates, and
equidistribution phenomena. In real hyperbolic geometry, this theory has
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been a fundamental tool in the study of Kleinian groups and negatively
curved manifolds. This paper develops a higher-rank analogue for relatively
Morse subgroups of semisimple Lie groups, where the visual boundary is
replaced by an appropriate flag manifold. The main goal is to prove a
global shadow lemma for the corresponding Patterson-Sullivan measures.
We begin with the classical real hyperbolic case, both as motivation and as
a guide to the higher-rank relative setting considered later.

Let T' < Isom™* (H") be a non-elementary discrete subgroup, let o € H",
and let A C OH" be the limit set of I". Patterson [20] and Sullivan [24] con-
structed a Borel probability measure v supported on A whose transformation
rule is governed by the critical exponent ép > 0:

drysv
dv

Here 3¢ denotes the Busemann function. The measure v is now referred to
as the Patterson-Sullivan measure of I'.

A fundamental feature of this measure is Sullivan’s shadow lemma. For
xz,y € H" and R > 0, let Ogr(z,y) C OH" denote the shadow of the ball
B(y, R) seen from z, namely the set of endpoints £ such that the geodesic
ray [z,&] C H" intersects the R-neighborhood of y.

(&) = rBele0) for all v € I' and v-a.e. € € A.

Theorem 1.1 (Shadow Lemma [24, Proposition 3|). For all sufficiently
large R > 0, there exists C' > 1 such that

C~lerd00) < 1 (Og(0,70)) < Ce 40 for all v € T.

Thus the Patterson-Sullivan measure of a shadow is comparable to the
exponential of minus the orbit distance: v(Og(0,70)) < e~ ©°) ith
implied constants independent of . This estimate is the basic prototype for
the global shadow lemma proved in this paper.

Geometrically finite groups. For geometrically finite groups, Sullivan’s
shadow lemma admits a global version due to Stratmann-Velani [23]. Let
I' < Isom™*(H") be geometrically finite with limit set A C OH", and let
hull A C H" be its convex hull. Choose a I'-invariant family B of pairwise
disjoint cusp horoballs in hull A whose complement has compact quotient.
Let P be a set of representatives of the corresponding maximal parabolic
subgroups, and write dp for the critical exponent of P € P. It is known that
dp < or ([24], [25).

Theorem 1.2 (Global Shadow Lemma [23, Theorem 2]). For all sufficiently
large R > 0, the following holds. Let & € A and x € [o,£]. If x lies in a
horoball B € B whose stabilizer is conjugate to P € P, then

v(Og(0,x)) = e 0rdo) o(20p—dr)d(T'o,z)

with tmplied constants independent of &, x, and B.
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In hull A but away from the cusp horoballs, the quantity d(To,x) is
uniformly bounded, and the estimate reduces to the usual shadow lemma
v(Og(o,z)) = e~ord(o),

Relatively Anosov and relatively Morse groups. Relatively Anosov
subgroups provide a higher-rank analogue of geometrically finite Kleinian
groups. Let G be a connected semisimple real algebraic group with Cartan
decomposition G = KATK where K is a maximal compact subgroup. Let
X := G/K denote the associated Riemannian symmetric space. Let at :=
log AT, let II be the corresponding set of simple roots, and fix a non-empty
subset § C II. We denote by Py the associated standard parabolic subgroup
and by
Fo:=G/Py

the corresponding flag variety. We also set

and regard aj as a subspace of a* via the canonical projection py : a — ay.
After replacing 6 by 6 Ui(0), if necessary, we assume that

0 =i(0),

where i is the opposition involution on a.

Let I' < G be a discrete subgroup which is hyperbolic relative to a finite
collection P of finitely generated infinite subgroups. We write 9(T', P) for
its Bowditch boundary. A Gromov model for (I',P) is a proper geodesic
Gromov hyperbolic space Y on which I' acts properly discontinuously, to-
gether with a I'-invariant collection B of disjoint horoballs whose stabilizers
are conjugates of subgroups in P, and on whose complement I' acts cocom-
pactly. We identify 9Y with 9(T", P), and we assume that it contains at least
three points, i.e., (I', P) is non-elementary.

We say that T is #-Anosov relative to P if it is f-regular and admits a
transverse I'-equivariant boundary map

C:@Y—)]‘-g.

See section [ for its precise definition. The image of this map is the 6-limit
set, denoted by Ag.

For ¢ € aj, a (I',9)-Patterson-Sullivan measure is a Borel probability
measure v on Ay satisfying

dry.v
dv
where 3% is the ag-valued Busemann map; see ([2.3]). This notion of higher-
rank Patterson-Sullivan measure was introduced by Quint [21].
Let i : G — a' be the Cartan projection. Let Lr C a® denote the

asymptotic cone of the Cartan projection p(I') of ', called the limit cone
of I'. The shadow lemma for Patterson-Sullivan measures was proved for

&) = BN for all v €T and v-a.e. £ € Ay,
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shadows in the higher-rank symmetric space X = G/K in [I8, Lemma 7.8]
and [I7, Lemma 7.2]. For relatively #-Anosov subgroups, the compatibility
between shadows in the Gromov model Y and shadows in X was established
in [16, Proposition 5.7]E| Combining these results gives the following orbit-
shadow estimate.

Theorem 1.3 (Shadow Lemma). Let I' < G be 0-Anosov relative to P, and
fir oy € Y. Let v be a (I',v)-Patterson-Sullivan measure on Ay for some
Y € ay. Then, for all sufficiently large R > 0,

v(¢(Or(oy,yoy))) < e ¥r)
for all v € T', with implied constants independent of ~y.

The relatively Morse condition strengthens the relative Anosov condition
by requiring the relative geometry of Y to be realized inside the symmetric
space. We say that I is -Morse relative to P if there exists a I'-equivariant
quasi-isometric embedding

f:Y—=-X

such that, writing £ C a™ for the asymptotic cone of the Cartan projections

{u(f(@)"'fy) a,y €Y,
we have
LiNkera = {0} forevery a € 6.
Thus being relative Anosov gives a boundary map into the flag variety,
whereas the relatively Morse condition gives a coarse geometric model in
the symmetric space whose Cartan projections stay uniformly away from
the walls indexed by 6. By the higher-rank Morse lemma of Kapovich-Leeb-

Porti [14, Theorem 1.4], the map f extends continuously to a transverse
I'-equivariant homeomorphism

F:0Y =5 Ay
Fix a basepoint oy € Y. For ¢ € aj positive on L; — {0}, define

dy(2,) = P(p(f(2) " f(y))) forz,yey,
and, for subsets E, F C Y, set

dy(E,F):= inf d .
p(E F) xeg,lyeF v(@y)

Theorem estimates shadows centered at orbit points. The main result
of this paper is a global version for relatively Morse groups, where the center
of the shadow may be an arbitrary point along a geodesic ray in the Gromov
model.

1The reference [16] treats a specific Gromov model, but the same proof applies to the
Gromov models considered here.
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For a subgroup H < TI', denote by 0, (H) the critical exponent of the

Poincaré series
PRI E e~ s (u(7))
yeH

In the setting below, the strict inequality d,(P) < dy4(I") was proved by
Canary-Zhang-Zimmer [§].

The following theorem is the higher-rank relatively Morse analogue of the
global shadow lemma of Stratmann—Velani [23].

Theorem 1.4 (Global Shadow Lemma). Let I' < G be §-Morse relative to
P, and let ¢ € aj be such that p > 0 on Ly — {0} and 04,(I") = 1. Let v be
a (T, 4)-Patterson-Sullivan measure on Ag. Then there exists Cy > 0 such
that, for all sufficiently large R > 0, the following holds.

Let £ € 9Y and x € [oy,£]. Suppose that x € B for some horoball B € B
whose stabilizer is conjugate to P € P. Then

Z/(f(OR(OY7 x))) ~ e_dw(OY7x)ed7/)(FOY7x)62(51/;(P)71)d1ﬁ(F0Y7$)
. (Co + d@(FOy, w))a’L(P),

where 1) = w and ad;(P) is a non-negative integer depending on v and
P. The implied constants are independent of &, x, and B.

We also show that when P is virtually cyclic or when G has rank one,
then a;(P) is zero (Theorem . It would be interesting to know whether
a;(P) is always zero in the general setting of this theorem.

If x lies in the thick part Y — (Jgcp B, then Theorem recovers the
usual orbit-shadow estimate. The content of the theorem is therefore the
precise correction term that appears when x penetrates a cusp.

Remark 1.5. Bray-Tiozzo [6] proved a global shadow lemma for relatively
hyperbolic groups using Patterson-Sullivan measures associated to the Buse-
mann functions of a Gromov model. Our setting is different: although shad-
ows are taken in the Gromov model, the Busemann maps, Patterson-Sullivan
measures, and critical exponents come from the ambient higher-rank Lie

group.
Example 1.6. Here are two standard examples of relatively II-Morse groups.

(1) Let G = Hle SO°(ni, 1), n; > 2. It follows from the work of
Bowditch [3] and Yaman [27] that a discrete subgroup I' < G is
relatively II-Anosov if and only if there exists a geometrically finite
subgroup I'; < SO°(nj, 1) and geometrically finite type-preserving
representations p; : I't — SO°(n;, 1), 2 < i < k, so that the diagonal
embedding (id xpg x -+ X pr)(I'1) is a finite-index subgroup of T
The work of Tukia [26] (also see [9]) then implies that I" is relatively
II-Morse. Moreover, there exists a Morse embedding f such that
Ly=CLr.
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(2) Let G = SL(n,R), n > 2. We consider a relatively §-Anosov I' < G
with peripheral subgroups P, such that (I, P) is isomorphic to a ge-
ometrically finite Fuchsian group. In this case, Zhu-Zimmer showed
that T' is relatively 6-Morse ([29, Corollary 1.14], [28, Proposition
11.3]). They explicitly constructed a Morse embedding f in [28]
Sections 6, 10, 11], based on the notion of cusp representations in-
troduced by Canary-Zhang-Zimmer [7, Proposition 3.6], and their
construction gives that Ly = Lr.

Local properties of Patterson-Sullivan measures. The global shadow
lemma also gives local information on Patterson-Sullivan measures. Assume,
in addition, that ¥ = ¥ oi. For &, n € Ay, set

dy(&,n) = 6—1/1(99(&777))

where GY is the ag-valued Gromov product. This is a higher-rank visual
quasi-metric on Ag; denote by By, (§, ) the corresponding balls. As applica-
tions, we obtain the following uniform local estimates for Patterson-Sullivan
measures.

Corollary 1.7 (Uniform local estimates). Let I, ¢, v be as in Theorem
[1.4. Suppose further that » = 1 oi. For every k > 1, there exists L, > 1
and C,, > 1 such that

Cr'v(By(& Lr)) S v(By(&,1)) < 5~ 'w(By (€, Lur))
for all € € Ag and all 0 < r < L1,

This corollary follows immediately from Theorems [8.1] and [8:2} it records
the resulting two-sided comparison at the scale L, while Theorem [8:1] gives
the lower bound for every fixed scale L > 1.

Finally, we compare v with the Hausdorff measure defined by the quasi-
metric dy, in Theorem The resulting criterion is governed by the par-
abolic critical exponents d,(P), which measure the growth of peripheral
subgroups, compared to the ambient exponent d,(I").

2. PRELIMINARIES

Let G be a connected semisimple real algebraic group. Let P be a minimal
parabolic subgroup with a fixed Langlands decomposition P = M AN where
A is a maximal real split torus of G, M is the maximal compact subgroup
of P commuting with A and N is the unipotent radical of P. Let g and
a denote, respectively, the Lie algebras of G and A. Fix a positive Weyl
chamber a* C a so that log N consists of positive root subspaces and set
A" = expa’. We fix a maximal compact subgroup K < G such that the
Cartan decomposition G = KA'TK holds. We denote by p : G — a' the
Cartan projection defined by the condition g € K exp u(g)K for g € G. Let
X = G/K be the associated Riemannian symmetric space and o = [K] €
X. Fix a K-invariant norm || - || on g. This induces the left G-invariant
Riemannian metric d on X.
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Lemma 2.1. [I, Lemma 4.6] For any compact subset Q C G, there exists
C = C(Q) > 0 such that for all g € G,

sup |lpu(qrgge) — p(g)l| < C.
q1,92€Q

Let IT denote the set of simple roots determined by a™. We fix a non-
empty subset 0 C II. Let Py denote the corresponding standard parabolic
subgroup with the convention that Py = P, and set Fy := G/Py. We also
set

ag = ﬂ kera and aj :=agNat.
acll-0

Let
(2.1) Do :a— dg

denote the projection invariant under all Weyl elements fixing ay pointwise.
We write g := pgopu : G — ag. We identify aj = Hom(ag, R) with the
subspace of a* consisting of linear forms invariant under py.

Abusing notation, for p,q € X, we set

u(p) == p(g) and u(p~'q) = pulg~'h)

for g,h € G such that go = p and ho = ¢. This definition is independent of
the choice of g and h, and we similarly define pg(p) and pg(p~'q).

Let wg € K represent the longest Weyl element. The opposition involu-
tion is

i:=—Ady,:a—a,

and it induces an involution of II, again denoted by i.
Limit set. The subgroup K acts transitively on Fy, and hence Fy ~ K /My
where My := Py N K. Set & := [My] € Fp.

Definition 2.2. For a sequence g; € G and & € Fy, we write lim;_o g; = &
and say g; converges to & if

e for each o € 0, a(u(g;)) — o0 as g; — oo;
o lim; .o ki&p = € in Fy for some k; € K such that g; € k; ATK.

The 0-limit set of a discrete subgroup I' can be defined as follows:
(2.2) Ap = AQ(F) = {Iim Vi € Fg v € F}

where lim; is defined as in Definition If T is Zariski dense, this is the
unique I'-minimal subset of Fy [1].
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Busemann map. The a-valued Busemann map B : Fu X G X G — a is
defined as follows: for £ € F and g,h € G,

/Bf(g’ h) = O-(g_l’f) - O-(h_l’f)

where o (g1, £) € ais the unique element such that g~k € K exp(o(g~1,&))N
for any k € K with £ = kP. For (§,g,h) € Fp x G x G, we define

(2.3) BE(g,h) == po(Be, (9, h))

for any £ € JFn projecting to . This is well-defined independent of the
choice of &y [21, Lemma 6.1]. Moreover, since product map K Xx Ax N — G
is a diffeomorphism, Busemann maps are continuous.

Gromov product. Two points { € Fp and 7 € Fjg) are said to be trans-
verse or be in general position if

(2.4) §=gP and 1n=gwyPy forsomegeq.
We set
(2.5) .7-"(52) = {(&§;m) € Fo x Fy(g) : §,n are in general position}

which is the unique open G-orbit in Fy X Fj) under the diagonal G-action.
For (¢,n) € ]__(gz)7 we define the ag-valued Gromov product as

(2.6) G(6.m) = 5 (Be.) +15(e.0))

where g € G satisfies (9P, gwoP;p)) = (§,m). This is independent of the
choice of g [I7, Lemma 9.13].

Patterson-Sullivan measures. For ¢ € aj, a (I', ¥)-conformal measure is
a Borel probability measure on Fy such that

drysv

2 (6) = PPN forall v €T and € €
1%

2.7)

where v,v(D) = v(y~!D) for any Borel subset D C Fy and Bg denotes
the ag-valued Busemann map defined in (2.3)). A (T, ¢)-conformal measure
supported on Ay is called a (T', ¥)-Patterson-Sullivan measure.

3. RELATIVELY HYPERBOLIC GROUPS AND GROMOV MODELS

In this section, we recall relatively hyperbolic groups, Gromov hyperbolic
spaces, and Gromov models.
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Relatively hyperbolic groups. Let I' be a countable group acting by
homeomorphisms on a compact metrizable space X. The action is called a
convergence group action if, for every sequence of distinct elements ~,, € I,
there exist a subsequence 7, and points a,b € X" such that v,, (z) converges
to a for all z € X — {b}, uniformly on compact subsets.

An infinite-order element v € T is called lozodromic if it fixes exactly two
points of X', and parabolic if it fixes exactly one point. An infinite subgroup
P < T is called parabolic if it fixes a point of X and every infinite-order
element of P is parabolic.

A point £ € X is called a conical limit point if there exist a sequence of
distinct elements ~,, € I' and distinct points a,b € X such that

%;lé—mt and 7;117—>b for all n € X — {¢&}.

A point £ € X is called a parabolic limit point if it is fixed by a parabolic
subgroup of I'. Such a point is called bounded parabolic if

Stabr (§)\(X — {£})

is compact. The action of I' on X is called a geometrically finite convergence
group action if every point of X is either conical or bounded parabolic. A
typical example is the action of a geometrically finite Kleinian group on its
limit set.

Let I'" be a finitely generated group and let P be a finite collection of
finitely generated infinite subgroups of I'. We say that I" is hyperbolic relative
to P, or that (I, P) is relatively hyperbolic, if I" admits a geometrically finite
convergence group action on a compact perfect metrizable space X whose
maximal parabolic subgroups are precisely

Pl=(wPyl:PeP, yeT}.

Bowditch [5] showed that, if ' is hyperbolic relative to P, then the space
X satisfying the above condition is unique up to I'-equivariant homeomor-
phism. This space is called the Bowditch boundary and is denoted by 9(T", P).
Since J(I", P) is assumed to be perfect, we have #0(I', P) > 3; equivalently,
(T, P) is non-elementary.

Gromov hyperbolic spaces. A proper geodesic metric space (Y,d) is
called Gromov hyperbolic if there exists 6 > 0 such that every geodesic
triangle in Y is -thin; that is, each side is contained in the é-neighborhood
of the union of the other two sides. The Gromov boundary Y is the set
of equivalence classes of geodesic rays, where two rays are equivalent if they
have finite Hausdorff distance. We write

Y =YUudy

for the corresponding compactification.
For C1,Cy > 1 and an interval I C R, a map ¢ : I — Y is called a
(C1, Ca)-quasi-geodesic if

Ot —s| — Cy < d(o(t),0(s)) < Ci|t — 5|+ Co forall t,s € I.
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We also call the image o(I) a (Cy,Cs)-quasi-geodesic. We shall use the
following standard stability property.

Lemma 3.1. For any C1,Cy > 1, there exists R > 0 such that any two
(C1, Co)-quasi-geodesics in 'Y with the same endpoints in'Y have Hausdorff
distance at most R.

We use the following notation.

Definition 3.2. Let y,y1,y2 €Y, let 21,20 € Y, and let R > 0.
(1) Let
B(y,R)={x €Y :d(y,z) < R}
denote the ball of radius R centered at y.
(2) The notation [y, y2] denotes a choice of geodesic in Y connecting y;

to y2. Such a geodesic need not be unique.
(3) The shadow Ogr(y1,y2) C JY is

Or(y1,y2) = {€ € 9Y : some geodesic ray [y1,&] intersects B(yz, R)}.

(4) We denote by 7, .,(y) the set of nearest-point projections of y to
all geodesics between 21 and z».

(5) We denote by 7., .,1(y) the set of nearest-point projections of y to
the chosen geodesic [z1, 2z9].

It is well known that, for any « € 7, ., (y), the concatenation [y, z]U[x, 2]
is a (1, O(6))-quasi-geodesic, where O(d) denotes a constant depending only
on ¢.

Given oy € Y and two distinct points £,n € Y UQY, define their Gromov
product with respect to oy by

|
<£7 77>0Y ‘= sup hm inf - (d(OY7 :U’L) + d(OY7 y]) - d(xza yj)))
i,j—00 2
where the supremum is taken over all sequences x;,y; € Y such that z; — &
and y; — n. This quantity measures the distance from oy to m¢,(oy) up
to a uniform additive error depending only on §. We shall use the standard
inequality

(3.1) (& Moy = min ((§, oy, (€, Moy ) — O(6)

for all £&,n,{ € Y UJY.
The following standard comparison between shadows and Gromov prod-
ucts will be used repeatedly.

Lemma 3.3. Letoy €Y, £ € Y, and & € |oy, €] be such that d(oy,&) =t
fort >0. For any R > 0:

(1) ifn € Or(oy,&t), then
(& Moy >t —R—0(5);
(2) if (€,m)oy >t — R+ O(9), then
n € Or(oy, &)
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Proof. We first prove (1). Let n € Og(oy,&) and let y € 7, j(oy). It
suffices to consider the case (£,7),, < t. In this case, & is O(d)-close to
[€,7n]. Choose z € [¢,n] with d(&,z) < O(d). Since n € Or(oy, &), Lemma
implies that & is R + O(d)-close to [oy,y] U [y,n]. Hence z is also
R + O(9)-close to [oy,y] U [y,n].

If x is R+ O()-close to [y,n], then d(x,y) < R+ O(J), since both x and
[y, ] lie on the geodesic [£, n]. Therefore

d(oy,y) > d(oy,z) — R— O(9) > d(oy,&) — R — O(9).

Since d(oy,&) = t and d(oy,y) < (£,1)ey, + O(0), this proves the desired
estimate in this case.

If z is R+ O(6)-close to [0y, y], then choose w € 7, , (). Then we have
d(z,w) < R+ O(9). On the other hand, the concatenation [w,y] U [y, z] is a
(1,0(9))-quasi-geodesic. Hence y is also R + O(d)-close to z, and the same
argument as above proves (1).

For (2), suppose that

(€ Moy 2t — R+ 0(9).

Then &_pio(s) is O(d)-close to [oy,n]. Hence & is R-close to [oy,n], and
therefore n € Og(oy, &). O

Gromov models. For the rest of this section, let (I', P) be a relatively
hyperbolic group. Following [I3], we recall the basic properties of Gromov
models. Such a model is a proper geodesic Gromov hyperbolic space on
which I' acts in a way analogous to the action of a geometrically finite
Kleinian group on the real hyperbolic space.

Let (Y, d) be a proper geodesic Gromov hyperbolic space. For any n € 9Y’,
a horofunction based at n is obtained as follows: if y, € Y is a sequence
converging to 7, then, after passing to a subsequence, there exist t, — oo
and a function h : Y — R such that

hz) = lim d(z,yn) = tn,

uniformly on compact subsets. There exists a constant C > 0, depending
only on Y, such that every such function satisfies

(3.2) ’(h(fn(tg)) — h(ﬁn(tl))) — (tl — t2)’ S C for all tl,tg Z 0,

for every unit-speed geodesic ray ¢, : [0,00) — Y asymptotic to n. By a
horofunction at 77, we mean any function satisfying for every such ray.
A subset H C Y is called a horoball at 7 if there exists a horofunction h
at n such that
{h <0} Cc HC{h<10C}.

Then H NJY = {n}, and horoballs are uniformly quasi-convex.

Definition 3.4. A proper geodesic Gromov hyperbolic space (Y, d) is called
a Gromov model for (T, P) if:

(1) T acts properly discontinuously on Y by isometries;
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(2) Y is taut, meaning that there exists R > 0 such that every point of
Y lies within distance R of a bi-infinite geodesic;

(3) there exists a I-invariant collection B = { B;} of disjoint open horoballs
such that the stabilizer of each B; in I is of the form yP~y~! for some
veT and P € P;

(4) the action of I' on Y — | J,; B; is cocompact.

By the uniqueness of the Bowditch boundary, the Gromov boundary of a
Gromov model Y for (I", P) is I'-equivariantly homeomorphic to 9(T', P). By
[4, Proposition 2.12], the action of I" on JY is a convergence group action.

For each B € B, write

{p} = BN aY.

We call p the basepoint of B and also write B = B,. Given P € P! we
denote its basepoint by &p € 0Y.

These basepoints are precisely the parabolic limit points of (T, P) in 9Y'.
We shall use the following standard properties of parabolic subgroups, whose
proofs are included for completeness.

Lemma 3.5. Let oy € Y, let P € P', and set € = &p. For every R > 0,
there exists a compact set Q C JY — {&} such that

Ogr(oy,goy) C gQ for all but finitely many g € P.

Proof. Fix R > 0 and suppose the claim fails. Let Q,, C Y — {{} be an
increasing sequence of compact sets with

UQn:aY_{g}

Then there exist sequences g, € P and 1, € Or(oy, gnoy) such that n, ¢
gn@n. We may assume that the sequence g, is infinite. Since g, 'n, ¢ Q.
for every n, g 'n, — &. On the other hand,

9n 'nn € Or(g, 'oy,0y) and g, oy — ¢,
which is impossible. This proves the lemma. U

Lemma 3.6. Let oy € Y, let P € PU, and set € = &p. For every compact
set Q C Y — {&}, there exists R > 0 such that

gQ C Og(oy,goy) forall g € P.

Proof. Let @ C 9Y — {£} be compact and suppose the conclusion fails.
Then, for every n > 1, there exists g, € P such that

9nQ  On(oy, gnoy ).
Thus g, is an infinite sequence and
Q¢ On(gﬁloy,Oy) for every n > 1.

Since g, 'oy — &, this forces £ € @, a contradiction. O
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Finally, a point £ € 9Y is conical if and only if, for any oy € Y, there
exist R > 0 and an infinite sequence v, € I' such that

¢ € Or(oy,ypoy) for all n.

In this case, we say that v,0y converges conically to £. It is easy to see that
this notion of conicality is equivalent to the conicality defined in terms of
convergence action.

4. RELATIVELY MORSE GROUPS

Let I' < G be a discrete subgroup which is hyperbolic relative to a finite
collection P of finitely generated infinite subgroups of I'. We fix a non-empty
subset 6 C 1I.

Definition 4.1. We say that I' is 0-Morse relative to P if there exist a
Gromov model Y for (I',P) and a I'-equivariant quasi-isometric embedding

f:Y—=X
such that, if £; C a¥ denotes the asymptotic cone of

{u(f(2)" f(y) sz y €YY},
then
LyNkera = {0} forevery a € 6.
Such a map f is called a Morse embedding of Y.

For a Morse embedding f : Y — X, we call Ly the Morse limit cone of f.
We also set

Ly 5 :=poe(Ly)

and call it the Morse #-limit cone. Since L; =i(Ly), being §-Morse relative
to P is equivalent to being 6 Ui(#)-Morse relative to P. Thus, without loss
of generality, we assume

0 =i(0)

throughout the rest of this section.
A subgroup I' < G which is hyperbolic relative to P is called 0-Anosov
relative to P if:

e [ is f-regular, meaning that

min o(p(yn)) — 00
a€el

for every infinite sequence v, € I';
e there exists a transverse I'-equivariant embedding

C:@Y—%Fg,

i.e., it sends distinct points of JY" to points in general position.
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If T is 0-Morse relative to P, then I' is 6-Anosov relative to P. Indeed,
f-regularity follows from the fact that f is a quasi-isometric embedding and

LyN U ker v = {0}.
ach
Moreover, by [14, Theorem 1.4], the Morse embedding f : Y — X extends
continuously to a transverse I'-equivariant embedding

f:0Y = Fy.
Its image is the 6-limit set Ag.
Remark 4.2. A map f:Y — X satisfying

LyN U ker o = {0}

aecl

is called uniformly f-regular in [13]. Although this condition is a priori
different from the original definition of a Morse embedding in [I3], the Morse
lemma [I4] implies that the two notions are equivalent for quasi-isometric
embeddings.

Geometric properties of relatively Morse groups. For the rest of this
section, let I' < G be #-Morse relative to P, with Morse embedding f : Y —
X from a Gromov model (Y, d) and continuous extension f : 9Y — Fp. We
fix a basepoint oy € Y and we may assume that f(oy) = o.

The following proposition is a key ingredient in the proof of the global
shadow lemma. Its second assertion follows from Lemma [£.4] below.

Proposition 4.3. Let P € P and let p = &p. For every compact subset
Q C 9Y — {p}, there exists a constant ¢ = ¢(Q) > 0 such that

G (F(),11(©)) 1#9(7)‘

<ec
5 c

sup
§EQ,EP

In particular, pg(y) —1ipg(y) is uniformly bounded for all v € P.

We first collect several lemmas. The following was proved in [I8, Lemma
6.6] when I" is Borel Anosov, using the Morse property of the orbit map of
an Anosov group into X [14]. The same argument applies in our setting,
replacing the Cayley graph of a hyperbolic group by the Gromov hyperbolic
space Y.

Lemma 4.4. There exists C > 0 such that, for any distinct £,n € 0Y,

GO (7O F)) — (ol F(2)) + iue(f(Z)))H <c.

sup >

z€me n(oy)

The following was proved in [I1, Corollary 4.12]. Although the original
statement applies to the values of a linear form on the Cartan projections,
the same proof gives the following vector-valued version.
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Lemma 4.5. There exists Dy > 0 such that, for any x,z € Y and any
y € [z,2],
1o (f(2) 7 f(2)) = (no(f ()" f(y) + pa(f(y) "' £(2)))]| < Do.
We also need the following elementary observation.
Lemma 4.6. Let P € P and let p = £p. For every R > 0, there exists a
finite subset P(R) C P such that, for every v € P — P(R), every geodesic
(€, p] with & € Y — {p}, and every u € B(oy, R) N[, p], we have
Ty (¢,p] (u) C 7[u>p]
where we choose [u, p] C [€,p].
Proof. Suppose not. Then there exist R > 0, an infinite sequence ~, € P,
and sequences
§n €0Y —{p}, un € Bloy, R)N[&n,p], and  yn € Ty je, 1) (Un),

such that

Yn & Yn[un, Pl
where we choose [uy,, p] C [n,p], for all n > 1.

For each n, choose [yn, p] C Vn[&n,p]. By the assumption, v,u, € [yn, pl.

By Gromov hyperbolicity, the concatenation

[una yn] U [ynvp]
is a (1,0(9))-quasi-geodesic. Hence

p € Oo(s)(Un, Ynin)-

Since d(oy, up) < R, it follows that for all n,

p € Op/(0y,Yno0y)

for some R’ > 0 depending only on R and §. Thus 7,0y converges conically
to p, contradicting the fact that p is a parabolic limit point. ([l

We will use the following coarse midpoint estimate in the Gromov model:

Lemma 4.7. [0, Lemma 3.7] Let P € P and let p = &p. Let R > 0, and
let @ C Y — {p} be compact. Then there exists D > 0 such that, for every
x € B(oy, R) and every v € P,

1
sup d(z,y) — =d(z,vyz)| < D.
£€EQ, yEm e p(7) 2
As an intermediate step in the proof of Proposition [4.3] we prove the
following. We write ~ for equality up to a uniform additive error.

Lemma 4.8. Let P € P and let p=&p. Let R > 0, and let Q C 0Y — {p}
be compact. Then there exists a constant C = C(R,Q) > 0 such that, for
every v € P, every geodesic [§,p] with £ € Q, every x € [{,p] N B(oy, R),
and every w € ’7_171’7[571)] (x), there exists y € [x,vx] such that

dly,w) < C, d(y,yw)<C, and dw,yw)<C.
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Proof. Let P(R) C P be the finite subset given by Lemma It suffices
to consider v € P — P(R). Let £ € @, and choose a geodesic [£,p]. Let
z € [§,p] N B(oy, R), and let w € [¢,p] be such that yw € 7y y(x). By

Lemma [4.7]
1

(4.1) d(z,yw) ~ §d(x,*yx),

with additive error depending only on R and Q.
Consider the geodesic [yz,p] C v[¢, p] and the geodesic triangle
[z, p] U [z, ya] U [y, p].

By Lemma we have yw € [yz,p]. Since w € [€,p], we also have w €
[z,p]. Since yw € 7y (), Gromov hyperbolicity implies that there exist
y € [z,yx] and z € [z,p| such that the three points yw, y, and z are
uniformly close to one another. Together with , this gives

1
Hence
(4.2) d(z,yr) = d(z,y) + d(z, 2).
On the other hand,

Comparing this with (4.2)), we obtain
d(z,w) ~ d(z, 2).

Since z,w € [z, p], this implies that the points z and w are uniformly close.
Since yw, y, and z are uniformly close, it follows that yw, y, and w are
uniformly close as well. This proves the lemma. ([

Proof of Proposition There exists R = R(Q) > 0 such that every
geodesic [£, p] with € € @ intersects B(oy, R). Let v € P.

Let £ € @, and choose a geodesic [, p]. Choose z € [, p] N B(oy, R), and
let w € [, p] be such that

YW € Toyfe ] (x).

Since z € B(oy, R), the sets my(¢ () and 7,¢ ;) (0y ) have uniformly bounded
Hausdorff distance. Hence, by Lemmas 2.1 and

G*(F (), 7T€)) ~ 5 (ol f () + 1ol f )

By Lemma there exists y € [x,yz]| such that y, w, and yw are uni-
formly close. Since y € [z,vz]|, Lemma gives

po(f (@) f(vz)) = po(f () F(y) + e (f(y) " f(yz)).
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Since f is a quasi-isometric embedding, the points f(y), f(w), and f(yw) are
uniformly close. Since z € B(oy, R), the point f(z) remains in a uniformly
bounded subset of X. Therefore, by Lemma [2.1

po(v) ~ po(f(x)~" f(yz))
~ po(f(x) " fyw)) + po(f(w) ™" f(z))
~ po(f(x) " fyw)) +ipe(f (@)~ fw))
~ po(f(yw)) +ipe(f(yw))
~ 26" (f(p). 1 f(£))-

This finishes the proof of the main claim.
For the second assertion, note that by Lemma 4.4

G (F ()7 F() ~ 5 (ol F () + (1 (22))

for some z, € 7, 1¢(oy). Hence

po () = po(f(2y)) +ine(f(2))-
Since the right-hand side is i-invariant, this implies that pg(y) — iug(7y) is
uniformly bounded. O

A metric-like function on Y. We identify aj with the subspace of a*
obtained by precomposing with the projection pg : @ — ag. Let ¢ € aj be
such that

>0 on Ly—{0}.
Define

dy(z,y) == p(u(f(z) " f(y))) forz,y €Y.

It was shown in [I1] that dy behaves like a metric on Y’; for example, it sat-
isfies a coarse triangle inequality. The following is a consequence of Lemma
and the Gromov hyperbolicity of Y. Since ¢» > 0 on L; — {0}, there
exists ¢ > 0 such that

(4.3) dy(z,y) > —c forall z,y €Y.
Proposition 4.9. There exists C' > 0 such that, for all z,y,z € Y,
dy(2,2) < dy(z,y) +dy(y,2) + C.

Proof. Let w € m, ,1(y) be a nearest-point projection of y to a geodesic
[x,z]. By Lemma

dy (2, 2) < dy(@,w) + dy(w, 2) + Do||¥ ],

where Dy is the constant from Lemma Since the concatenation [z, w] U
[w,y] is a uniform quasi-geodesic, Lemmas and imply that

dy(z,y) = dy(z,w) + dy(w,y) > dy(z,0) —c,
where c is as in (4.3]). Similarly,
dy(y, 2) = dy(y, w) + dy(w, z) > dy(w, 2) — c.
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Combining these three estimates gives the desired inequality. U

We also note that the metric-like function d,;, behaves quasi-isometrically
to the Gromov model (Y, d) as follows:

Lemma 4.10. (1) For any x,y,z €Y, if y € [z, 2], then
dy(x, 2) = dy(z,y) + dy (y, 2)-
(2) There ezist a,b > 0 such that for all xz,y € Y,
ad(z,y) —b < dy(z,y) <bd(x,y) +b.
(3) There exists A > 0 such that, for every & € 9Y and every s > 0,
there exists x € [oy,&| such that
|dy oy, z) — 5] < A.

Proof. (1) is an immediate consequence of Lemma

Since ) > 0 on Ly —{0} and f is a quasi-isometric embedding, there exist
a,b > 0 such that
(44) ad(x,y)—bgdw(a:,y) de<$7y)+b

for all z,y € Y. This shows (2).

Finally, fix £ € 9Y and denote by & € [oy,{] the point such that
d(oy,&) =t for t > 0. We then set

F(t) = dw(Oy, §t)
Note that definition of F'(t) involves a choice of [0y, &], but different choices
only make uniformly bounded error which is allowed for our purpose. By
Lemma [£.5] if 0 < ¢ < u, then
F(u) = F(t) + dy (&, &u)-

Together with (4.4]), this gives constants aj,b; > 0, independent of &, such
that for all 0 <t < u,
(4.5) al(u—t)—blSF(u)—F(t)gbl(u—t)—l—bl.
Since F(0) = 0 and F'(t) — oo as t — oo, for any s > 0 choose the smallest
integer n > 0 with F(n) > s. If n = 0, then s = 0. If n > 1, then

F(n—1) < s, and hence by (4.5)),

0<F(n)—s<F(n)—F(n—-1)<2b.

Thus (3) holds with A = 2b;. O
For subsets E, F C Y, set
dy(E,F):= inf d .
(B, F) = Inf | dy(z,y)

Lemma 4.11. Let P € P and let p = &p. For every x € [oy,p], we have
dy(x, Toy) = dy(z,oy),

where the implied constant depends only on the ambient constants and .
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Proof. Let B, € B be the horoball based at p. We first claim that
dy(z,Toy) = dy(z, Poy).

It suffices to consider the case that x is sufficiently deep in B,,.

Since P acts cocompactly on 0B,, there exists A > 0 such that every
point of 0B, is within distance A of some point of Poy. Let h € I'. A
geodesic from x to hoy leaves B), through a point u;, € 9B,. Choose v, € P
such that

d(up, yhoy) < A.
By Lemma 2.1}
dy (@, ynoy) =~ dy(z, up).
On the other hand, since uy, € [z, hoy|, Lemma and (4.3) give
dy(x, hoy) = dy(x, up) + dy(up, hoy) > dy(z,up) — ¢
where ¢ > 0 is given in (4.3]). Hence
dy(z,y0y) < dy(z, hoy) + ¢

for some uniform constant ¢ > 0 independent of h and z. Since this holds
for all h € I' and P < T', the claim follows.

By the claim, we can choose v € P such that dy(z,T'oy) = dy(x,v0y).
Let w € o, p(y0y). By tautness of ¥ and Lemma we may apply
Lemmato obtain a point y € [0y, loy] such that the points w, v~ 1w,
and y are uniformly close. Since f is a quasi-isometric embedding, the points
f(w), f(v~'w), and f(y) are also uniformly close. Hence

po(f(w) ™)~ p(f(y'w) ™) = po(f(w) " f(voy)).

We distinguish two cases according to the relative positions of w and x
on [oy,p|. First suppose that w € oy, z]. By Lemma

po(f ())& po(f(x) ™" f(w)) + po(f(w) ™)
~ uo(f(x) 7 f (w)) + po(f(w) ™ f (yoy))
~ po(f(z)~' f(vov)),
since the concatenation [z, w] U [w,yoy] is a (1,0(0))-quasi-geodesic. Ap-
plying 1, we get
dy(z,0oy) = dy(z,voy) = dy(z,Toy),

as desired.
Now suppose that = € [oy,w]. Again by Lemma

po(f(x) ™1 f(voy)) = po(f(x) ™1 f(w)) + po(f(w) ™" f(voy))
~ o (f ()™ f(w) + po(f(w) ™)
~ g(f ()7 f(w)) + po(f(w) ™' f(2)) + po(f(2) 7).



20 DONGRYUL M. KIM AND HEE OH

Applying ¢ gives
dy (2, 70y ) = dy(z,w) + dy(w, z) + dy(z, 0y)
> dy(x,0v) — 2,

where the last inequality follows from (4.3). Since dy(x,voy) ~ dy(x,Toy)
and oy € I'oy, the desired estimate follows in this case as well. O

ag-valued Gromov products in shadows. We now translate the ele-
mentary comparison between shadows and Gromov products in the Gromov
hyperbolic space Y into a comparison involving ag-valued Gromov products
on the flag variety. The main input from the relatively Morse property is
that nearest-point projections in Y coarsely control the higher-rank Gro-
mov product GY(f(€), f(n)) through Cartan projections; see Lemma
Together with the coarse additivity of Cartan projections along geodesics in
Y, Lemma this gives the following analogue of Lemma [3.3] For Anosov
groups, this comparison was proved in [I1]; the same argument applies in
the relatively Morse setting.
For v € ap, write
Proposition 4.12. Let ¢ € aj be such that ¢ >0 on Ly — {0}.

(1) For every R > 0, there exists ¢y > 0 such that, for every § € Y and
every z € [oy,&], if n € Or(oy,z) — {&}, then

(GO (F(E), F()) = dgloy,2) —cr.

(2) For every cy > 0, there exists R > 0 such that, for every { € Y and
every z € |oy,&], if n € Y — {&} satisfies

(G (F(8), F(n)) = dy(oy,2) + 2,
then
ne OR(Oy,Z).

Proof. We first prove (1). Fix R > 0, £ € 9Y, and z € [oy,{]. Let n €
OR(OY7Z) and yE ﬂ[{,n}(OY)‘ Let [275] - [0Y7§]’
We claim that there exists » = r(R) > 0 such that

(4.6) 12,60 By,r) 0.
Since n € Og(oy, z), Lemma implies that the uniform quasi-geodesic
[oy, y] U [y, 7]
intersects B(z, R+ O(¢)). Choose w € [oy,y] U [y, n| such that
d(z,w) < R+ O(9).

We consider two cases, according to the position of w relative to y.
If w € [oy,y], then both

[w,y]U[y,&] and [w,z]U |z,¢]
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are uniform quasi-geodesics with the same endpoints. By Lemma the
distance from y to [w,z] U [z,£] is bounded above by a uniform constant
depending R. Since [w, z] has length at most R+ O(6), the claim follows in
this case.

If w € [y,n], choose a geodesic [w,&] C [£,n]. Then y € [w,&]. As in the
previous case,

[z, w] U [w, £]

is a uniform quasi-geodesic. Hence, by Lemma the point y € [w, ] lies
in a uniform neighborhood of [z, &]. Now the claim follows.

By ([4.6), there exists u € [z,£] C [oy, £] such that d(y,u) < r. Since f is
a quasi-isometric embedding, Lemma [2.1] implies that

u(f () = pu(f(u)),
where the implied constant depends on r. By Lemma [£.4]

DGO (f(€), F(n))) = dg(oy,y) = dy(oy, u).
Since u € [z,&] C [oy, €], Lemma [4.F| gives
dj(oy,u) = dy(oy, 2) +dg(z,u).

By (4.3), the term d;(z,u) is bounded from below by a uniform constant.
Combining these estimates, we obtain a constant ¢; > 0 such that

(GO (f(): f(m)) = dg(oy,2) —er.

This proves (1).
We now prove (2). Let ca > 0, let £ € 9Y, and let z € [oy,£]. Suppose
that n € Y satisfies

(GO (f(€), f(m)) = dy(oy, 2) + ca.
>0s

We claim that there exists ro = ro(c2)
the union

uch that, for every y € m , (oy),

oy, y] U [y, m]
intersects B(z,rg). Since [oy,y] U [y,n] and [oy, n] have uniformly bounded
Hausdorff distance by Lemma the claim implies that

n € Ogr(oy,z) for R =1y + O(9).
Let C be the constant from Lemma .4l Then
(4.7) d&(Oy,y) > d@(OY,Z) + co — ||| C.

By Lemma [3.1] there exists w € [oy, €] such that d(y, w) < O(d). Since f is
a quasi-isometric embedding,

(48> d&(OYa ’LU) ~ qu(OY7 y)

We distinguish two cases according to the position of w relative to z. If
w € [z,§] C |oy,€&], then z € [oy,w]. Since d(y,w) < O(d), the concatena-
tion

oy, w] U [w, y]
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is a (1,0(d))-quasi-geodesic. Hence, by Lemma the geodesic [oy,y]
intersects a uniform neighborhood of z. Thus [oy,y] U [y,n] intersects a
uniform neighborhood of z.
If w € [oy, 2] C [oy,£&], then Lemma [4.5| gives
dg(oy,2) = dg(oy,w) +dy(w, 2).

Together with and ([4.8)), this implies that dy(w, 2) is uniformly bounded
above. Since ¢ > 0 on Ly — {0}, the same is true for ¢, and therefore
|l p(f(w)~1f(2))| is uniformly bounded. Since f is a quasi-isometric em-
bedding, d(w, z) is uniformly bounded. As d(y,w) < O(6), it follows that

[oy, y] U [y, n] intersects a uniform neighborhood of z.
In both cases the claim follows, and this completes the proof. O

5. COUNTING IN PARABOLIC SUBGROUPS

Throughout this section, let I' < G be 6-Anosov relative to a finite col-
lection P. Let Lr C at denote the limit cone of I, that is, the asymptotic
cone of u(I).

Fix v € aj that is positive on L — {0}. For a subgroup H < T, let 0, (H)
denote the abscissa of convergence of the Poincaré series

S Z e 5P ()
yeH
We prove the following counting estimate for parabolic subgroups.

Theorem 5.1. Let P € P. Then there exist ay(P) € Z>9, C > 1, k € N,
and Ty > 0 such that, for all T > Ty and all n > 0,

C el P THR) (1 4 7 4 o) (P)
<H{yeP:T+Ekn<y(uly)<T+kn+1)}
< CeOvPNTHRn) (1 7y o) 2w (P),

Moreover, if P is virtually cyclic or if G has rank one, then ay(P) = 0.

We deduce Theorem [5.1] from the following counting estimate. We write
< for inequality up to a uniform multiplicative constant, and similarly for
>. We write < when we have both < and >>.

Proposition 5.2. Let P € P. Then there exist a,,(P) € Z>o and ¢ > 0 such
that, for all sufficiently large T,

I (T — 0)olP) € (€ P2 h(()) < T} SO (T 4 0)o0lP)
Moreover, if P is virtually cyclic or if G has rank one, then ay(P) = 0.

The key input is a volume estimate of Benoist-Oh [2]. We first recall
the structural description of parabolic subgroups in the relatively Anosov
setting. After the reduction in [§, Section 4.4], we may assume that Py
contains no simple factor of G. Let P € P. By [8, Theorem 4.4], there exists
a closed subgroup H < G with finitely many connected components such
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that P is a cocompact lattice in H. Moreover, if U denotes the unipotent
radical of H, then

(5.1) H=LxU and H°=1L°xU,

where L < H is compact and its identity component L° is abelian.
Let u = Lie(U), and let ¢ denote Lebesgue measure on u. We shall use
the following consequence of [2]:

Theorem 5.3. Let Ry, ..., R,, be positive rational functions on u which are
defined everywhere. Let cy,...,cm € R, and suppose that R := R{* --- RSm
is a proper function. Then

f({Y cu:RY)< T}) ~ coT" (log T)?
for some cop >0, r >0, and q € Z>yp.

Proof. This is immediate from [2, Proposition 7.2] when all exponents ¢; are
positive rational numbers. The same proof also gives the present form; we
briefly indicate the additional points needed for real exponents. Following
the notation in [2, Proposition 7.2], let Z be the affine space over R associ-
ated to the real vector space u, so that Z(R) = u. Let w be the standard
algebraic volume form on Z inducing ¢. Write R; = f;/g;, with f; and g;
polynomial. Choose a smooth projective real compactification V' of Z. After
replacing V' by a resolution, and keeping the same notation, we may assume
that D :=V — Z, the divisors of the rational functions f;, g;, and the divisor
of w, have simple normal crossings. Put FF' = R and f = 1/F.

Let yo € D(R)NZ(R). In a neighborhood of yg, choose local real analytic
coordinates (z1,...,2y) such that

D ={zy-- -z, =0}

By the above resolution of singularities, and arguing as in the proof of [8],
Lemma 6.7], we may write locally

fi=alit g% f and g =aht-abirg,,
where a;j,b;; € Z and fz,’g\z are nowhere-vanishing real analytic functions.
After restricting to one orthant and replacing x] by |z;|, we may assume

zj >0for j=1,...,r. Then R; = R IT=1 ;l” b where R; := /i, and
hence

f=R! :fHa:jj
j=1

for some s; € R and some positive real analytic unit f Since R is proper

on Z(R), f = R~! tends to 0 along every boundary component meeting the

closure of Z(R). Hence s; > 0 for every relevant boundary component.
Moreover, locally

T
x) H x? dry---dxy
j=1
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with 8; € Z and ag a nowhere-vanishing real analytic function.

Thus the local integrals appearing in the proof of [2, Proposition 7.2]
are of monomial type. The remainder of their argument applies without
change. O

Proof of Proposition By [8, Proposition 2.3], for each o € 6 there
exist mq € N, C,, > 1, and an everywhere-defined positive rational function
R, : u— R such that, for all Y € u,

C;lRa(Y)l/ma < ewa(u(epr)) < CaRa(Y)l/ma7

where w, € ap is the fundamental weight associated to .

Write
1/} = Z CaWq

aecl
for coefficients ¢, € R, o € 6. Set
Ry = HR;‘)‘/m“ and Cy := H Cleal,
a€cl a€cl
Then, for all Y € u,
Cy Ry (V)™ < e V@) < 0y Ry (V)
By [8, Lemma 7.3], the function Ry, is proper.
Let
Py :=n(PNH®),

where m : H° — U is the projection. Then P; is a cocompact lattice in U.
Since P N H® has finite index in P and ker 7 is compact, we have

#{g € P1:Y(u(g)) ST} < #{yeP:y(uly) <T}

for all sufficiently large T'. It therefore suffices to count elements of P;.
Let Ay denote a Haar measure on U. Let ()1 C U be a bounded open set
such that the translates gQ1, g € Py, are pairwise disjoint. Then

#{g € P1:9(ulg) < T} < M U @
wian<T

<M ({u€U:v(u(u) <T+d})
< L({Y €u: Ry(Y) < ec})

for some constants ¢/, c > 1.
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Similarly, choose a compact set ()2 C U such that P1Q2 = U. Then, after
increasing ¢, ¢ with ¢ > 1, if necessary,

#{g € Pr:v(ulg) < T} > A U 9@

geP1
Y(p(9)<T

> A ({u €U p(p(u) <T - })
>0 ({Y cu:Ry(Y) < C_leT}) :

The proposition now follows from Theorem together with the fact that
the exponential growth rate of

#{g € P1:9¥(ulg)) < T}

is 64(P). If P is virtually cyclic, then the corresponding unipotent group
is one-dimensional, and the volume asymptotic has no logarithmic factor.
Hence a,(P) = 0. See Proposition[p.5|for the claim about the case rank G = 1.

O

Before proving Theorem we record the following entropy gap for par-
abolic subgroups, due to Canary-Zhang-Zimmer.

Theorem 5.4. [8, Lemma 7.4, Theorem 6.1, Theorem 7.1] For each P € P,
we have

0 < 6,(P) < 5y(I).

Proof of Theorem By Proposition there exist ¢ > 0 and Ty > 0
such that, for all T" > Ty,

SoPIT=e(1 4 T)oo(P) < ey € P h(u(y)) < T} < 5 PITHe(1 4 T)ov(P),
For simplicity, write
d=064(P) and a= ay(P),
and define
N(T) := #{y € P:¢(u(v)) <T}.
Choose k € N so large that
h=e _ 50,
which is possible since § > 0 by Theorem Set S :=T + kn. Then
N(S+Ek)— N(S) < 5+h+e1 4§ 4 k) — 97¢(1 + 5)°

k a
___6S a | O0k+c _ —cC
=e2(1+9) [e (1+1+S> e }

< Ce®®(1+9)°
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for a constant C' > 1 independent of T" and n. Similarly,
N(S—i— k) - N(S) > e§(S+k)—c(1 + 5+ k)a N 665+c(1 + S)a

k/, a
_ 85 a | 0k—c _.C
=e2(1495) [e (1+1+S) e}

> 071’ (1 4 9)°,
after increasing C|, if necessary. Since
N(S+k)—N(S)=#{y€P:5<y(u(v) <S+k},
and S =T + kn, this proves the theorem. ([l

Rank-one parabolic subgroups. We record a rank-one refinement of
Proposition [5.2] which shows the absence of the polynomial term in The-
orem for rank-one G. In this subsection, assume that G has real rank
one. Let IT = {a}, so that § = {a} and ap = a ~ R. Let n := Lie(N) and
write
n = go D 920,

where g, and go, are the corresponding root spaces, with the convention
that gon = 0 if 2« is not a root.

Let P € P. Let H = L x U be the subgroup associated to P as in .
Up to conjugation, we may assume that U < N, and use the same notation
u := Lie(U) as before. Define

Vpi=pry (1), Zp:=uNga, and Q(P):=dimVp +2dim Zp.

Since a is one-dimensional, £Lr = a’ and hence any ¢ € a* positive on
Lr — {0} is a multiplication by a positive real number. The norm ||| is
given by ¢(Hy) where Hy € a™ is the unique unit vector.

Theorem 5.5. Suppose that rank G = 1. For any positive ¥ € a* on
at — {0}, we have

#{y € P:y(u(y) < T} = T,
and 64(P) = lollQ(P) — particular, in Theorem we have
ayp(P)=0= ad;(P).

Proof. Let Hy € a™ be the unit vector. Let b := «(Hp) and Ay := 9(Hp).
We use the same reduction as in Proposition Recall that 7 : H° - U
is the projection and Py = 7(P N H®). Then P; is a cocompact lattice in
U. Since P N H® has finite index in P and ker 7 is compact, Lemma [2.1
implies that counting P and counting P; give the same estimates, up to
multiplicative constants, as before.

Write u = exp(X + Z) € U with X € g, and Z € ga,. By [19, (2.5)],
following [22], p. 72],

dya(o uo)) < ||X||2>2 1
h? <’ =11 ~1Z|1?
coS 5 + 5 +4H I
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where dy 4 is the distance induced from the norm whose unit vector H; sat-
isfies a(Hy) = 1/2. It follows that dy 4 is the 2b multiple of the Riemannian
distance d induced from the norm for which Hj is a unit vector.

Therefore

2
d(o,u0) ~ 3 log max{1, || X||, || Z||"/*}.
Define
HUchSP = max{l, || X[, ||Z||1/2}7

where the term involving Z is omitted if ga, = 0. Since u(u) = d(o, uo)Hy,
we get,

2
b(p(w)) = Ayd(0, u0) & =2 log]u cusp-

Hence
Y(p(u)) <T <= HUHCUSp < ebT/(QAw)a

up to changing the implicit constants.

It remains to compute the volume growth of these |[|-||cusp-balls inside U.
Choose a linear complement W to Zp in u. The projection W — Vp is an
isomorphism, so every Y € u can be written uniquely as

Y=v+¢(w)+2z withv e Vp and z € Zp,
for some linear map ¢ : Vp — gon. The condition
lexpYleusp < R
is equivalent, up to uniform constants, to
o] « R and ||¢(v) + 2| < R%

Thus the v-variables contribute R¥™ VP and the z-variables contribute R2dim Zp
Therefore

Ao({u € U |ufleusp < R}) < ROP),

Since P; is a cocompact lattice in U, a compact fundamental domain
comparison gives

#{g9 € P1: ||glleusp < B} < RP).

Substituting R = ?7/(2) yields

#{g € P1:Y(u(g) < T} =<ev

This finishes the proof. Note that the last claim follows since i is trivial in
rank one. (|
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6. SHADOW ESTIMATES AT PARABOLIC LIMIT POINTS

Let I' < G be #-Morse relative to P, with Morse embedding f : Y — X
of a Gromov model (Y, d) for (I',P). Let ¢ € aj be positive on Ly — {0}.
We normalize v so that d,,(I') = 1. Then the existence of Patterson-Sullivan
measure is a consequence of the work of Canary-Zhang-Zimmer.

Theorem 6.1. [8] There ezists a unique (I',)-Patterson-Sullivan measure
v on Ng. Moreover, v is atomless.

Let v be a (T, ¢)-Patterson-Sullivan measure on Ay given in Theorem
In this section we prove the global shadow lemma for shadows along geodesic
rays towards parabolic limit points and provide estimates on their comple-
ments. Since all shadows we consider are taken in Y UQY', we identify v with
its pullback to dY under the I'-equivariant homeomorphism f : 0Y — Ay.

Suppose 0 =i(f) and set

- Y+oi

)= —
Since 1 > 0 on Ly — {0}, so is 1, and hence there exists Cy > 0 such that
(6.1) Yv) >1—-Cy forallve p(fY)LEY)).

Shadows at parabolic limit points. We first estimate shadows along
geodesic rays ending at parabolic limit points. Recall that oy € Y is chosen
so that f(oy) = 0. For £ € 9Y and t > 0, let & € [oy,£] denote the point
with d(oy, &) = t, after choosing a geodesic ray [oy, £].

Theorem 6.2. Let P € P and let £ = &p. For all sufficiently large R > 0,
V(Or(oy, &)) = e2Ou(P)ldglov.&) (Cp +dgloy, ft))%(P)
for allt > 0, with implied constants independent of t.

For an arbitrary parabolic limit point, we obtain the following translated
form.

Theorem 6.3. There exist constants ¢, Ry > 0 with the following property.
Let P € P and let € = v&p for some v € I'. Suppose that

d(&,,voy) < ¢ for some ty > 0.
Then, for every C > Cy, R > Ry, and t > to,

V(OR(OY7£t)) < efw()u'(’}/))62(6¢(P)—1)d1r/‘}(’}/0y,ft) . (C + dd—)(’)/OY,gt))alz(P)
For g € G, define the translated measure v, by
dvy () = €19 dy ().

Then, for g, h € G,
dvy(n) = ¥ Bn9) dy, ().
For z € Y, we write
ez
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where g € G satisfies f(x) = go. This is independent of the choice of g.
The next lemma relates v to its translate at the center of a shadow.

Lemma 6.4. For all £ € 0Y,t >0, and R > 0,
v(Or(oy,&)) = e~ ye (Og(oy, &)).

Lemma is an immediate consequence of the following comparison be-
tween Busemann maps and Cartan projections inside shadows. The cor-
responding statement for shadows in the symmetric space X = G/K was
proved in [18 Lemma 5.7]; the present version follows from comparing shad-
ows in Y with shadows in X under the Morse embedding f.

Lemma 6.5. For every R > 0, there exists C > 0 such that, for all x,y € Y
and 5 € OR(-’B,Z/),

|8 (9.1) = oty m)| <
whenever g, h € G satisfy go = f(x) and ho = f(y).

Since I' acts cocompactly on Y —|J BB, Lemma and the ordinary shadow
lemma imply the following thick-part estimate.

Lemma 6.6. There exists Ry > 0 such that, for every R > Ry and every
zxeY —-B,
vz (Ogr(oy,z)) < 1.
The main estimate needed for Theorems and is the following.

Proposition 6.7. Let P € P and let & = &p. For all sufficiently large
R > 0, there exists C > 0 such that, for allt > 0,

ve,(Or(oy, &)) < edw(ov&) Z e~V ()
_ geP
¥(u(g))22d;(oy &) —C
ve,(Or(oy,&)) > et(ovt) > e~ V()
geP

P(u(9))>2d 5 (oy &) +C

Proof. Choose R > 0 large enough so that the ordinary shadow lemma holds.
Let @ C 9Y — {¢&} be compact such that PQ = Y — {{} and such that the
conclusion of Lemma holds for the chosen R. Increasing R if necessary,
Proposition [4.12] gives constants c1, ca > 0 such that

n € Or(oy,&) — {6} = »(G°(£(£), f(n)) = dg(oy, &) — a1,

B(GP(£(£), f())) > dy(oy, &) + ca = 1 € Or(oy, &).

By Proposition and using that pg(g) —1ipug(g) is uniformly bounded for
g € P, there exists ¢ > 0 such that
(6.2)

U 9Q C Or(oy, &) — {€} C U 9Q.

_ gepP _ gepP
39(u(g))>d g (oy &) +etez $9(1(9))>d (o &) —c—c1
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If gQ C Og(oy,&), then Lemma gives

Ve, (9Q) = edw Y Eu(gQ).
Similarly, if gQ N Og(oy, &) # 0, then

ve,(9Q N Or(oy,&)) < e &)y (gQ).

Since v is atomless (Theorem [6.1)), using (6.2) and the bounded multiplicity
of the P-translates of (), we obtain

ve,(OR(oy, &)) < etv(o5) > v(9Q),
B geP
39(u(9))>d g (oy &) —c—c1
ve,(Or(oy,&)) > ed(ov:t) > v(9Q).

B geP
39(u(g))>dy (oy &) +etez

By Lemmas and and the ordinary shadow lemma,

v(gQ) =< e ¥H9)),
The proposition follows. O

Proof of Theorem [6.2] Let C > 0 be the constant from Proposition
Let k and Ty be as in Theorem 5.1 n, applied to 1.
First suppose that
2dlz(0y,§t) —C >1Tp.
Set
T:= 2d1[,(0Y,§t) -C

By Proposition[4.3] ¥/(1(g)) &~ 9 (u(g)) for g € P. Since §yi(T") = 6,(T) = 1,
it follows that 6;(I") < 1. Together with the entropy gap (Theorem ,
this implies 6,;(P) < 1. Hence Theorem [5.1| gives

Z e~ ¥ (u(9)

_ geP
P(u(9))>T

< Zef(TJrk”)# {geP:T+kn<4¢(ulg)<T+k(n+1)}
n=0

<< Z 1)(T+kn)(1 +T+ kn)aw( )

_ e(%(P) DT (1 4 7)05(P)
— 2(65(P)=1)dy(oy &) (015 + d,],(Oy, &))MS(P)-
The lower bound is proved in the same way. Thus by Proposition
Ve, (Or(oy, &)) = (o € 20aP)Ddslor &) (Cy 4 d oy, &))",
Applying Lemma [6.4] proves the theorem in this case.
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It remains to consider the case when QdJ)(Oy,&) — C < Tp. Since 1 is
positive on £y —{0}, this implies that d(oy, &) is uniformly bounded. Hence,
after increasing R by a uniform amount, Og(oy, &) = dY, and the desired
estimate is trivial. O

Proof of Theorem [6.3] Let £ = 7oép for some 7o € I', and let Be € B
be the horoball based at . Then Stabr(B¢) = ’yoP*yO . Since ’yOP’yO
acts cocompactly on B¢, there exist a uniform constant ¢ > 0, an element
v1 € P, and tg > 0 such that

d(&tor yom10v) < ¢
Set v == yom.
For s > 0, let ns € [yoy,&] be the point satisfying d(yoy,ns) = s. In-
creasing ¢ by a uniform amount, if necessary, we have
d(&,ni—t,) < ¢ for all t > to.
Thus, there exists ¢’ > 0 so that for all sufficiently large R,
(6.3) ORr—c(v0y,Mt—t,) C Or(0y, &) C Opyer(Y0y; Mi—to)

for all large t > tg.
Moreover,

Or(oy,&) C Opc(oy,voy).
Using Lemma we obtain

v(Or(oy,&)) = v(vy ' Orloy, &))

/ ¥ (Bi(en™) dv(z)
Y 1OR 0Y7£t

/ 0B () ()
il IOR 0Y7£t

= ¢ YOy (v 100y, &)).

By (6.3) and Theorem [6.2]
v(Og(oy,&)) < e~V (1(7)) 2005 (P)=1)dg (yoy me—tg) (CJ; + dJ;('VOYyntfto))aJ)(P)-

Since (6.1)) holds, the factor Cy; +d; may be replaced, up to multiplicative
constants, by C'+dg for any C' > Cy. Finally, § and 7, are uniformly
close, so Lemma, gives

di(FyOY7 T,t—to) ~ dqz)(’)/OY7 ét)

This proves the theorem. ([l
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Complements of parabolic shadows. We also need an estimate for the
complement of a shadow based at a parabolic limit point.

Proposition 6.8. Let £ = &p for some P € P. For all sufficiently large
R > 0 and all sufficiently large t > 0,

Ve, (Y — Og(oy, &) = e~ du(600v) (205(P)djlov.&) (Cy +dy (o, §t))%(P).

Proof. Let R > 0 and @ C 9Y — {£} be as in the proof of Proposition
Since PQ = 9Y — {¢}, it follows from (6.2]) that

U 9Q C Y — Og(oy,&) C U 9Q.
_ geP ~ gepP
$9(u(9))<dy(oy &) —c—c1 39(1(9))<d (o &) +eteo

The thin-triangle property implies that there exists R’ > 0 such that, if

gQ N (Y — Or(oy,&)) # 0,
then

(&, 96) < R
For such g € P, we therefore have

Vg, (9Q) = v, (Q).

After increasing R by a uniform amount, we may also assume that

Q C Og(&t,0y)-
Hence Lemma [6.5] gives

ve, (Q) < e*dw(ﬁt»OY)V(Q)‘

Using Proposition [5.2], we obtain
Ve, (OY — Og(oy, &)) = e~ du(6r:0v) 205 (P)dy oy &) (Cy +dy(oy, ft))%(P)

as claimed. O

7. GENERAL FORM OF THE GLOBAL SHADOW LEMMA

Continuing with the setting of section [6], we now prove the general form of
the global shadow lemma. The estimate below should be viewed as the cusp
version of the usual shadow lemma: when the point under consideration
stays outside the horoballs in B, one recovers the ordinary orbit-shadow
estimate (Theorem [1.3)).

Recall that, for & € 9Y and t > 0, we write & € [oy,£] for the point
satisfying d(oy, &) = t.

Theorem 7.1 (Global Shadow Lemma). For all sufficiently large R > 0,
the following estimate holds uniformly. Let £ € OY and suppose that {; € B,
for some t > 0 and some horoball B, € B based at n € I'{p, where P € P.
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Let v € T' be such that vyoy is a closest orbit point to & in the orbit Uoy,
with respect to the metric d on'Y. Then

v(Og(oy,&)) = e~ w0y &) dy (Yo ,&t) L2(95 (P)=1)d (voy &)

a7 (P
. (C’J, +d@(70y,ft)) (P,
Equivalently,
v(Og(oy,&)) =< e~y (0y:€t) dy (Poy &) ,2(65(P)—1)d; (Toy ,&¢)

ag(P
(Cj + dg(Toy, &) P,
The implied constants are independent of &, t, n, and 7.

Proof. Lett A > 0 be a sufficiently large constant depending only on the
hyperbolicity constant of Y and on the uniform constants fixed above. We
allow A to increase finitely many times during the proof.

First note that the endpoint of

loy,&| N OB,

closest to & is uniformly close to some orbit point of I'oy. Consequently, if
~voy is chosen to be a closest orbit point to &, for some v € I', then Lemma

[4.11] gives
dy(voy, &) ~ dy(Loy, &) and  dy(yoy, &) ~ dy(Toy, &).

Thus it suffices to prove the estimate with this choice of ~.
We divide the proof into three cases.

Case 1: 1 € Or_4(oy,&). In this case, there exists = € [0y, n] such that
d(z,&) < R— A.
This implies
O(oy,x) C Or(oy,&) C Oap—a(oy, @).
Note that we may also choose v € T" so that yoy is uniformly close to [oy, ],

in this case. Applying Theorem to the parabolic point 77, and then using
Lemma [2.1] to replace z by &, we obtain

V(Og(oy,&)) < e V) 205 (P)=1)dy(voy &) | (C'q; + d@(YOY,ft))%(P).
Since & lies in B, and is uniformly close to the ray [oy,n], Lemmas
and [£.5] imply

—¢(u(v)) = —dy oy, yoy) & —dy(oy, &) + dy(Yoy, &)

Substituting this into the preceding estimate proves the theorem in this case.

Case 2: 7 ¢ Opta(oy,&). In particular, we have  # n. Let o’ € [oy,&] N
0B, be the endpoint farthest from oy; equivalently, o’ is the point at which
the ray [oy, ] exits the horoball B,,. Set

t:=d(d,&).
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We first compare the shadow Opg(oy, &) with complements of shadows
based at o'. If ( € Og(oy, &), then d([oy,(],&) < R, and hence

d(d, [oy,¢]) < d(d',&) + R.
Therefore
(7.1) Ogr(oy,&) C 9Y — {C € 9Y :d(d,[oy,(]) > d(d, &) + R} .
Conversely, if
d(d', [oy,(]) < d(0',&) + R — O(9),

then by the Gromov hyperbolicity, this implies that [0y, (] passes within
distance R of &, provided O(¢) is sufficiently large. Hence

(7.2) 9Y —{¢ €Y :d(d,[oy,(]) > d(',&) + R—O()} C Or(oy, &).

For s > 0, let ns € [0/,n] be the point satisfying d(o’,ns) = s. We claim
that

(7.3) Or(0y,&) COY = O0a/2(0 s 14 Ry A)
and
(7.4) oY — OA/2(0/; ne+r) C Or(oy, &)

To prove ((7.3)), let
S OA/Q(Olant’+R+A)-
By Lemma (3.3
(Mo 2t + R+ A/2-0(9).
Since n ¢ Orya(oy, &), applying (7.2) with R 4+ A in place of R gives
(o', [oy,n]) > ' + R+ A—0(9).
The Gromov product inequality (3.1]) then implies
(oy,C)or > ' +R+ A/2 —0(9).

For A sufficiently large, this and (7.1) imply that { ¢ Ogr(oy,&). This

proves ([7.3)).
The proof of (7.4) is similar. If ( ¢ Og(oy, &), then by (7.2,

d(d,[oy,¢]) >t + R—O(9).
Together with the estimate for d(o’,[oy,n]) above, the Gromov product
inequality gives
(¢,n)o >t + R—0(6).
By Lemma this implies
¢ €040 1R)
after increasing A, if necessary. This proves .

We now estimate the measure. The hypothesis 7 ¢ Og4a(0y, &) implies,
by thin triangles, that ny and & are uniformly close. Using ((7.3), moving
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the basepoint from 7y to Ny g+ 4, and absorbing the resulting multiplicative
constant into <, we get

Ve, (Or(oy, &)) < vy, (OY — O 4/2(0, 4 rya))
L Vnyypia (3Y - OA/Q(Ola ?7t'+R+A))-
Since o’ € 0By, there exists g € I' such that n = v&p and d(o’,yp0y) is
uniformly bounded. By equivariance of the measures v,
Unu s naa (0¥ = Oay2(0', 71 Ry 4))
- -1
XU e (Y = Oayz(oy, 79 M ria))-
Applying Proposition we obtain
—1
V’YElnt/+R+A (8Y - OA/Z(OYa Yo 77t’+R+A))
= e*dw(Valﬁt/+R+A70Y)e25¢(P)d¢(0Y77()_17It/+R+A)

_ az(P
(Cg +dg(oy, v " sria)) #P)

— dv(00y M 1 my4) g2(65(P)=1)dy (Yo0oy My 4 Ry 4)

(P
- (Cy + dg(0y, 77t'+R+A))%( )
Combining altogether gives

l/ft (OR(0Y7 £t>) << ed1/)(’YOOY777t/+R+A)62(51/:(P)71)d1p7(700Y7nt/+R+A)

(P
- (Cg +dg(r00y, o rea) .
The points nyyrra and & are at uniformly bounded distance depending
only on R and A. Therefore, by Lemmas and
dy(Y00y s M+ R+4) = dy(voy, &),

and similarly for d;. Hence

Ve, (OR(oy, &) < et 0o & 205PI=095000-80 - (Cy - (yoy, &) .

The reverse inequality is obtained in the same way using (7.4]) instead of

)
Finally, Lemma [6.4] gives

V(OR(OY7 gt)) = eidw(OY{t)Vft (OR(OY7 €t))7
and the desired estimate follows.

Case 3: n ¢ Or_a(oy,&) and n € Ogrya(oy,&). This is the transition
region between Cases 1 and 2. Moving a uniformly bounded distance farther
along the ray [oy,&], we obtain a point & for which Case 2 applies. Since
d(&, &) is uniformly bounded, the corresponding shadows are comparable
after changing R by a uniform amount, and all dy- and d -terms change
only by a uniform additive error. Hence the estimate follows from Case 2.

The proof is complete. ([
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Remark 7.2. When rank G = 1, the relatively Morse condition coincides with
geometric finiteness. Moreover, after choosing the unit vector Hy € a™t, we
identify a with RH( and take ¢(tHp) = dpt. Then 1(u(g)) = drd(o, go) and
dy(I") = 1. Since the opposition involution is trivial in rank one, W = ;
and by Theorem we have ay(P) = a;(P) = 0. Therefore Theorem
specializes to Theorem In this sense, Theorem is the higher-rank
relatively Morse analogue of the global shadow lemma of Stratmann—Velani
[23]. The condition 0, (I') = 1 in Theorem is merely a normalization of
the Patterson—Sullivan parameter; in the rank-one specialization above, it
is achieved by the choice 1 (tHy) = ort.

8. LOCAL PROPERTIES OF PATTERSON-SULLIVAN MEASURES

In this section, we apply the global shadow lemma to local properties of
Patterson-Sullivan measures. As before, let I' < G be #-Morse relative to
P, with Morse embedding f : Y — X of a Gromov model (Y, d) for (I', P).
Let ¢ € aj be such that

>0 on Ly—{0} and 0,(I')=1.

Let v be a (I',¢)-Patterson-Sullivan measure on Ag. Throughout this sec-
tion, we also assume that

0=i(0) and Y =1oi.
Thus ¢ = .

The visual quasi-metric. We first define the higher-rank visual quasi-
metric associated to 1. For distinct £, € Ay, set

(8.1) dy(&,m) == e~ Y@ (Em)

and put dy(§,£) = 0. Note that this is not the same object as the metric-like
function dy on Y. This function behaves like a metric: there exists ¢ > 0
such that

(8.2) dy(&,m) < e(dy (& Q) + dy(¢,m))

for all £,n,( € Ap. For Anosov groups, this was proved in [I8, Proposition
5.3]; the same argument applies to a general Morse embedding.
For r > 0 and & € Ay, let

By(&r) :={ne€hg:dy(&n) <r}.

We identify Y with Ay via the I'-equivariant homeomorphism f : Y —
Ag. Since 1 = 1), Proposition implies that, for all sufficiently large
R > 0, there exist constants c¢1,co > 0 such that

(8.3) Bw(f,cle—dw(w,&)) C Ogr(oy, &) C Bw(é,CQe_d¢(OY’§f))

for all £ € Ap and all t > 0, where & € [oy,&] is the point satisfying
d(OY, ft) =t.
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For later use, we rewrite the global shadow lemma in a compact form. If
x € Y lies in a horoball based at a point of I'ép, choose v, € I' so that v,0y
is a closest orbit point to x, and set

h(z) :==dy(yvz0v,z), 0(z) :=0dy(P), and a(x):=ay(P).
If z lies outside the horoballs, we set
h(z) =0, o6(x)=0, and a(x)=0.

By the hypothesis ¢ = 1 o i, the global shadow lemma, together with the
ordinary shadow estimate in the thick part, gives the uniform estimate

(8.4) v(Og(oy,z)) < e~ dv(oy,2) o (26(z)—1)h(z) (Cw + hw(x))a(x)'
The implied constants are independent of zx.

Local doubling. We first prove that v is locally doubling with respect to
the visual quasi-metric d,.

Theorem 8.1. For every L > 1, there exists e;, > 0 such that
v(By(§,7)) = er v(By(§, L))
for all € € Ay and all r > 0 with Lr < 1.
Proof. Let c1,ca2 > 0 be the constants in . Choose t > 0 so that
cze_dw(oY’&) <r
with £ minimal. Then gives
Or(oy, &) C By (&, ).
Similarly, choose t;, > 0 so that
Lr < cle_d¢(oy’ftL)
with ¢; maximal. Then
By(&, Lr) C Og(oy,&t,)-

Hence, by ,

v(By(&, 1)) N e~ 4w (0 £0) e(20(&)=Dhu (&) (O, + hyy (&) 4E) ‘

v(By(§,Lr)) ~ emdulov&in) o) =Dho(€r) (O + hy (g, ) Eer)
By the choice of t and ¢,

—dy(oy,&) = logr and —dy(oy,&, ) ~logL + logr.

. . —dy (0y+€¢)
This gives a lower bound for the factor %
e dploysty

Note also that by Lemma the above implies that dy(&,&,) =~ logL,
and hence d(&;, &, ) is bounded above by a constant depending only on L.
We now compare remaining factors. If {; and &, lie in different horoballs,
then, since the horoballs are disjoint and the two points are within bounded
distance of each other, both points are within uniformly bounded distance,

depending only on L.



38 DONGRYUL M. KIM AND HEE OH

depending on L, of I'oy. Hence both hy (&) and hy(&,) are bounded in
terms of L, and therefore we obtain the desired estimate.

Now suppose that & and &, lie in the same horoball B, € B, for some
parabolic limit point n € JY. In particular, §(&) = 6(&,) and a(&) =
a(&, ). Hence, it suffices to show that |hy (&) —hy (&, )| is uniformly bounded
from above by a constant determined by L.

If the closest orbit points are the same, then it follows from Lemma
that

[y (€)= Py (&2 )]

is bounded from above by a constant determined by L, since d(&;, &, ) is
bounded from above by a constant depending on L.

The remaining possibility is that the closest orbit points are uniformly
close to opposite endpoints of the segment

[Oy7 f] N B”Z‘

In this case, the midpoint y of this segment lies between &; and &, . We then
choose vr,,v € I' so that y,0y and yoy are the closest orbit points to &, and

&, respectively. Note that we may assume that ’yglv € P. Then as in the
proof of Lemma it follows from Lemmas {4.7|and 4.4| that dy(vroy,y) =

$(G%(&p, v, 17¢)) and dy(yoy, y) ~ (G (6p, 7 1yL()) for some ¢ € Ag such
that [(,&p] C Y is uniformly close to oy. Here, the implied constant does

not depend on L. By Proposition w(g9(§p,yglfy§)) ~ %w(u(ygly)) =
%w(u(fy_lfm)) ~ Y(G%(&p, v~ 1L ¢)) with the implied constant independent
of L. Combining altogether, dy(yroy,y) = dy(voy, y).

Now by Lemma [4.5

hy (&, ) + dy &y, y) = dy(vnoy, v)
~ dy(yoy,y)
~ hy (&) + dy (&, y)-

Hence,

|hp(&t,) — hop(§)| = [y (&eps ) — dy (&, y)]-

Since diﬁ(étLagt) ~ dl//’(gtLay) + diﬁ(éﬁ?/) by Lemma and |d¢'(£tL7£t)| is
bounded from above by log L up to a uniform additive error,

(g (&er,) — hap (62|

is bounded by log L up to a uniform additive error as well.

Therefore, in any case, |hy (&, ) —hy(§)| is uniformly bounded, and hence

. By(&r)) . . :
the ratio % is bounded below by a positive constant depending only

on L. This proves the theorem. ([

Local reverse doubling. The next result is a local reverse doubling es-
timate: after shrinking the radius by a sufficiently large factor, the mass
drops by any prescribed factor, uniformly in the center and the scale.
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Theorem 8.2. For every k > 1, there exists L > 1 such that

v(By(§,r/L)) < K™ v(By(€, 7))
forall £ € Ag and all 0 <7 < 1.

Proof. We regard L > 1 as a parameter to be chosen. Let ¢y, co > 0 be the
constants in (8.3)). Choose ¢t > 0 so that

CZeidUJ(OYé-t) <r

with ¢ minimal. Then

Or(oy, &) C By(&, 7).
Choose t;, > 0 so that
T/L < cleid’l/)(oY7£tL)

with ¢;, maximal. Then
By (& r/L) C Or(oy, &)
Using (8.4)), we obtain
V(B%ZJ (&, 7)) e—dy (oy &) e(20(&)—1)hy (&) (Cﬁ) + hy (gt))a(ft)
V(B¢(§,T’/L)) > e_dw(OvatL) ) 6(26(€tL)_1)h¢(£tL)(Cw + hw(gtL))a(ﬁtL)'

By the choice of ¢t and ¢,

—dy(oy,&) = logr and —dy(oy,&,) ~logr —loglL,

and hence
e_dw(OYugt)
di x L.
e w(OngtL)
We now estimate the remaining factor from below. Since 0 < 6,(P) < 1
for every P € P by Theorem [5.4] and since P is finite, there exists 0 < 0 < 1
such that

|264(P) —1| <o forall P € P.

Let

‘= ma P).
0 =g (®)

If & and &, lie in different horoballs, then hy (&) + hy (&, ) is bounded
above by log L, up to a uniform additive error, by Lemmas and [£.5]
Hence

e(26(6¢)—1)hy (&)

(208t )—Dhy ()

> LY.
We also have that
(Cop + Iy (&)
(Cy + hy (&) E0)
Therefore, combining altogether, we have
v(By (&, 7))
v(By(&,7/L))

> (14 log L)~ %.

> L'79(1 + log L) .
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If & and &, lie in the same horoball in B, the same argument as in the
proof of Theorem [8.1] gives that

(A (&) — B (&)

is bounded from above by log L, up to a uniform additive error. Since
3(&) = 0(&,) and a(&) = a(&,) in this case, this implies that the same
lower bound holds:

v(By(&,7))
v(By(§, /L))
Now in any case, since ¢ < 1, the right-hand side tends to infinity as
L — oo. We may therefore choose L > 1 large enough so that

v(By(§,7))
v(By(& /L)) ~
uniformly in £ and r. This proves the theorem. ([

> L'77(1 +log L)~ %.

9. HAUSDORFF MEASURE

In this section, we characterize when Patterson-Sullivan measures are
Hausdorff measures, using the global shadow lemma we obtained. As in the
previous sections, let I' < G be 6-Morse relative to P, with Morse embedding

f:Y—>X
from a Gromov model (Y, d) for (I', P). Let ¥ € aj satisfy
>0 onLy—{0} and 0,()=1.
Let v be a (I', ¢)-Patterson-Sullivan measure on Ay. Throughout this sec-
tion, we also assume that
0 =1i(f) and P =1 oi.

We equip Ag with the visual quasi-metric d,; defined in . Since dy, sat-
isfies the triangle inequality up to a multiplicative constant, as in , the
Vitali covering lemma holds for dy, by the standard proof; see, for instance,
[18, Lemma 6.12].

For s > 0, e > 0, and B C Ay, define

M, .(B) = inf {Z(diamw Ui)* : B | JU;, supdiamy U; < 5} :
. . (2
(2 1
where diamy, U := supg pcry dy (€, 1), Then
Hy(B) = ili% Hy, o (B)

defines an outer measure and hence a Borel measure on Ag; see [12] and [10,
Appendix A]. We call Hy, the s-dimensional Hausdorff measure associated
to dy. For s =1, we write simply

Hy = 'Hilz,
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Theorem 9.1. Suppose that, for every P € P, one of the following holds:
(1) 0y(P) <1/2;
(2) 94(P) =1/2 and ay(P) = 0.

Then v is a positive multiple of H,.

Remark 9.2. This theorem generalizes Sullivan’s Hausdorff-measure crite-
rion for geometrically finite Kleinian groups [25]. In the real hyperbolic case,
if P is a rank-k parabolic subgroup, then its critical exponent is dp = k/2,
and after the normalization 0, (I") = 1 we have
op

Thus the classical condition k£ < dr is exactly condition d,(P) < 1/2. Recall-
ing also that ay(P) is always 0 in rank one, Theorem may therefore be
viewed as a higher-rank generalization of Sullivan’s criterion on Patterson-
Sullivan measures to be Hausdorff measures.

Recall also that Anosov groups are special cases of relatively Morse groups,
with trivial peripheral subgroups, and hence Theorem generalizes [11],
Theorem 1.1].

Remark 9.3. We also note that the hypothesis 1) = 1) o1 is necessary, as in
the Anosov case [T, Theorem 1.3]. Indeed, although 1 # ¢, Lemma
implies that the identity map between (Ag, dy) and (Ag, dy;) is bi-Lipschitz,
and hence their Hausdorff measures are mutually absolutely continuous to
each other. On the other hand, associated Patterson-Sullivan measures are
singular [15]. Hence, when the Patterson-Sullivan measure for i is the
Hausdorff measure for (Ag,d;) as in Theorem the Patterson-Sullivan
measure for ¢ cannot be the Hausdorff measure for (Ag, dy).

The rest of this section is devoted to the proof of Theorem Recall the
hypothesis that d,(I") = 1. First, the Hausdorff measure H,, has the same
conformality rule as the Patterson-Sullivan measure: for v € T,

d’Y*’Hw

dHy,
This was proved in [11, Lemma 9.7] for Anosov subgroups, and the same
proof applies in the present relatively Morse setting. Therefore, by the
uniqueness of the (I',)-Patterson-Sullivan measure (Theorem , it suf-
fices to prove that

(&) = oV (Be(e)

0< 'Hw(/\g) < 00.

Finite positive Hausdorff measure. We first establish local upper and
lower estimates for v with respect to the visual quasi-metric. We identify
Y with Ag via f : Y — Ay, and denote by Ag°" the f-image of the conical
limit set in 9Y.

Lemma 9.4. Assume that, for every P € P, either §;,(P) < 1/2, or dy(P) =
1/2 and ay(P) = 0. Then there exists C > 1 such that:
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(1) for every & € Ag and every r > 0,
v(By (1)) < Cr;

(2) for every conical limit point § € Ag°, there exists a sequence r; — 0
such that

v(By(&,ri)) = c for all 3.

Proof. We first prove the upper bound. Let R > 0 be large enough so that
the shadow-ball compatibility and the global shadow lemma hold. By
the hypothesis on the parabolic subgroups, the cusp correction factor in the
global shadow lemma is uniformly bounded above. Indeed, if x lies in a

horoball associated to P, then the correction factor is
6(25¢(P)—1)dw(1—‘0y,$) (Cz/; + dr[p(FOY, x))a¢(P)‘

This is uniformly bounded when 6,(P) < 1/2, and also when §,(P) = 1/2
and a,(P) = 0. In the thick part, the usual shadow estimate gives the same
conclusion. Hence

v(Og(oy,z)) < e~ (%) yniformly for all 2 € Y.

Now fix £ € Ag and 0 < 7 < 1. Choose = € [oy,£] so that e~ dv(0v:2) =<

and By (&,r) C Or(oy, ), which is possible by Lemma and (8.3)), after
changing the implicit constants. Then

v(By(&, 1)) < v(Og(oy,2)) < e~ dulovt) —

After increasing the constant, the same bound holds for all » > 0, since v is
a probability measure.

We now prove the lower bound at conical limit points. Let { € Ag°". By
conicality, there exist D > 0 and a sequence vy; € I' with

d(vioy,[oy,€]) <D and d(oy,v0y) — oo.
Choose z; € |oy, ] with d(z;,vioy) < D. Then
dy(oy, x;) — oo.
By the ordinary orbit-shadow lemma, together with Lemma [2.1
v(Or(oy,x;)) = e~ (o),
Using , choose 7; < e~ dv(ov:%i) g0 that
Or(oy,x;) C By(&,14).
Then r; — 0 and
v(By(&,13)) > v(Or(oy, x;)) > e~ du(ovsmi) =
This proves the lemma. U

Now the following finishes the proof of Theorem
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Proposition 9.5. Assume that, for every P € P, either 6,(P) < 1/2, or
0y(P) =1/2 and ay(P) = 0. Then

0< 'Hw(/\g) < 00.
Proof. We first prove positivity. Fix € > 0 and let {U;};en be a countable

cover of Ag with diam, U; < € for all 4. For each i, choose & € U; and
pi > diamy, U; such that

Zpi < 5+Zdiam¢ U;.

Then
U; C By(&, pi).
By Lemma

Taking the infimum over all such covers and then letting € — 0, we obtain
’Hd, (Ag) > 0.

We now prove finiteness. Since the set of parabolic limit points is count-
able, it has H,-measure zero. It therefore suffices to show that H,(Ag™") <
oo. Fix € > 0. By Lemma for every £ € Ag°" we may choose 0 < r¢ < e
such that v(By (&, re)) > C re. Applying the Vitali covering lemma to the
family {By (&, re) : € € Ag°"}, there exists a countable disjoint subcollection
{By(&n, ) : n € N} such that

A C | By(&n, Arp)

for some uniform constant A > 1. Since d,, satisfies the triangle inequality
up to a multiplicative constant (8.2)), there exists D > 0 such that

diamy, By (&n, Ary) < Dry, - for all n.

Hence
Hy,pe(AG™) <> Dry < DC Y v(By(&n,rn)) < DCv(Ay).

Since € > 0 is arbitrary, this proves H,(Ag”") < oo. This completes the
proof. O
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