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Abstract. In this paper, we consider random walks on the isometry groups

of general metric spaces. Under some mild conditions, we show that if two

non-elementary random walks on a discrete subgroup of the isometry group
have non-singular stationary measures, then subgroups generated by the ran-

dom walks are commensurable. This result in particular applies to Gromov

hyperbolic spaces and Teichmüller spaces. As a specific application, we prove
singularity between stationary measures associated to random walks on dif-

ferent fiber subgroups of the fundamental group of a hyperbolic 3-manifold

fibering over the circle.

1. Introduction

Given a group G and subgroups H1,H2 < G, we say that H1 and H2 are commen-
surable if their intersection H1 ∩ H2 is of finite index in both H1 and H2. Susskind
and Swarup studied the commensurability of two subgroups of a Kleinian group in
terms of their limit sets. More precisely, they proved the following rigidity theorem.

Theorem 1.1 (Susskind–Swarup [SS92]). Suppose G < Isom+(Hn) is a discrete
subgroup and H1,H2 < G are non-elementary geometrically finite subgroups. If the
limit sets of H1 and H2 in ∂Hn are the same, then H1 and H2 are commensurable.

When n = 3, Anderson [And94] and Yang–Jiang [YJ10] relaxed the hypothesis
in Theorem 1.1, using Canary’s work on tame hyperbolic 3-manifolds [Can93] and
the tameness conjecture (established by Agol [Ago04] and Calegari–Gabai [CG06]).

On the other hand, the commensurability rigidity as in Theorem 1.1 is not true in
general, e.g. a normal subgroup in a discrete group must have the same limit set as
the entire group. Indeed, as a consequence of the virtual Haken conjecture proved
by Agol [Ago13], any closed hyperbolic 3-manifold has a finite cover fibering over the
circle ([Wis09], [Wis21]), and there is a plethora of different fibrations over the circle,
as parametrized by Thurston’s fibered cones [Thu86] (see also Fried’s cones [Fri82]).
All such fibers give rise to surface subgroups contained in a cocompact lattice of
Isom+(H3) with the full limit set ∂H3. See Section 1.2 for detailed discussions.

Nevertheless, in this paper, we extend this commensurability rigidity to general
subgroups, by shifting the perspective to considering

random walks on subgroups and stationary measures.

Noting that the limit set of a discrete subgroup in Theorem 1.1 is the set of all
accumulation points of its orbit, this new viewpoint is about the accumulation
along a random trajectory.
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We now present our setup more precisely. Given a metric space (X,dX) and
a countable group G acting on X by isometries, the random walk induced by a
probability measure m on G is given by

ωn := g1 · · · gn ∈ G

where the gi’s are independent identically distributed elements of Isom(X) each
with distribution m.

A bordification X of X is a Hausdorff and second countable topological space
to which X is embedded as an open dense subset, such that the G-action on X
continuously extends to X. An example of a bordification is the Gromov compact-
ification of a proper Gromov hyperbolic metric space. Fixing a basepoint o ∈ X,
the hitting measure ν on X for the random walk is defined as follows: for a Borel
subset E ⊂ X,

ν(E) := Prob

(
lim

n→+∞
ωno exists and is in E

)
.

While ν is not always a probability measure, in the settings we consider it is indeed
a probability measure supported on the boundary ∂X := X r X. Note that the
Markov property of the random walk implies that ν is m-stationary, i.e., m ∗ ν = ν.

We say that m has finite first moment for dX if

E [dX(o, go)] =
∑
g∈G

dX(o, go)m(g) < +∞.

Throughout the paper, we consider two random walks on subgroups H1,H2 < G
with finite first moments for dX . Particular examples we study include:

(1) X is a geodesic Gromov hyperbolic space, G < Isom(X) acts metrically
properly on X, and H1,H2 < G are non-elementary subgroups.

(2) X = H3 is hyperbolic 3-space, G < Isom+(H3) is the fundamental group of
a hyperbolic 3-manifold fibering over the circle, and H1,H2 < G are fiber
subgroups. Along similar lines, X = G is a hyperbolic free-by-cyclic group
and H1,H2 < G are free fiber subgroups.

(3) X = T (S) is the Teichmüller space of a closed surface S with genus at least
two and H1,H2 < Mod(S) are non-elementary subgroups of the mapping
class group of S.

In the above settings, each random walk has a unique stationary measure on an
appropriate boundary, and is equal to the hitting measure. We will show that the
non-singularity between stationary measures for random walks on H1 and H2 implies
the commensurability of H1 and H2. Since the stationary measures are supported
on the limit sets of H1 and H2, this extends the rigidity result of Susskind–Swarup
(Theorem 1.1) to broader classes of groups using random walks.

We will prove a general statement for a bordification of a geodesic metric space
under certain hypotheses in Theorem 2.1, and then deduce results in the introduc-
tion from it.

1.1. Isometries on Gromov hyperbolic spaces. Let (X,dX) be a geodesic
Gromov hyperbolic space with the Gromov boundary ∂X. We allow X to be
non-proper or non-separable, and hence ∂X may be non-compact or not second
countable.
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A countable subgroup G < Isom(X) of isometries is non-elementary if it contains
two loxodromic elements that fix disjoint pairs of points in ∂X and acts metrically
properly if

#{g ∈ G : gB ∩B 6= ∅} < +∞
for any bounded subset B ⊂ X.

Maher–Tiozzo proved that for a probability measure m whose support generates
a non-elementary subgroup G as a group, there exists a unique m-stationary measure
ν on ∂X and is the same as the hitting measure for the random walk on G induced by
m [MT18]. Maher–Tiozzo assume that X is separable, but as observed by Gruber–
Sisto–Tessera [GST20, Remark 4] this assumption is not necessary for their results.
When X is proper, this is due to Kaimanovich [Kai00].

Via stationary measures, we detect subgroups up to commensurability.

Theorem 1.2. Suppose G < Isom(X) is countable and acts metrically properly on
X. Let H1,H2 < G be non-elementary subgroups. For j = 1, 2 assume

• mj is a probability measure on Hj with finite first moment for dX ,
• Hj is generated by the support of mj, and
• νj is the mj-stationary measure on ∂X.

If ν1 and ν2 are not singular, then H1 and H2 are commensurable.

Remark 1.3. As described by Gruber–Sisto–Tessera [GST20, Remark 4], it is possi-
ble to construct an isometric action of G on a separable geodesic Gromov hyperbolic
space X ′ and a G-equivariant quasi-isometric embedding X ′ → X. Using this, it
suffices to prove Theorem 1.2 in the separable case.

As we will see in Proposition 6.1 and Proposition 6.5, the moment condition is
necessary.

As a corollary, we obtain the following singularity of stationary measures for the
case that X = G = H2 is a hyperbolic group.

Corollary 1.4. Suppose G is a hyperbolic group and H < G is a non-elementary
subgroup of infinite index. Assume respectively that

• mG and mH are probability measures on G and H with finite first moments
for a word metric on G,
• G and H are generated by the supports of mG and mH, and
• νG and νH are the mG-stationary and mH-stationary measures on ∂ G.

Then νG and νH are mutually singular, i.e.,

νG ⊥ νH.

The same statement holds when G is a relatively hyperbolic group, replacing
the Gromov boundary ∂ G above with the Bowditch boundary of G, and the word
metric on G with the metric on a Gromov model for G.

1.2. Fibrations of hyperbolic 3-manifolds and Cannon–Thurston maps.
We present a different formulation of Theorem 1.2 for some special cases. Suppose
a closed hyperbolic 3-manifold M admits a fibration

S →M → S1

over the circle with a fiber S ⊂ M . We simply call M a fibered hyperbolic
3-manifold. Such M has infinitely many different fibrations, parametrized by
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Thurston’s fibered cones [Thu86]. It follows from Theorem 1.2 that they can all be
distinguished by random walks and stationary measures.

Corollary 1.5. Suppose M is a fibered hyperbolic 3-manifold and S1, S2 ⊂M are
fibers of two different fibrations of M over the circle. For j = 1, 2 assume

• mj is a probability measure on π1(Sj) with finite first moment for a word
metric on π1(M),
• π1(Sj) is generated by the support of mj, and
• νj is the mj-stationary measure on ∂π1(M).

Then ν1 and ν2 are mutually singular, i.e.,

ν1 ⊥ ν2.

Since M is a closed hyperbolic 3-manifold, ∂π1(M) can be identified with ∂H3

in Corollary 1.5.
For a fibered hyperbolic 3-manifold M with a fiber S ⊂M , we can regard π1(S)

and π1(M) as discrete subgroups of Isom+(H2) and Isom+(H3) respectively. Then
the inclusion S ⊂M induces a π1(S)-equivariant embedding H2 → H3. In [CT07],
Cannon and Thurston showed that this embedding continuously extends to a space-
filling curve ∂H2 → ∂H3, which is now called the Cannon–Thurston map for the
fibration S →M → S1.

Corollary 1.6. Suppose M is a fibered hyperbolic 3-manifold with a fiber S ⊂ M
and the associated Cannon–Thurston map f : ∂H2 → ∂H3. Assume respectively
that

• mS and mM are probability measures on π1(S) and π1(M) with finite first
moments for the metric on H3,
• π1(S) and π1(M) are generated by the supports of mS and mM , and
• νS and νM are the mS-stationary measure on ∂H2 and the mM -stationary

measure on ∂H3.

Then f∗νS and νM are mutually singular, i.e.,

f∗νS ⊥ νM .

Note that since π1(S) acts cocompactly on H2, the moment condition on mS for
the metric on H3 is weaker than the one for the metric on H2.

Remark 1.7. Since π1(S) and π1(M) can be regarded as cocompact lattices in
Isom+(H2) and Isom+(H3), it follows from the work of Lyons–Sullivan [LS84] that
Lebesgue measures on ∂H2 and ∂H3 are respectively stationary measures for
random walks on π1(S) and π1(M) with finite exponential moments (see also
Ballmann–Ledrappier [BL96]). Therefore, the same singularity results as in Corol-
lary 1.5 and Corollary 1.6 hold after replacing stationary measures with the Lebesgue
measure on ∂H3 or the pushforward of the Lebesgue measure on ∂H2 through
Cannon–Thurston map. The singularity between Lebesgue measures under the
Cannon–Thurston map was first proved by Tukia [Tuk89] as a generalization of
Mostow’s rigidity theorem.

We also refer to the work of Connell–Muchnik ([CM07b], [CM07a]) for general
quasi-convex groups of isometries on CAT(−1)-spaces and random walks on them
whose stationary measures are quasi-conformal measures, or more general Gibbs
measures.
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Remark 1.8.

(1) The singularity among stationary measures and Lebesgue measures through
the Cannon–Thurston map was first proved by Gadre–Maher–Pfaff–Uyanik
in [GMPU25], under conditions of finite exponential moments and groups
being generated by the supports as semigroups. They also proved quanti-
tative results on quasi-geodesics. We relax the moment condition to finite
first moment and the semigroup condition to a subgroup condition in Corol-
lary 1.6.

(2) The notion of Cannon–Thurston map was generalized further by Mj [Mit98]
to hyperbolic groups and their normal subgroups with hyperbolic quotients.
Analogous rigidity results for those generalized Cannon–Thurston maps can
also be deduced from Theorem 1.2 or Corollary 1.4. We refer to the work
of Kapovich–Lustig [KL15] for an explicit description of Cannon–Thurston
maps for free-by-cyclic groups with hyperbolic iwip monodromies.

1.3. Mapping class groups and Teichmüller spaces. Let S be a closed con-
nected orientable surface of genus at least two. The Teichmüller space T (S) of S is
the space of all marked hyperbolic structures on S, and it admits a natural metric
called the Teichmüller metric dT which is proper and geodesic. Thurston compact-
ified the Teichmüller space by the space PMF of projective measured foliations
on S [Thu88]. This is now referred to as Thurston’s compactification of T (S), and
PMF is also called Thurston’s boundary of T (S).

The mapping class group Mod(S) of the surface S is the group of isotopy classes of
orientation-preserving homeomorphisms on S. The natural Mod(S)-action on T (S)
is proper and by isometries, and in fact Mod(S) is more or less the full isometry
group of (T (S),dT ) as shown by Royden [Roy71] and by Earle and Kra [EK74a],
[EK74b] (see also [Iva01]). Thurston also showed that the Mod(S)-action on T (S)
continuously extends to the action on Thurston’s compactification T (S) ∪ PMF .
A subgroup H < Mod(S) is called non-elementary if H contains two pseudo-Anosov
mapping classes with distinct pairs of invariant projective measured foliations.

In [KM96], Kaimanovich and Masur showed that for a probability measure m
on a non-elementary subgroup H < Mod(S) such that the support of m generates
H as a group, there exists a unique m-stationary measure ν on PMF , and is equal
to the hitting measure of the random walk induced by m. We show that stationary
measures determine subgroups up to commensurability.

Theorem 1.9. Suppose H1,H2 < Mod(S) are non-elementary subgroups. For j =
1, 2 assume

• mj is a probability measure on Hj with finite first moment for dT ,
• Hj is generated by the support of mj as a group, and
• νj is the mj-stationary measure on PMF .

If ν1 and ν2 are not singular, then H1 and H2 are commensurable.

Remark 1.10. In the forthcoming work, Eskin–Mirzakhani–Rafi [EMR] show that
the Lebesgue measure on PMF is a stationary measure for some random walk
on Mod(S) with finite first moment for the Teichmüller metric dT . Together with
this, Theorem 1.9 implies the singularity of the Lebesgue measure on PMF and
the stationary measure of the random walk on an infinite-index subgroup of Mod(S)
with finite first moment for dT . Previously, Gadre–Maher–Tiozzo [GMT17] proved
singularity of stationary measures and the Lebesgue measure for random walks
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whose step distribution has finite first moment for the word metric on Mod(S). In
the case where the step distribution is supported on an infinite-index subgroup of
Mod(S), Theorem 1.9 relaxes the moment condition to finite first moment for the
Teichmüller metric.

As a special example, let I < Mod(S) be the Torelli group, which consists of
mapping classes acting trivially on the first homology group H1(S). As I is the
kernel of the symplectic representation

Mod(S) � Sp(2g,Z)

where g is the genus of S, the Torelli group I is an infinite-index normal subgroup of
Mod(S). Moreover, one can deduce from Thurston’s construction of pseudo-Anosov
mapping classes [Thu88] that I is non-elementary.

Hence, I is not commensurable to Mod(S) while its action on PMF is not dy-
namically distinguishable from that of Mod(S), i.e., both act minimally on PMF
([FLP79], [MP89]). On the other hand, Theorem 1.9 implies that stationary mea-
sures are distinguished.

Corollary 1.11. Suppose respectively that

• mI and m are probability measures on I and Mod(S) with finite first mo-
ments for dT ,
• I and Mod(S) are generated by the supports of mI and m, and
• νI and ν are the mI-stationary and m-stationary measures on PMF .

Then νI and ν are mutually singular, i.e.,

νI ⊥ ν.

1.4. Organization. In Section 2, we define the abstract setting for random walks
and state the most general version of our commensurability rigidity. Sections 3–5
are devoted to the proof of this general statement. In Section 3, we prove that
random walks track quasi-geodesics. The complementary phenomenon that quasi-
geodesics track random walks is proved in Section 4. In Section 5, we relate those
trackings to stationary measures on quotients of groups. The necessity of the mo-
ment condition is discussed in Section 6, where we present examples that real-
ize stationary measures of random walks on ambient groups by random walks on
infinite-index normal subgroups.

Acknowledgements. We thank Yair Minsky for asking Kim about the singularity
of stationary measures associated to random walks on different fiber subgroups (as
in Corollary 1.5). We also thank Inhyeok Choi, David Fisher, Caglar Uyanik,
and the referee for useful comments. Kim expresses his special gratitude to his
Ph.D. advisor Hee Oh for her encouragement and guidance. Kim also thanks the
University of Wisconsin–Madison for hospitality during a visit in October 2025.

Zimmer was partially supported by a Sloan research fellowship and grants DMS-
2105580 and DMS-2452068 from the National Science Foundation.

2. Well-behaved random walks and universal rigidity theorem

In this section, we introduce the abstract setup we consider throughout the paper
and state our most general version of the rigidity theorem (Theorem 2.1), from
which all results in the introduction follow. This abstract setup is a modification
of one considered by Tiozzo [Tio15, Section 2].
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2.1. The abstract setup and main result. Let (X,dX) be a geodesic metric
space and G be a countable group acting by isometries on X. A bordification X of X
is a Hausdorff and second countable topological space such that X is homeomorphic
to an open dense subset of X and that the G-action on X continuously extends to
X, regarding X as a subset of X. We denote by ∂X := X rX the boundary of X.

For a ≥ 1 and K ≥ 0, a map σ : R → X or its image is called a (bi-infinite)
(a,K)-quasi-geodesic if for all t, s ∈ R,

1

a
|t− s| −K ≤ dX(σ(t), σ(s)) ≤ a |t− s|+K.

In forgetting a parametrization, we keep its orientation so that the image of a
quasi-geodesic in X comes with an orientation.

Let QG(X) denote the set of oriented non-parametrized quasi-geodesics in X and
let P(QG(X)) denote the power set of QG(X). Suppose P : ∂X×∂X → P(QG(X))
is a G-equivariant map with the property that there exist a ≥ 1 and K ≥ 0 such
that for each (y−, y+) ∈ ∂X × ∂X, either P (y−, y+) is empty or every element of
P (y−, y+) can be parametrized to be a (a,K)-quasi-geodesic.

Fixing a basepoint o ∈ X, define the map D : ∂X × ∂X → [0,+∞] by

D(y−, y+) = sup
σ∈P (y−,y+)

dX(o, σ)

(when P (y−, y+) = ∅, we define D(y−, y+) = +∞).

2.2. Random walks. Suppose G, X, o ∈ X, P : ∂X × ∂X → P(QG(X)), and
D : ∂X × ∂X → R are as in the previous section.

Let m be a probability measure on G. We consider the product space (GZ,mZ)
and denote each of its elements by g := (. . . , g−1, g0, g1, g2, . . . ). We often use the

shift map S : GZ → GZ, which is defined by S((gn)) = (gn+1). More precisely, for

g = (gn) ∈ GZ, the n-th component of S(g) is gn+1. The shift map preserves the
measure mZ, and moreover is ergodic with respect to mZ.

We call m well-behaved with respect to X and P if the following holds.

(W1) For mZ-a.e. g ∈ GZ, the limits

ζ(g) := lim
n→+∞

g1 · · · gno ∈ ∂X and ζ̂(g) := lim
n→+∞

g−1
0 · · · g

−1
−no ∈ ∂X

exist. Let ν := ζ∗m
Z and ν̂ := ζ̂∗m

Z.
(W2) ν̂ is non-atomic.
(W3) D is finite ν̂ ⊗ ν-a.e.
(W4) For ν̂ ⊗ ν-a.e. (y−, y+) and for every parametrization σ : R → X of an

element of P (y−, y+), if {xn} ⊂ X and supn≥0 dX(xn, σ(tn)) < +∞ for

some sequence tn → ±∞, then xn → y±.
(W5) There exists κ > 0 such that for ν-a.e. y+ ∈ ∂X, if y−1 , y

−
2 ∈ ∂Xr{y+} and

σj : R → X is a parametrization of an element of P (y−j , y
+) for j = 1, 2,

then for some t1, t2 ∈ R,

σ1([t1,+∞)) ⊂ N κ

(
σ2([t2,+∞))

)
and σ2([t2,+∞)) ⊂ N κ

(
σ1([t1,+∞))

)
where N κ denotes the κ-neighborhood in X.

Note that the two random variables ζ(g) and ζ̂(g) are independent. We often

consider the space of one-sided sequences (GN,mN) and also denote each of its
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elements by g := (g1, g2, . . . ). Then the mZ-a.e. defined map ζ : GZ → ∂X factors

through (GN,mN), i.e., for the projection GZ → GN,

(. . . , g−1, g0, g1, g2, . . . ) 7→ (g1, g2, . . . ),

we have the following commutative diagram.

GZ

GN ∂X

ζ

Abusing notations, we denote the above measurable map GN → ∂X by ζ, which is
mN-a.e. defined and satisfies ν = ζ∗m

N.

2.3. Main result. We continue to suppose G, X, o ∈ X, and P : ∂X × ∂X →
P(QG(X)) are as in Section 2.1 and m is a probability measure on G.

Recall that the first moment of m for dX is∑
g∈G

dX(o, go)m(g) ∈ [0,+∞].

By Kingman’s subadditive ergodic theorem, if m has finite first moment, then there
exists `(m) ∈ [0,+∞) so that for mZ-a.e. g = (gn) ∈ GZ,

`(m) = lim
n→+∞

1

n
dX(o, g1 · · · gno).

The quantity `(m) is called the linear drift of m.
The G-action on X is called metrically proper if for any bounded set B ⊂ X, the

set {g ∈ G : gB ∩B 6= ∅} is finite. Our main theorem of this paper is as follows.

Theorem 2.1 (see Theorem 5.1 below). Suppose the G-action on X is metrically
proper and m1, m2 are probability measures on G which have finite first moments
for dX , positive linear drifts, and are well-behaved with respect to X and P .

If their forward hitting measures ζ∗m
Z
1 and ζ∗m

Z
2 on ∂X are not singular, then

the subgroups

〈suppm1〉 and 〈suppm2〉
generated by their supports are commensurable.

2.4. Examples. We now show that random walks on certain classes of metric
spaces are well-behaved, with respect to natural bordifications, and have positive
linear drifts. As a result, all the statements in the introduction will follow from
Theorem 2.1.

2.4.1. Isometry groups of separable Gromov hyperbolic spaces. For δ ≥ 0, a geodesic
metric space (X,dX) is called δ-hyperbolic if any geodesic triangle in X is δ-thin,
i.e., for any geodesic triangle in X, one side is contained in the δ-neighborhood of
the union of the other two sides. The metric space (X,dX) is Gromov hyperbolic if
it is δ-hyperbolic for some δ ≥ 0.

Let (X,dX) be a δ-hyperbolic space. For o, x, y ∈ X, the Gromov product of x
and y with respect to o is

〈x, y〉o :=
1

2
(dX(o, x) + dX(o, y)− dX(x, y)) .
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This quantity measures the distance between o and any geodesic segment between
x and y, up to an additive error depending only on δ.

The Gromov boundary of X is defined as the space of equivalence classes of
certain sequences in X:

∂X := {{xn} ⊂ X : lim inf
n,m→+∞

〈xn, xm〉o = +∞}/ ∼

where {xn} ∼ {yn} if lim infn,m→+∞〈xn, ym〉o = +∞. There are natural topologies

on ∂X and X ∪ ∂X so that if X is separable, then X := X ∪ ∂X is a bordification
of X (recall that we assume that a bordification is second countable). Further, if
X is proper, then ∂X and X are compact. See [BH99], [KB02], [DSU17] for more
details.

There exists K = K(δ) ≥ 0 such that for any distinct y± ∈ ∂X, there exists a
(1,K)-quasi-geodesic σ : R→ X such that limt→±∞ σ(t) = y±, see [KB02, Remark
2.16]. Hence with this K, we define the map P : ∂X×∂X →P(QG(X)) as follows:
for (y−, y+) ∈ ∂X × ∂X,

P (y−, y+) :=

{
σ ∈ QG(X) :

∃ parametrization σ : R→ X s.t.
σ is a (1,K)-quasi-geodesic and lim

t→±∞
σ(t) = y±

}
.

Then by the choice of K ≥ 0, we have P (y−, y+) 6= ∅ if and only if y− 6= y+.
Moreover, it is clear that P is equivariant under the action of the isometry group
of X.

Isometries of X are classified into the following three types. For g ∈ Isom(X),
either

• g is elliptic, i.e., g has a bounded orbit in X,
• g is parabolic, i.e., g is not elliptic and has a unique fixed point in ∂X, or
• g is loxodromic, i.e., g is not elliptic and has two distinct fixed points in
∂X, one is attracting and the other is repelling.

Two loxodromic elements g, h ∈ Isom(X) are independent if they have disjoint sets
of fixed points. A subgroup of Isom(X) is called non-elementary if it contains two
independent loxodromic isometries.

From now on, we further assume that (X,dX) is separable, but it may not be
proper. Let G < Isom(X) be a non-elementary subgroup whose action on X is
metrically proper and suppose m is a probability measure on G such that G is
generated by the support of m as a group. In this case, since the G-action on
X is metrically proper, the semigroup 〈suppm〉+ generated by the support of m
has an unbounded orbit. Hence, the non-elementary hypothesis on G implies that
〈suppm〉+ contains two independent loxodromic isometries [DSU17, Theorem 6.2.3,
Proposition 6.2.14].

We now show that m is well-behaved with respect to X and P . Since 〈suppm〉+
contains two independent loxodromic isometries, a result of Maher–Tiozzo [MT18,
Theorem 1.1] implies Property (W1) and Property (W2). While they further as-
sumed G = 〈suppm〉+ throughout the paper, the proof of this statement works
without the assumption that G is generated by suppm as a semigroup, as long as
the semigroup 〈suppm〉+ contains two independent loxodromic isometries. Then
the non-atomicity in Property (W2) and the choice of K ≥ 0 imply Property (W3).
Property (W4) and Property (W5) are consequences of the Morse Lemma. There-
fore, m is well-behaved with respect to X and P .
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Finally, when m has finite first moment, Gouëzel proved `(m) > 0 [Gou22, The-
orem 1.1]. This was shown in [MT18, Theorem 1.2] when G = 〈suppm〉+. We note
that finite first moment was only to ensure that `(m) is well-defined. Replacing lim
with lim inf in defining `(m), the positivity does not require any moment condition.

Therefore, Theorem 2.1 applies in this setting and establishes Theorem 1.2 in
the separable case. This implies the non-separable case, see Remark 1.3.

2.4.2. Mapping class groups and Teichmüller spaces. Let S be a closed connected
orientable surface of genus at least two so that S admits a complete hyperbolic
structure. The mapping class group Mod(S) is the group of isotopy classes of
orientation-preserving homeomorphisms of S, and the Nielsen–Thurston classifica-
tion says that there are three categories of its elements ([Nie44], [Thu88]). That is,
for g ∈ Mod(S),

• g is periodic, i.e., g has finite order.
• g is reducible, i.e., there exists a multicurve on S invariant under g, up to

isotopy.
• g is pseudo-Anosov, i.e., g has a representative that preserves a pair of trans-

verse (singular) measured foliations on S, stretching one and contracting
the other.

Note that a single mapping class can be both periodic and reducible, while pseudo-
Anosov mapping classes are neither periodic nor reducible.

Let T (S) denote the Teichmüller space of all marked hyperbolic structures on S
endowed with the Teichmüller metric. This is a proper and geodesic metric space.
Moreover, the natural action of Mod(S) on T (S) is proper and by isometries. Let
PMF denote the projective space of measured foliations on S. Thurston defined a
compact topology on T (S) ∪ PMF to which the Mod(S)-action on T (S) continu-
ously extends, which is now referred to as Thurston’s compactification [Thu88]. In
particular, Thurston’s compactification is a bordification of T (S).

In terms of the Mod(S)-action on Thurston’s compactification, the Nielsen–
Thurston classification of mapping classes resembles the classification of isometries
of Gromov hyperoblic spaces. Indeed, a transverse pair of measured foliations on
S invariant under a pseudo-Anosov mapping class is unique up to scaling, and
hence it gives rise to a pair of points in PMF fixed by the pseudo-Anosov map-
ping class. Moreover, the stretching and contracting of the measured foliations
imply the attracting and repelling of the fixed points in PMF . This demonstrates
that pseudo-Anosov mapping classes resemble loxodromic isometries on Gromov
hyperbolic spaces. In this manner, we call two pseudo-Anosov mapping classes
independent, if they have disjoint sets of fixed points in PMF . Then a subgroup
G < Mod(S) is non-elementary if G contains two independent pseudo-Anosov map-
ping classes.

For the rest of this section, let G < Mod(S) be non-elementary, and suppose m
is a probability measure on G whose support generates G as a group.

We now prove that m is well-behaved with respect to Thurston’s compactification
T (S)∪PMF and appropriately defined map P . First, Property (W1) and Property
(W2) were proved by Kaimanovich–Masur [KM96].

To define the map P , we note that Kaimanovich–Masur further showed that
the hitting measures ν and ν̂ are supported on the subset UE ⊂ PMF of uniquely
ergodic measured foliations. More precisely, a measured foliation F on S is uniquely
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ergodic if it intersects all simple closed curves on S and the only topologically
equivalent measured foliations to F are multiples of F . We also call its projective
class uniquely ergodic, and UE ⊂ PMF is the set of those projective classes. Since
any two distinct measured foliations in UE are transverse, there exists a (unique)
Teichmüller geodesic in T (S) having them as endpoints. Therefore, we can define
the map P : PMF ×PMF →P(QG(T (S))) by

P (y−, y+) = {the Teichmüller geodesic from y− to y+} if y± ∈ UE are distinct,

and P (y−, y+) = ∅ otherwise. Then the map P is Mod(S)-equivariant.
Now based on the fact that ν and ν̂ are supported on UE and are non-atomic,

Property (W3) follows. Moreover, Property (W4) follows from [KM96, Lemma
1.4.2], since ν and ν̂ are supported on UE . Property (W5) follows from the work
of Masur [Mas80], together with that ν is supported on UE . Therefore, m is well-
behaved with respect to Thurston’s compactification T (S) ∪ PMF and P .

Finally, Tiozzo’s sublinear geodesic tracking [Tio15] implies that if m has finite
first moment, then `(m) > 0. Hence, Theorem 2.1 applies.

3. Random walks track quasi-geodesics

We continue to suppose G, X, o ∈ X, P : ∂X × ∂X → P(QG(X)), and
D : ∂X × ∂X → R are as in Section 2.1. Let a ≥ 1 and K ≥ 0 be the constants in
the definition of P .

In this section we observe that a generic random walk spends most of its time
in a neighborhood of a quasi-geodesic ray. Analogous statements for different set-
tings were proved in [Bén23, Theorem A bis], [KM96, Proof of Theroem 2.2.4], for
instance.

Theorem 3.1. Suppose m is well-behaved with respect to X and P . Assume

(1) lim
n→+∞

dX(g1 · · · gno, o) = +∞

for mZ-a.e. g = (gn) ∈ GZ (e.g. m has finite first moment and positive linear drift).

For every ε > 0 there exists R > 0 such that: For mZ-a.e. g = (gn) ∈ GZ, if

σ : R → X is a (a,K)-quasi-geodesic parametrizing an element of P (ζ̂(g), ζ(g)),
then

lim inf
N→+∞

1

N
#
{

1 ≤ n ≤ N : dX(g1 · · · gno, σ|[0,+∞)) ≤ R
}
> 1− ε.

Remark 3.2. For the particular examples we consider in Section 2.4, it suffices to
consider the case when a = 1.

Proof. By Property (W1) and Property (W3), for mZ-a.e. g = (gn) ∈ GZ, the limits

ζ(g) = lim
n→+∞

g1 . . . gno and ζ̂(g) := lim
n→+∞

g−1
0 g−1
−1 . . . g

−1
−no

exist in ∂X and D(ζ̂(g), ζ(g)) is finite. In particular,

lim
R→+∞

mZ
({

g ∈ GZ : D(ζ̂(g), ζ(g)) ≤ R
})

= 1.

So we can fix R > 0 where the set

AR :=
{

g ∈ GZ : D(ζ̂(g), ζ(g)) ≤ R
}

satisfies mZ(AR) > 1− ε.
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Note that for the shift map S : GZ → GZ,

ζ̂(Sg) = g−1
1 ζ̂(g) and ζ(Sg) = g−1

1 ζ(g) mZ-a.e.

Since P is G-equivariant,

D
(
ζ̂(Sng), ζ(Sng)

)
= sup
σ∈P (ζ̂(g),ζ(g))

dX(g1 · · · gno, σ).

Since S preserves mZ and is ergodic, it follows from the Birkhoff ergodic theorem
that for mZ-a.e. g = (gn) ∈ GZ,

lim
N→+∞

1

N
#

{
1 ≤ n ≤ N : sup

σ∈P (ζ̂(g),ζ(g))

dX(g1 · · · gno, σ) ≤ R

}

= lim
N→+∞

1

N

N∑
n=1

1AR(Sng) = mZ (AR) > 1− ε.(2)

Since ζ̂(g) and ζ(g) are independent and ν̂ is non-atomic by Property (W2), for

mZ-a.e. g = (gn) ∈ GZ we have

(3) ζ̂(g) 6= ζ(g).

Now mZ-a.e. g = (gn) ∈ GZ satisfies Equations (1), (2), and (3). Fix such
g and then fix a (a,K)-quasi-geodesic σ : R → X parametrizing an element of

P (ζ̂(g), ζ(g)).
Let

I := {n ∈ N : dX(g1 · · · gno, σ) ≤ R} = {n1 < n2 < . . . }.
For each nj ∈ I fix tnj ∈ R with

dX(g1 · · · gnjo, σ(tj)) ≤ R.
By Equation (2),

lim inf
N→+∞

1

N
#(I ∩ [1, N ]) > 1− ε,

so to finish the proof we need to show that tj → +∞. By Equation (1), we have

|tj | → +∞. Since g1 · · · gnjo → ζ(g) ∈ ∂X and ζ(g) 6= ζ̂(g) by Equation (3),
Property (W4) implies that tj → +∞. �

4. Quasi-geodesics track random walks

We continue to suppose G, X, o ∈ X, and P : ∂X × ∂X → P(QG(X)) are as
in Section 2.1. Let a ≥ 1 and K ≥ 0 be the constants in the definition of P .

In this section, we prove the complementary statement of Theorem 3.1 that a
generic quasi-geodesic ray spends most of its time in a bounded neighborhood of a
random walk.

For R > 0, let NR(S) denote the R-neighborhood of a subset S ⊂ X.

Theorem 4.1. Suppose m has finite first moment, positive linear drift, and is
well-behaved with respect to X and P .

For every ε > 0 there exists R > 0 such that: For mZ-a.e. g = (gn) ∈ GZ, if

σ : R → X is a (a,K)-quasi-geodesic parametrizing an element of P (ζ̂(g), ζ(g)),
then

lim inf
T→+∞

1

T
|{t ∈ [0, T ] : σ(t) ∈ NR (∪n≥1g1 · · · gno)}| > 1− ε.
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Remark 4.2. For the particular examples we consider in Section 2.4, it suffices to
consider the case when a = 1.

Proof. Fix ε0 > 0 such that 1− 2ε0 > 0 and

2a4

1− 2ε0

`(m) + ε0
`(m)

ε0 < ε.

By Theorem 3.1, we can fix R0 > 0 such that for mZ-a.e. g = (gn) ∈ GZ, if

σ : R → X is a (a,K)-quasi-geodesic parametrizing an element of P (ζ̂(g), ζ(g)),
then

lim inf
N→+∞

1

N
#
{

1 ≤ n ≤ N : dX(g1 · · · gno, σ|[0,+∞)) ≤ R0

}
> 1− ε0.

By assumption, for mZ-a.e. g = (gn) ∈ GZ,

(4) `(m) = lim
n→+∞

1

n
dX(o, g1 · · · gno) > 0.

For each k ∈ N, let

Ak :=
{

g = (gn) ∈ GZ : dX(o, g1 · · · gno) ≤ (`(m) + ε0)n for all n ≥ k
}
.

Then

lim
k→+∞

mZ(Ak) = 1.

Hence we can fix k ∈ N such that mZ(Ak) > 1 − ε0. Recall that the shift map

S : GZ → GZ preserves mZ and is ergodic. Then by the Birkhoff ergodic theorem,
for mZ-a.e. g ∈ GZ,

lim
N→+∞

1

N
# {1 ≤ n ≤ N : Sng ∈ Ak} = lim

N→+∞

1

N

N∑
n=1

1Ak(Sng) = mZ(Ak) > 1−ε0.

Thus for mZ-a.e. g = (gn) ∈ GZ, if σ : R→ X is a (a,K)-quasi-geodesic parametriz-

ing an element of P (ζ̂(g), ζ(g)), then

(5) lim inf
N→+∞

1

N
#

{
1 ≤ n ≤ N :

Sng ∈ Ak and
dX(g1 · · · gno, σ|[0,+∞)) ≤ R0

}
≥ 1− 2ε0.

Fix g = (gn) ∈ GZ and σ : R→ X such that Equations (4) and (5) hold. Let

I0 :=
{
n ∈ N : Sng ∈ Ak and dX(g1 · · · gno, σ|[0,+∞)) ≤ R0

}
and let I := {n1 < n2 < · · · } ⊂ I0 be a maximal k-separated subset, i.e., I is a
maximal subset of I0 such that |ni−nj | ≥ k for all distinct ni, nj ∈ I0. Notice that
if nj+1 ≥ nj + 2k, then by maximality

nj + k, nj + k + 1, . . . , nj+1 − k /∈ I0.

So

#(I0 ∩ [1, N ]) ≤ N −
∑

nj+1≤N, nj+1−nj≥2k

nj+1 − nj − 2k + 1.

Hence

(6) lim sup
N→+∞

1

N

∑
nj+1≤N, nj+1−nj≥2k

nj+1 − nj − 2k + 1 ≤ 2ε0.
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Fix R > 0 such that

2 · R−R0 −K
a2(`(m) + ε0)

− 2R0 +K

`(m) + ε0
≥ 2k.

For each j ∈ N, fix Tj ≥ 0 such that

dX(g1 · · · gnjo, σ(Tj)) ≤ R0.

Let

Ω := {t ≥ 0 : σ(t) /∈ NR(∪n≥1g1 · · · gno)}.
For J ≥ 2, if t ∈ Ω ∩ [T1, TJ ], then there exists j ≤ J − 1 with

Tj +
R−R0 −K

a
≤ t ≤ Tj+1 −

R−R0 −K
a

.

Further,

t ∈ Ω ∩ [Tj , Tj+1] ⊂
[
Tj +

R−R0 −K
a

, Tj+1 −
R−R0 −K

a

]
and so, using the fact that Snjg ∈ Ak, we have

2 · R−R0 −K
a

≤ Tj+1 − Tj ≤ a dX(σ(Tj), σ(Tj+1)) + aK

≤ a
(
2R0 + dX(g1 · · · gnjo, g1 · · · gnj+1

o)
)

+ aK

≤ a(2R0 +K) + a(`(m) + ε0)(nj+1 − nj).

So, in this case,

nj+1 − nj ≥ 2 · R−R0 −K
a2(`(m) + ε0)

− 2R0 +K

`(m) + ε0
≥ 2k.

Thus

Leb(Ω ∩ [T1, TJ ])

≤
∑

j≤J−1, Tj<Tj+1

Ω∩[Tj ,Tj+1]6=∅

Tj+1 − Tj − 2 · R−R0 −K
a

≤
∑

j≤J−1, Tj<Tj+1

Ω∩[Tj ,Tj+1]6=∅

a(2R0 +K) + a(`(m) + ε0)(nj+1 − nj)− 2 · R−R0 −K
a

≤ a(`(m) + ε0)
∑

nj+1≤nJ , nj+1−nj≥2k

nj+1 − nj − 2k.

Hence by Equation (6),

lim sup
J→+∞

1

nJ
Leb(Ω ∩ [0, TJ ]) ≤ 2a(`(m) + ε0)ε0.

Since
`(m)

a
≤ lim inf

J→+∞

TJ
nJ
≤ lim sup

J→+∞

TJ
nJ
≤ a`(m),

we then have

lim sup
J→+∞

1

TJ
Leb(Ω ∩ [0, TJ ]) ≤ 2a2 · `(m) + ε0

`(m)
ε0.
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To finish the proof it suffices to show that lim supJ→+∞
TJ+1

TJ
≤ a2

1−2ε0
. Indeed,

then for any T > 0 there exists J with TJ ≤ T ≤ TJ+1 and hence

lim sup
T→+∞

1

T
Leb(Ω ∩ [0, T ]) ≤ lim sup

J→+∞

1

TJ
Leb(Ω ∩ [0, TJ+1])

≤ 2a4

1− 2ε0

`(m) + ε0
`(m)

ε0 < ε.

Suppose for a contradiction that lim supJ→+∞
TJ+1

TJ
> a2

1−2ε0
. Then there exist

Ji →∞ and c > a2

1−2ε0
such that

lim
i→+∞

TJi+1

TJi
= c,

where we a priori allow c = +∞ with the convention 1
+∞ = 0. Then

c

a2
≤ lim inf

i→+∞

nJi+1

nJi
≤ lim sup

i→+∞

nJi+1

nJi
≤ a2c.

By maximality, we have

nJi + k, nJi + k + 1, . . . , nJi+1 − k /∈ I0.

So

1− 2ε0 ≤ lim inf
i→+∞

1

nJi+1
#(I0 ∩ [0, nJi+1])

≤ lim inf
i→+∞

nJi+1 − (nJi+1 − nJi − 2k + 1)

nJi+1
≤ a2

c
< 1− 2ε0.

Thus we have a contradiction. �

5. Non-singular stationary measures

We are now ready to prove Theorem 2.1, which we restate below in a slightly
different format.

We continue to suppose G, X, o ∈ X, and P : ∂X × ∂X → P(QG(X)) are as
in Section 2.1. Let a ≥ 1 and K ≥ 0 be the constants in the definition of P .

Theorem 5.1. Assume

• the G-action on X is metrically proper,
• m1 and m2 are probability measures on G which have finite first moments,

positive linear drifts, and are well-behaved with respect to X and P , and
• for j = 1, 2, Hj < G is the group generated by the support of mj and
νj := ζ∗m

N
j = ζ∗m

Z
j denotes the forward hitting measure of the random

walk induced by mj.

If ν1 and ν2 are non-singular, then H1 and H2 are commensurable.

Using Theorem 4.1 we will show that a positive proportion of the random walks
generated by m1 stays in a bounded neighborhood of H2o most of the time.

Lemma 5.2. With the hypothesis of Theorem 5.1, for any ε > 0 there exist a
measurable subset E ⊂ GN and R > 0 such that

(1) mN
1 (E) > 0 and
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(2) if g = (gn) ∈ E, then

lim inf
N→+∞

1

N
#{1 ≤ n ≤ N : dX(g1 · · · gno,H2o) < R} > 1− ε.

Assuming Lemma 5.2 for a moment, we prove the theorem.

Proof of Theorem 5.1. By Lemma 5.2, there exist a measurable subset E ⊂ GN

with mN
1 (E) > 0 and R > 0 such that for g = (gn) ∈ E,

lim inf
N→+∞

1

N
#{1 ≤ n ≤ N : dX(g1 · · · gno,H2o) < R} > 1/2.

Since the G-action on X is metrically proper, there exists a finite set F ⊂ G such
that {g ∈ G : dX(go,H2o) < R} ⊂ H2F . Then for all g = (gn) ∈ E,

lim inf
N→+∞

1

N
#{1 ≤ n ≤ N : g1 · · · gn ∈ H2F} > 1/2.

Let π : G→ H2\G denote the quotient map and let π∗m1 denote the pushforward
of m1 on H2\G. One can see that for each n ∈ N and g ∈ G,

m∗n1 (H2g) =
(

(π∗m1) ∗m∗(n−1)
1

)
(H2g),

where on the left hand side we have H2g ⊂ G and on the right hand side we have
H2g ∈ H2\G. For each N ∈ N, consider the probability measure

µN :=
1

N

N∑
n=1

(π∗m1) ∗m∗(n−1)
1

on H2\G.
By Fatou’s lemma,

lim inf
N→+∞

1

N

N∑
n=1

m∗n1 (H2F ) = lim inf
N→+∞

1

N

∫
#{1 ≤ n ≤ N : g1 · · · gn ∈ H2F}dmN

1 (g)

≥
∫

lim inf
N→+∞

1

N
#{1 ≤ n ≤ N : g1 · · · gn ∈ H2F}dmN

1 (g)

≥ mN
1 (E)/2 > 0.

Hence on the compact subset H2F ⊂ H2\G, the measure µN is uniformly bounded
from below by mN

1 (E)/3 > 0, for all large N ∈ N.
Since H2\G is countable, we can fix a subsequence {µNj} and a measure µ such

that for any finite subset F ′ ⊂ H2\G, the sequence {µNj |F ′} converges in the weak-∗
topology to µ|F ′ . Then µ is a finite non-zero measure on H2\G. By construction,
the measure µ is m1-stationary, i.e., µ ∗m1 = µ. Further, since suppm1 ⊂ H1, the
measure µ is supported on H2\H2H1. Let

Ĥ1 :=

{
h ∈ H1 : µ(H2h) = max

g∈H1

µ(H2g)

}
.

Since µ is a finite non-zero measure,

0 < #
(
H2\H2Ĥ1

)
< +∞.

Now for h ∈ Ĥ1,

µ(H2h) = (µ ∗m1)(H2h) =
∑
g∈G

µ(H2hg
−1)m1(g).
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This implies
µ(H2h) = µ(H2hg

−1) for all g ∈ suppm1.

In particular, h · (suppm1)
−1 ⊂ Ĥ1. Since this holds for any h ∈ Ĥ1,

H2\H2Ĥ1 (suppm1)
−1 ⊂ H2\H2Ĥ1.

Since H2\H2Ĥ1 is a finite set, this implies that

H2\H2Ĥ1 (suppm1)
−1

= H2\H2Ĥ1.

Thus
H2\H2Ĥ1 = H2\H2Ĥ1 (suppm1) .

Then, since 〈suppm1〉 = H1,

H2\H2H1 = H2\H2Ĥ1.

Therefore,
# (H2\H2H1) < +∞,

and hence H1 ∩H2 is a finite index subgroup of H1. Switching H1 and H2, the same
argument implies that H1 ∩ H2 is a finite index subgroup of H2 as well. �

5.1. Proof of Lemma 5.2. By Theorem 3.1 applied to m1, there exists R1 =
R1(ε) > 0 such that for mZ

1 -a.e. g = (gn) ∈ GZ, if σ1 : R → X is a (a,K)-quasi-

geodesic parametrizing an element of P (ζ̂(g), ζ(g)), then

lim inf
N→+∞

1

N
#
{

1 ≤ n ≤ N : dX(g1 · · · gno, σ1|[0,+∞)) ≤ R1

}
> 1− ε/4.

Since m1 has finite first moment and positive linear drift, there exists k ∈ N such
that the set

Ak :=
{

g = (gn) ∈ GZ : dX(o, g1 · · · gno) > 2R1(1 + a) +K for all n ≥ k
}

satisfies
mZ

1 (Ak) > 1− ε/4.
Recall that S : (GZ,mZ

1 ) → (GZ,mZ
1 ) denotes the shift map. Similar to the proof

of Theorem 4.1, we have from the Birkhoff ergodic theorem that for mZ
1 -a.e. g =

(gn) ∈ GZ, if σ1 : R → X is a (a,K)-quasi-geodesic parametrizing an element of

P (ζ̂(g), ζ(g)), then

(7) lim inf
N→+∞

1

N
#

{
1 ≤ n ≤ N :

Sng ∈ Ak and
dX(g1 · · · gno, σ1|[0,+∞)) ≤ R1

}
> 1− ε/2.

Now fix ε1 > 0 such that

(2k + 1)a`(m1)

R1
· ε1 <

ε

2
.

By Theorem 4.1 applied to m2, there exists R2 = R2(ε1) > 0 such that for ν2-a.e.
x ∈ ∂X, there exists y ∈ ∂X so that if σ2 : R → X is a (a,K)-quasi-geodesic
parametrizing an element of P (y, x), then

(8) lim inf
T→+∞

1

T
|{t ∈ [0, T ] : σ2(t) ∈ NR2

(H2o)}| > 1− ε1.

By Property (W2), we may assume y 6= x.
Let E′ ⊂ ∂X denote the set of points satisfying Equation (8). Since ν1 = ζ∗m

Z
1

and ν2 are non-singular, we have mZ
1 (ζ−1E′) > 0. Hence, there exists a subset
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E ⊂ GZ such that mZ
1 (E) > 0 and that for any g ∈ E, g and ζ(g) satisfy Equations

(7) and (8) respectively. We may further assume that

lim
n→+∞

1

n
dX(o, g1 · · · gno) = `(m1) > 0

for all g = (gn) ∈ E.
Then by Property (W5), for any g = (gn) ∈ E and any (a,K)-quasi-geodesic

σ : R→ X parametrizing an element of P (ζ̂(g), ζ(g)), we have

(9) lim inf
N→+∞

1

N
#

{
1 ≤ n ≤ N :

Sng ∈ Ak and
dX(g1 · · · gno, σ|[0,+∞)) ≤ R1

}
> 1− ε/2

and

(10) lim inf
T→+∞

1

T
|{t ∈ [0, T ] : σ(t) ∈ NR2+κ (H2o)}| > 1− ε1.

(Here κ > 0 is the number satisfying Property (W5). Unfortunately, due to the
large number of parameters, the very similar symbols k, κ, K are used in this
proof.)

We claim that E and any

R > (1 + a)R1 +K +R2 + κ

satisfy the lemma. Fix such R.
Fixing g = (gn) ∈ E and σ : R→ X as above, let

I0 :=
{
n ∈ N : Sng ∈ Ak and dX(g1 · · · gno, σ|[0,+∞)) ≤ R1

}
.

Then let

I ′0 := {n ∈ I0 : g1 · · · gno /∈ NR(H2o)} .
By Equation (9),

lim inf
N→+∞

1

N
#{1 ≤ n ≤ N : dX(g1 · · · gno,H2o) < R}

≥ lim inf
N→+∞

1

N
#(I0 ∩ [1, N ])− lim sup

N→+∞

1

N
#(I ′0 ∩ [1, N ])

> 1− ε/2− lim sup
N→+∞

1

N
#(I ′0 ∩ [1, N ])

and so it suffices to show that

lim sup
N→+∞

1

N
#(I ′0 ∩ [1, N ]) ≤ ε/2.

This is clearly true if I ′0 is finite and so we can assume that I ′0 is infinite.
Fix a maximal k-separated set I ⊂ I ′0, i.e. |n−m| ≥ k for all distinct m,n ∈ I.

Then by maximality,

I ′0 ⊂
⋃
n∈I

[n− k, n+ k]

and so

lim sup
N→+∞

1

N
#(I ′0 ∩ [1, N ]) ≤ lim sup

N→+∞

2k + 1

N
#(I ∩ [1, N ]).

Enumerate I = {n1 < n2 < · · · } and for each j ∈ N fix tj ∈ [0,+∞) with

dX(g1 · · · gnjo, σ(tj)) ≤ R1.
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Notice that

σ([tj −R1, tj +R1]) ⊂ NR1+aR1+K(g1 · · · gnjo)
and so

σ([tj −R1, tj +R1]) ∩NR2+κ(H2o) = ∅.
Further, if ni < nj , then

dX(g1 · · · gnio, g1 · · · gnjo) = dX(o, gni+1 · · · gnjo) > 2R1(1 + a) +K

since Snig ∈ Ak and I is k-separated. So

|ti − tj | ≥
1

a
dX(σ(ti), σ(tj))−

K

a
> 2R1

and hence

[ti −R1, ti +R1] ∩ [tj −R1, tj +R1] = ∅.
Next let TN = max{tj : nj ≤ N}. Then the above implies that

2R1 ·#(I ∩ [1, N ]) ≤ |{t ∈ [−R1, TN +R1] : σ(t) /∈ NR2+κ (H2o)}| .

Notice that

tj ≤ a dX(σ(tj), σ(0)) + aK ≤ adX(g1 · · · gnjo, σ(0)) + aR1 + aK

and so

lim sup
N→+∞

TN
N
≤ a`(m1).

Then Equation (10) implies that

lim sup
N→+∞

1

N
#(I ∩ [1, N ]) ≤ a`(m1)

2R1
ε1

and so

lim sup
N→+∞

1

N
#(I ′0 ∩ [1, N ]) ≤ (2k + 1)

a`(m1)

2R1
ε1 < ε/2

by our choice of ε1.
Thus

lim inf
N→+∞

1

N
#{1 ≤ n ≤ N : dX(g1 · · · gno,H2o) < R} > 1− ε,

as desired. Now replacing E with its image under the projection GZ → GN finishes
the proof. �

6. Random walks on normal subgroups

In this section, suppose G is a finitely generated group, G acts by homeomor-
phisms on a compact metrizable space Y , and H / G is a normal subgroup with
G /H ∼= Zk where k ∈ {1, 2}. Also, let |·| denote a word length on G with respect
to some fixed generating set.

Recall that a probability measure ν on Y is m-stationary if

m ∗ ν = ν.

We call m symmetric if m(g) = m(g−1) for all g ∈ G.
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Proposition 6.1. Suppose m is a symmetric probability measure on G whose sup-
port generates G as a group and ν is a m-stationary measure on Y . If m has finite
kth moment for |·|, i.e., ∑

g∈G

|g|km(g) < +∞,

then there exists a symmetric probability measure m′ on H whose support generates
H as a group and where m′ ∗ ν = ν.

The rest of the section is devoted to the proof of the proposition. For g = (gn) ∈
GN, define the stopping time

τ(g) := inf{n ≥ 1 : g1 · · · gn ∈ H}.

Lemma 6.2. τ is finite mN-a.e.

Proof. Let π : G → G /H be the quotient map. Then π∗m induces a symmetric

random walk with finite kth moment on G /H ∼= Zk and τ represents the first return

time of this random walk to 0 ∈ Zk. Since k ∈ {1, 2}, by [CF51] this walk is
recurrent, which implies that τ is finite mN-a.e. �

Next define ξ : GN → H by ξ(g) = g1 · · · gτ(g) and let m′ := ξ∗m
N. Since m is

a symmetric probability measure whose support generates G as a group, m′ is a
symmetric probability measure whose support generates H as a group.

Lemma 6.3. m′ ∗ ν = ν.

Proof. Let Prob(Y ) denote the space of probability measures on Y . By the martin-

gale convergence theorem, there exists a measurable map g ∈ GN 7→ νg ∈ Prob(Y )
so that:

(1) For mN-a.e. g = (gn) ∈ GN,

(g1 · · · gn)∗ν → νg

as n→ +∞,
(2) ν =

∫
νgdm

N(g)

(see for instance [BQ16, Lemmas 2.17 and 2.19]). Notice that (1) implies that

ν(g1,g2,g3,... ) = (g1)∗ν(g2,g3,... )

for mN-a.e. g = (gn) ∈ GN.

For n ∈ N, let πn : GN → Gn be the projection onto the first n factors and let

An := {πn(g) : τ(g) = n}.
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Then the sets An × GN ⊂ GN are disjoint and their union has full mN-measure in
GN by Lemma 6.2. So writing h = (hn) ∈ GN,

m′ ∗ ν =
∑
h∈H

m′(h)h∗ν =

∫ ∫
(h1 · · ·hτ(h))∗νgdm

N(h)dmN(g)

=

∫ ∫
ν(h1,...,hτ(h),g)dm

N(h)dmN(g)

=

∫ ∞∑
n=1

∑
(h1,...,hn)∈An

ν(h1,...,hn,g)dm(h1) · · · dm(hn)dmN(g)

=

∞∑
n=1

∫
An×GN

νgdm
N(g) =

∫
νgdm

N(g) = ν. �

Remark 6.4. We remark that when G /H ∼= Z and the symmetric probability mea-
sure m has finite support, then the induced probability measure m′ has finite pth

moment for all p < 1/2, i.e., ∑
h∈H

|h|pm′(h) < +∞

where |·| is a word length on G with respect to some fixed generating set.
To see this, note that for C0 := maxg∈suppm |g| < +∞, we have |ξ(g)| ≤ C0 ·τ(g).

Hence,∑
h∈H

|h|pm′(h) =

∫
|ξ(g)|p dmN(g) ≤ Cp0 ·

∞∑
n=1

npmN
({

g ∈ GN : τ(g) = n
})

.

So for some C1 > 0,∑
h∈H

|h|pm′(h) ≤ C1 ·
∞∑
n=1

np−1mN
({

g ∈ GN : τ(g) > n
})

.

Note that mN
({

g ∈ GN : τ(g) > n
})

is the same as the probability that the random

walk on G /H ∼= Z generated by π∗m starting from 0 does not return to 0 in n steps,
where π : G → G /H is the quotient map. This probability is asymptotic to a
constant multiple of n−1/2 [LL10, Proposition 4.2.4]. Therefore, for some C > 0,∑

h∈H

|h|pm′(h) ≤ C ·
∞∑
n=1

np−3/2

and the right hand side converges when p < 1/2.

6.1. An Example: fibered hyperbolic 3-manifolds. As in the introduction, let
H3 denote real hyperbolic 3-space. The boundary at infinity ∂H3 is diffeomorphic
to the two-sphere and Isom(H3) acts by diffeomorphisms. Let Leb denote a measure
on ∂H3 induced by a smooth volume form.

Fix a torsion-free cocompact lattice Γ < Isom(H3) such that the closed hyperbolic
3-manifold M = Γ\H3 admits a fibration

S →M → S1

over the circle with a fiber S ⊂ M . Then we can view π1(S) as an infinite-index
normal subgroup in Γ, with the quotient Γ/π1(S) ∼= Z.
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Using Proposition 6.1 and work of Ballmann–Ledrappier, we will prove the fol-
lowing.

Proposition 6.5. There exists a probability measure m′ with π1(S) = 〈suppm′〉
whose associated stationary measure on ∂H3 is absolutely continuous with respect
to Leb.

Proof. By [BL96] there exists a symmetric probability measure m with Γ = 〈suppm〉
whose unique stationary measure ν is absolutely continuous with respect to Leb and
where ∑

g∈Γ

dH3(go, o)m(g) < +∞.

Since Γ acts cocompactly on H3, the Švarc–Milnor lemma implies that∑
g∈Γ

|g|m(g) < +∞,

where |·| is a word length on Γ with respect to some fixed finite generating set.
Since Γ/π1(S) ∼= Z, by Proposition 6.1 there exists a probability measure m′ with
π1(S) = 〈suppm′〉 whose associated stationary measure on ∂H3 is ν, and hence
absolutely continuous with respect to Leb. �
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