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ABSTRACT. In this paper we develop a theory for Patterson—Sullivan measures
for non-Borel Anosov groups on the Furstenburg boundary. Previously, such
a theory has been successfully developed for measures supported on the par-
tial flag manifold associated to the Anosov condition, which coincides with
the Furstenberg boundary only under the strongest Anosov condition, Borel
Anosov. We establish existence, uniqueness, and ergodicity results for the
measures on the Furstenberg boundary under arbitrary Anosov conditions; we
show ergodicity of Bowen—Margulis—Sullivan measures on the homogeneous
space; and we establish strict convexity results for the critical exponent asso-
ciated to functionals on the entire Cartan subspace. Using this strict convexity,
we establish an entropy rigidity result for Anosov groups with Lipschitz limit
set.

A key tool we develop is a new sufficient condition for the existence of a
measurable boundary map associated to a Zariski dense representation. This
result not only applies to Anosov groups, but also transverse groups, map-
ping class groups, and discrete subgroups of the isometry groups of Gromov
hyperbolic spaces.
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1. INTRODUCTION

Throughout this paper G will be a semisimple Lie group with finite center and
no compact factors. We fix a Cartan decomposition g = p + ¢ of the Lie algebra,
a Cartan subspace a C p, and a positive Weyl chamber a™ C a. Let A C a*
denote the system of simple restricted roots corresponding to the choice of a™ and
let £ : G — a™ denote the Cartan projection.

Given a non-empty subset § C A, let Py < G denote the associated parabolic
subgroup. A discrete subgroup I' < G is Py-Anosov if T' is word hyperbolic as
an abstract group and its Gromov boundary nicely embeds into the partial flag
manifold Fy := G /Py (see Section for a precise definition).

For each 8 C A, there is a partial Cartan subspace ag C a and a cocycle
BIW : GxFy — ag called the (partial) Iwasawa cocycle. This cocycle can be
used to define Patterson—Sullivan measures as follows.

Definition 1.1. Given a subgroup I' < G, § C A, ¢ € aj, and § > 0, a Borel
probability measure p on Fy is a (T, ¢, §)-Patterson—Sullivan measure if for every
~v € T' the measures i, v, are absolutely continuous and

d’Y*M (.1?) _ e—ég{)BgW('y’l,z)
dp

When G is of rank one, the above definition (with an appropriate choice of
functional) coincides with the classical Patterson—Sullivan measures introduced by
Patterson [Pat76] and Sullivan [Sul79]. In higher rank, the above definition is due
to Quint [Qui02].

The theory of Patterson—Sullivan measures on Fy for Pg-Anosov groups has been
extensively developed and has become a useful tool for studying Anosov groups. In
this case, the definition of an Anosov group implies that a Py-Anosov group acts
very nicely on Fyp = G/ Py, but in general the action of a Pg-Anosov group can be
very complicated on larger flag manifolds, especially the Furstenberg boundary Fa.

In this paper we use and extend ideas from our earlier work [KZ25] to develop a
theory of Patterson—Sullivan measures on the Furstenburg boundary F A for Zariski
dense Py-Anosov groups, even though 6 # A. Having such a Patterson—Sullivan
theory on the Furstenberg boundary enables us to obtain several applications as
discussed below, which was previously known only for Pa-Anosov groups (or, Borel
Anosov groups). Recall that the PA-Anosov condition is very restrictive; in many
cases, the group must either be virtually a free group or a surface group [CT20L
Ts020,, Dey25, DGR24].

Our results hold for the more general class of transverse groups (which also
contain the relatively Anosov groups), for any partial flag manifold containing Fy,
and for weaker irreducibility conditions than Zariski dense. However, for simplicity
in the introduction we only state our results for Zariski dense Anosov
groups and Patterson—Sullivan measures on the Furstenburg boundary.

[-a.e.
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Before stating our results for discrete subgroups of Lie groups, we describe one
of the tools we develop.

1.1. Measurable boundary maps. The existence of boundary maps for repre-
sentations of lattices played a significant role in the proof of Mostow’s Rigidity
[Mos68, Mos73, [Pra73] and Margulis’ Superrigidity [Mar91]. A key tool in this
work is constructing measurable boundary maps associated to Zariski dense repre-
sentations.

The domains in our boundary map theorem are “Patterson—Sullivan systems,”
a notion introduced in our earlier work [KZ25]. A precise definition is given in
Section [2| below, but informally these consist of a compact metric space M, a Borel
probability measure p on M, and an action I' ~ M which preserves the measure
class of p which satisfy certain assumptions that allowed us to extend the classical
theory of Patterson—Sullivan measures. We note that a different framework for
abstract Patterson—Sullivan-like measures was given in [BCZZ24].

Amongst “Patterson—Sullivan systems,” we further identified a special class
called “well-behaved Patterson—Sullivan systems” and for these systems defined
conical limit sets (again see Section [2] for a precise definition). Under the assump-
tion that the conical limit set has full measure, in this paper we prove the following
existence theorem for boundary maps.

Theorem 1.2 (see Theorem below). Suppose (M,T',0,u) is a well-behaved
Patterson—Sullivan system with respect to a hierarchy H = {H(R) C T': R > 0},
the H-conical limit set has full u-measure, and the T'-action on (M, 1) is amenable.

If p: I' — G is a Zariski dense representation, then there exists a unique p-
equivariant p-a.e. defined measurable map f: M — Fa.

Remark 1.3. The above is actually a special case of Theorem which assumes
weaker conditions than Zariski dense, provides the existence of p-a.e. conical limits,
and shows that f maps into the “contracting conical limit set.”

We highlight three examples of well-behaved Patterson—Sullivan systems:

(1) If T' < G is Pg-Anosov and p is a Patterson—Sullivan measure (in the sense
of Definition supported on the limit set of I' in Fy, then Fy, I', u are
part of a well-behaved Patterson—Sullivan system where the conical limit set
has full g-measure. In fact it suffices to assume I is a Py-transverse group
and the Poincaré series associated to p diverges at the critical exponent, see
Section[£.2]for more details. When I"is Pg-Anosov, amenability follows from
the work of Adams [Ada94]. For Py-transverse groups, we show amenability
in Section [@ See Theorem [R.] for more details.

(2) Let X be a proper Gromov hyperbolic metric space, let 9X denote the
Gromov boundary of X, let I' < Isom(X) be a discrete subgroup, let dx (T')
denote the critical exponent of I'; and let i be a Patterson—Sullivan measure
of dimension §x(I'). Then 90X, I', u are part of a well-behaved Patterson—
Sullivan system. Further, if

Z e~ 9x(I)d(o,y0) — 100
yel
for some (any) o € X, then the conical limit set has full y-measure. When

X has exponential bounded geometry, Kaimanovich [Kai04] showed that
the T'-action on (09X, u) is amenable. See Theorem for more details.
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(3) Let S be a connected orientable surface of finite type with negative Euler
characteristic, let Mod(S) denote its mapping class group, let PML denote
the space of projective measured laminations on S, and let Leb denote the
natural Lebesgue measure class on PML. Then PML, Mod(S), Leb are
part of a well-behaved Patterson—Sullivan system where the conical limit set
has full Leb-measure. Further, the work of Hamenstadt [Ham09a] implies
that the Mod(S)-action on (PML, Leb) is amenable. See Theorem [12.1] for
more details.

We note that Bader-Furman [BF14, [BF25] have developed a different abstract
setting that leads to the existence of boundary maps. Many examples seem to sat-
isfy both setting, but there does not seem to be any obvious implication between the
two abstract settings. Further some examples, like Poisson boundaries of countable
groups, satisfy the Bader—Furman assumptions but not ours. Other examples, like
Kleinian groups of divergent type with infinite Bowen—Margulis—Sullivan (BMS)
measure, satisfy our assumptions but do not seem to satisfy the Bader—Furman
assumptions.

In this paper our main motivation is the study of Py-transverse groups. These
have natural flow spaces which can have infinite BMS-measures and thus it seems
that they do not satisfy the Bader—Furman assumptions (in fact any Kleinian group
is a transverse group).

One idea in the proof of Theorem [I.2]is to adapt the “standard argument” for
almost sure convergence of random walks on symmetric spaces (e.g. as in [Mar91l
Chapter VI, Section 2] or [BQI6L Section 4.2]) where we replace the use of the
Martingale convergence theorem with a technical continuity result along “conical
sequences” (see Section .

1.2. Existence and uniqueness of PS-measures. For a € A, let w, denote
the associated fundamental weight. The dual space of the partial Cartan subspace
ap C a can be identified with span {wq }aco. Then given ¢ € aj := span {wq }aco,
the ¢-critical exponent of a discrete subgroup I' < G is the exponential growth rate

§%(T) := limsup 1 log#{y €T :¢(r(v)) <T} €0, +00],
T—4o00 T

equivalently

(1) §?(M) =inf{ s>0: Ze‘wm(ﬂ) < 400 p € [0, +00].
yel’

We establish existence and uniqueness of Patterson—Sullivan (PS) measures on
the Furstenberg boundary. Further, we show that the measures are supported on
the “contracting conical limit set” which is a smaller subset than the usual conical
limit set defined in terms of shadows in the symmetric space. See Section [£.2] for
details.

Theorem 1.4 (PS-measures on the Furstenberg boundary). Suppose T' < G is
Zariski dense and Pg-Anosov. If ¢ € a; and 6°(T') < +oo, then there exists a
unique (T, ¢, 0% (T))-Patterson—Sullivan measure on the Furstenburg boundary Fa.
Moreover, this unique Patterson—Sullivan measure is supported on the contracting
conical limit set of T in Fa.
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Previously, existence and uniqueness for Patterson—Sullivan measures for Pg-
Anosov groups were only established on the partial flag manifold Fy. The limit set
in Fy compactifies the group (in fact identifies with the Gromov boundary of the
group) which makes the construction on Fy much more straightforward.

We construct the Patterson—Sullivan measure on Fa by using Theorem to
construct a measurable section Fy — F A and then pushing forward the Patterson—
Sullivan measure on Fy.

Remark 1.5. Quint [Qui02] proved that for a general Zariski dense discrete subgroup
I' <G, ¢€a* and 6 > 0, a (T, ¢, 6)-Patterson—Sullivan measure on Fa exists if
0 - ¢ is tangent to the so-called growth indicator of I' at the direction in the interior
int a™. We suspect that this condition can fail to hold for our most general existence
theorem (see Theorem and in particular when the flow space associated to the
transverse group has infinite BMS-measure. Indeed, in general, it is a priori possible
that a tangent direction is on the wall a* N ag. See Figure [1| below.

tangent direction

L(T)

at Nag

FIGURE 1. Slice of a™ along its unit sphere, when rank G = 3 and
#6 = 2. L(I') C a' denotes the asymptotic cone of ('), and
there is a tangent direction for 6?(I") - ¢ on £(T") N ag.

Remark 1.6. In particular, if ' < G is Zariski dense and Pa-Anosov, then the
existence of PS-measures on F 5 follows from Quint’s work as in Remark[1.5] In this
case, the uniqueness was proved by Edwards-Lee-Oh [ELO22] when rank G < 3,
and by Lee-Oh [LO24] without rank assumption. On the other hand, for Py-
Anosov case with 0 # A, the existence and uniqueness of PS-measures on F A were
not known, to the best of our knowledge.

We also show that these Patterson—Sullivan measures are singular to every other
Patterson—Sullivan measure.

Theorem 1.7. Suppose I' < G is Zariski dense and Pg-Anosov. Assume
e ¢1 € a}, §°(I) < +oo, and py is the (T, ¢1, 5% (I))-Patterson—Sullivan
measure on the Furstenburg boundary Fa.
e ¢y €a*, 0 >0, and ug is a (T, ¢o, §)—-Patterson—Sullivan measure on the
Furstenburg boundary Fa.

Then,
p1 and py are non-singular <=y =py <<= 0(T)-¢1 =0 po.

Notice that the functional ¢y is not assumed to be in aj. Previously, singu-
larity results of this form were only established for Patterson—Sullivan measures
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associated to functionals in aj on the partial flag manifold Fy. The Anosov case
was established in [LO23| [Sam24] and the transverse group case was established in
[BCZZ24| [Kim24].

1.3. Double ergodicity and Bowen—Margulis—Sullivan measures. Let K <
G denote the maximal compact subgroup with Lie algebra £, let A < G denote the
subgroup with Lie algebra a, and let M < K denote the centralizer of A in K.

When T' is Zariski dense and Pa-Anosov, the dynamics of the A-action on
the homogeneous space I'\ G/M has been extensively studied; see for instance
[CS23, [ELO23, BLLO23, [Sam24l, [LO24, [KOW25bh, [CZZ25] [KOW25a]. However,
very little is known when I' is only Py-Anosov and 6 # A. One reason for this
is that to construct Bowen—Margulis—Sullivan measures, one needs to start with
appropriate Patterson—Sullivan measures on the Furstenberg boundary which pre-
viously were only known to exist when I' is PAo-Anosov, or under extra hypotheses
as in Remark [LE

Using Theorem we can now construct Bowen—Margulis—Sullivan measures
on I'\G/M when I' < G is Zariski dense and Pg-Anosov. We briefly describe the
construction here, for more details see Section [9]

Suppose I' < G is Zariski dense Pg-Anosov and ¢ € a satisfies §%(I') < +oo0.
Let i : a — a denote the opposite involution. The adjoint i* : a* — a* preserves
the set of simple roots and we write i*0 := {i*a: @ € §}. Then i*¢ € a., and I is
P;«g-Anosov. Since

i*p(r(g)) = p(k(g™")) forall geG,
we have ¢ := 6?(I') = 6" ?(T"). Then, by Theorem there exist unique (T', ¢, J)
and (T',i*¢, §)-Patterson—Sullivan measures p14 and pi-4 on Fa, respectively.

Next let F (Az) denote the space of ordered transverse pairs and let Ga : F (AZ) —a
denote the Gromov product (see Equation for a definition). One can show
that the measure

dvg(x,y) == e 92@V dy 4 (2) @ dpsg(y)  on ]-"(AZ)

is I'-invariant. There is a natural equivariant identification of the homogeneous
space G /M with F (Az) xa where the left multiplication of G on G /M descends to
the G-action on }'(AQ) xa by

g- (.’E, Y, U’) = (ga?, gy, u+ Biw(gv .’IJ))
Since M commutes with A, we also have a right A-action on G /M, which corresponds

to the a-action on F (A2) xa by translation on the a-component. Further, if Leb,
denotes the Lebesgue measure on a, then the measure my := vy ® Lebg on G /M is
I'-invariant, and hence it descends to a Radon measure

mg on I'\G/M
called the Bowen—Margulis—Sullivan measure, which is invariant under the A-action.
Theorem 1.8 (Ergodicity on homogeneous spaces). With the notations above,

(1) The measure vy is non-zero and the I'-action on (]_.(Az)’ vy) 1s ergodic.
(2) The Bowen-Margulis-Sullivan measure my is non-zero and the A-action on

(T\G /M, my) is ergodic.



BOUNDARY MAPS AND PS-MEASURES FOR NON-BOREL ANOSOV GROUPS 7

More generally, we obtain an ergodic dichotomy for transverse groups in Theorem
m generalizing the classical Hopf—~Tsuji-Sullivan dichotomy [Tsu59, [Hop71] [Sul79,
AS84, [Rob03]. Similar ergodicity results were previously known only for certain
abstract flow spaces associated to 8 C A [Sam24, [CZZ24, [KOW25b|, which are
not homogeneous spaces unless § = A. When § = A, the ergodic dichotomy for
Pa-Anosov groups was first proved in [LO24].

To the best of our knowledge, Theorem [I.8|is the first ergodicity result on the
homogeneous space for Pg-Anosov groups when 6 # A.

Remark 1.9. One might also ask for the ergodicity as in Theorem when ¢ ¢ aj.
However, this is not true in general. Indeed, consider G = PSL(2,R) x PSL(2,C)
and

= {(n(7):p2(7)) € Gy € m(5)}

where S is a closed surface of genus at least two, py : m1(S) — PSL(2,R) is a cocom-
pact representation, and ps : 71 (S) — PSL(2,C) is a discrete faithful representation
such that py(m1(S))\ H? has one geometrically finite end and one geometrically in-
finite end.

In this case, we can assume that A = {ay, @} where a; is the simple root for
PSL(2,R) and ay is the one for PSL(2,C), and Fa = dH? xdH>. In addition, I is
Zariski dense and P, }-Anosov.

On the other hand, if one produces a measure v,, on ]-'(AQ) associated to as,
then v,, is not ergodic under the I'-action. This is because, if p is a (T, az,d)-
Patterson-Sullivan measure on F A, then passing to the projection 7 : Fa — O H?>,
the measure 7, is a (p2(71(S)), aa, )-Patterson-Sullivan measure on d H*. Hence,
the T-ergodicity of v, implies that the py(m; (S))-action on dH® xdH® \diag with
respect to the measure 7, ® . is ergodic, which is impossible due to the work of
Canary [Can93]. A similar discussion holds for Bowen-Margulis-Sullivan measures.

Example 1.10. Consider the case that G = G; x Gy for some semisimple Lie
groups G; and Gs. Then for any Anosov subgroup I'y < G; and a representation
p: 't = Gg, the subgroup

Li={(v,p(7)):v€l} <G

is Pp-Anosov for some # C A consisting of simple roots for G;. While p can even
be an indiscrete representation, Theorem applies to I'\ G /M and implies the
A-ergodicity when T" is Zariski dense.

A typical example is when G; = Gy = PSL(2,R), I’y < PSL(2,R) discrete, and
p: 'y — PSL(2,R) indiscrete. Such examples arise as Kobayashi geodesic curves
in Hilbert modular varieties.

1.4. Strict convexity of entropy. Using the theory developed here, we establish
new strict convexity results for variations of critical exponent.
Given a discrete subgroup I' < G, one can show that the subset

(2) () :={p€ay:0%T) <1}

is convex. Further, when I" is Pg-Anosov the set Qg(T') is strictly convex [Sam24|
Corollary 5.9.1] (see [CZZ24, Corollary 13.2] for the Py-transverse case). In this
paper, we will establish the following strict convexity result for Qa(T).
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Theorem 1.11 (Strict convexity in non-Anosov directions I). If T' < G is Zariski
dense and Pg-Anosov, then

{p€a;:67(I) =1}
are extreme points of Qa(T).

Theorem [1.11] is a consequence of the following estimate for critical exponent.
We also establish a more general version for transverse groups (see Section .

Theorem 1.12 (Strict convexity in non-Anosov directions II). Suppose I' < G
is a Zariski dense Pg-Anosov group, ¢ € a}, and §*(T) < +oo. If ¢p1,¢2 € a*
are linearly independent with §%*(T),5%2(T') < +oo and ¢ = c1¢1 + cago for some
c1,¢c9 > 0, then

§%(T) < !

5T T 592 (D)

The proof of strict convexity is based on the following proof strategy: if the
critical exponent does not drop under convex combination, then the associated
Patterson—Sullivan measures should be non-singular, which should imply that the
associated lengths are equal. Implementing this strategy has several parts:

e Constructing Patterson—Sullivan measures. Prior to our work, it was known
that there is a Patterson—Sullivan measure for ¢ on Fy and there was
no guarantee that Patterson—Sullivan measures exist for ¢, ¢2 (see Re-
mark . In this paper we show that there is a Patterson—Sullivan mea-
sure for ¢ on Fa (see Theorem[1.4). In a separate paper [KZ26], we show
that there are Patterson—Sullivan measures for ¢, ¢ on a different bound-
ary OaX which contains Fa. The boundary daX is constructed as a
vector-valued horofunction boundary of the symmetric space using Cartan
projections, see Section [4] for details.

e Showing non-singularity of Patterson—Sullivan measures when the critical
exponent does not drop. This will be a consequence of Proposition [8:3]

e Showing non-singularity of Patterson—Sullivan measures implies equality of
lengths. This was the main result of our earlier work [KZ25] in the context
of Patterson—Sullivan systems.

1.5. Entropy rigidity. As an application of our strict convexity results, we estab-
lish an entropy rigidity result for Anosov groups with Lipschitz limit sets.

In the following discussion, let a = {diag(t1,...,tq) : t1 + - + tq = 0} denote
the standard Cartan subspace for SL(d,R) and let A = {aq,...,aq4-1} denote the
standard simple roots defined by

e (diag(tl, ‘.. ,td)) = tj — tj+1.
For notation simplicity let Py := Prqo, 3, Fr := F(a,}, and Ag(I') := Ay, (T'). Notice

that we have a natural identification F; = P(R?).
The Hilbert functional ¢y € a* is
. 1
¢H(dlag(t1, N ,td)) = §(t1 — td)
and the Hilbert critical exponent of a discrete subgroup I' < SL(d, R) is the critical
exponent §%1(T") associated to ¢g. The motivation for this terminology comes
from the fact that if I preserves a properly convex domain 2 C ]P’(Rd), then 591 (T)
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coincides with the critical exponent of I' with respect to the Hilbert metric on 2
(this follows from [DGK24, Proposition 10.1]).

For a P;-Anosov group I' < SL(d,R) with Lipschitz limit set A,(T') ¢ P(R?),
Pozzetti-Sambarino—Wienhard established the following upper bound for the Hilbert
entropy.

Theorem 1.13 ([PSW23, consequence of Theorem A]). Suppose I' < SL(d,R)
is a P1-Anosov group acting strongly irreducibly on R? and on APHLRY for some
p <d-—2. If A;(T") is a Lipschitz p-manifold, then

§%H(T) < p.
Using Theorem we prove rigidity in the equality case.

Theorem 1.14 (Entropy rigidity). Suppose I' < SL(d,R) is a P1-Anosov group
acting strongly irreducibly on R? and on AP R? whose limit set Ay (T") is a Lipschitz
p-manifold for some p < d— 2. Then

37 () = p
if and only if T is conjugate to a uniform lattice in SO(d — 1,1) and p =d — 2.

Previously Pozzetti-Sambarino—Wienhard proved a variant of this rigidity re-
sult when T is also P,1-Anosov and A;(T) is a C'-smooth p-manifold [PSW23,
Proposition 7.7]. In this case, the P,41-Anosov assumption implies that the set
Q(ai,a,4,3 () in Equation is strictly convex and this strict convexity is essen-
tial in their proof. Using our “strict convexity in non-Anosov directions” theorem,
we are able to extend their argument to the non-P,1-Anosov case.

We also note that Theorem [1.14] generalizes a result of Crampon [Cra09] who
proved that if I' < SL(d,R) is a discrete group which acts cocompactly on a strictly
convex domain Q C P(R?), then

o (T) <d—2

with equality if and only if Q is an ellipsoid (and hence I' is conjugate to a uniform
lattice in SO(d — 1,1)). Under Crampon’s hypothesis, I' is P;-Anosov and acts
irreducibly on R? and hence also A% 1 R?, see [GW12| Section 6.2]. Further, A;(T")
coincides with 9Q and is hence a Lipschitz (d — 2)-manifold. So Theorem does
indeed generalize Crampon’s result.

1.6. Outline of Paper. The first part of the paper is expository. In Section 2] we
recall the definition and some properties of abstract Patterson—Sullivan systems,
which were introduced in our earlier work [KZ25]. In Section [3] we fix the notation
involving semisimple Lie groups that we will use throughout the paper. In Sec-
tion [4] we recall the definition and some properties of vector-valued horofunction
boundaries of symmetric spaces.

In the second part of the paper, we prove the existence of boundary maps for
Zariski dense representations of groups in a Patterson—Sullivan system. In Sec-
tion [5] we prove a technical continuity result for measurable maps into separable
metric spaces whose domain is well-behaved Patterson—Sullivan systems. In Sec-
tion [6] we establish the existence of a boundary map associated to a Zariski dense
representation of a group which is part of a well-behaved Patterson—Sullivan sys-
tem. Our boundary map existence result requires that the group action in the
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Patterson—Sullivan system is amenable and in Section [7] we verify this for trans-
verse groups.

In the final part of the paper, we apply the previous two parts to study Patterson—
Sullivan measures for transverse groups, mapping class groups, and discrete sub-
groups of isometry groups of Gromov hyperbolic spaces. In Section [§] we establish
existence and uniqueness results for Patterson—Sullivan measures on Fg associated
to Py-transverse groups when © D 6. In Section [9] we construct Bowen-Margulis—
Sullivans measures on the homogeneous space I'\ G /M when I" is a Zariski dense
Py-transverse group and prove a version of the Hopf~Tsuji—Sullivan dichotomy for
such measures. In Section we prove the strict convexity of critical exponents
in non-Anosov directions. In Section we prove the entropy rigidity for Anosov
subgroups with Lipschitz limit sets. In Section [I2] we consider representations of
mapping class groups and obtain measurable boundary maps from PML equipped
with the Lebesgue measure class. In Section we consider representations of
discrete isometry groups of Gromov hyperbolic spaces with exponentially bounded
geometry and also obtain measurable boundary maps from their Gromov bound-
aries. Finally, in Section [I4] we explain how to establish the statements in the
introduction from the results in the body of the paper.

Acknowledgements. Kim thanks the University of Wisconsin—Madison for hos-
pitality during a visit in October 2025. Zimmer was partially supported by a Sloan
research fellowship and grants DMS-2105580 and DMS-2452068 from the National
Science Foundation. This material is based upon work supported by the National
Science Foundation under Grant No. DMS-2424139, while the authors were in resi-
dence at the Simons Laufer Mathematical Sciences Institute in Berkeley, California,
during the Spring 2026 semester.

Part 1. Background
2. PATTERSON—SULLIVAN SYSTEMS

In this section, we recall the definition and some properties of abstract Patterson—
Sullivan systems, which were introduced in our earlier work [KZ25]. The main
idea in this previous work was to identify the key features of a group action on
a probability space that allows one to extend the theory of Patterson—Sullivan
measures. We note that a different framework for abstract Patterson—Sullivan-like
measures was given in [BCZZ24].

Given a compact metric space M, a subgroup I' < Homeo(M), and k > 0, a
function o : I' x M — R is called a k-coarse-cocycle if

lo(y172, %) — (0(71,727) + o (72, 7)) < K

for any ~1,72 € I and « € M. Given such a coarse-cocycle and § > 0, a Borel
probability measure p on M is called coarse (T, 0,0)-Patterson—Sullivan measure
if there exists C' > 1 such that for any v € ' the measures p, v, are absolutely
continuous and

_ dr, _
(3) O le0othe) < %(3?) < Ce 07 for prae. x € M.
m
When C' = 1 and hence equality holds in Equation , we call p a (o, 0)-Patterson—
Sullivan measure.
Now we recall the definition of Patterson—Sullivan systems.
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Definition 2.1. A Patterson—Sullivan-system (PS-system) of dimension § > 0
consists of

a coarse-cocycle o : I' x M — R,

a coarse (o, 0)-Patterson—Sullivan measure (PS-measure) p,

for each v € T, a number |||, € R called the o-magnitude of v, and

for each v € T" and R > 0, a non-empty open set Ogr(y) C M called the
R-shadow of ~

such that:

(PS1) For any v € I, there exists ¢ = ¢(vy) > 0 such that |o (7, x)| < ¢(7) for p-a.e.
e M.
(PS2) For every R > 0 there is a constant C' = C(R) > 0 such that

Vl, = C <aly,z) <y, +C

for all v € I and p-a.e. z € v~ Or(y).

(PS3) If {y,} C T, R, — +00, Z C M is compact, and [M ~\ v, Og, ()] — Z
with respect to the Hausdorff distance, then for any x € Z, there exists
g € I such that

gr ¢ Z.
We call the PS-system well-behaved with respect to a collection

H:={HR)cT':R>0}
of non-increasing subsets of I' if the following additional properties hold:

(PS4) T is countable and for any 7' > 0, the set {y € 3(0) : ||7]|, < T} is finite.

(PS5) If {y,} C T, R, — +00, Z C M is compact, and [M ~\ 7,1 Og, (7,)] = Z
with respect to the Hausdorff distance, then for any hq,...,h,, € I’ and
x € Z, there exists g € I" such that

gr ¢ G hiZ.
i=1

(PS6) If Ry < Ry and v € H(0), then O, (v) C Og, (7).
(PS7) For any R > 0 there exist C > 0 and R’ > 0 such that: if o, 8 € H(R),
lerll < 11Bll» and Or (@) N Or(B) # 0, then

Or(B) C Or(a)
and
1815 = lal, +[la™8]|,)] < C.
(PS8) For every R > 0, there exists a set M’ C M of full y-measure such that

nEIfoo diam Or(y,) =0

whenever {7y,} C H(R) is an escaping sequence and

zeM N () Orlm).

n>1

We call the collection H the hierarchy of the Patterson—Sullivan system.
For well-behaved PS-systems, there is a natural notion of conical limit set.

Definition 2.2. Let (M,I', 0, 1) be a PS-system.
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e Given a subset H C T' and R > 0, let Ag(H) C M be the set of points
x € M where there exists an escaping sequence {v,} C H such that

T € ﬂ OR(’YTL)‘
n>1

o If (M,T,0,u) is well-behaved with respect to a hierarchy H = {H(R) C
I': R > 0}, then the H-conical limit set is

(4) A0 =T - |J () Ar(3(n)).

R>0n>1

2.1. Boundary rigidity. One of the primary aims for developing the theory of
PS-systems in [KZ25] was to establish a general setting where Tukia’s measurable
boundary rigidity theorem [Tuk89] holds.

Theorem 2.3 (Boundary rigidity, [KZ25, Theorem 1.28]). Suppose
o (M;y,T1,01,11) is a well-behaved PS-system of dimension 6 with respect to
a hierarchy Hy, = {H(R) CT'y : R > 0} and
pr (A" (Hy)) = 1.
o (M5,Ty,09,u2) is a PS-system of dimension ds.

o There exists an onto homomorphism p : I'y — T's and a py-a.e. defined
measurable p-equivariant injective map f : My — Ms.

If the measures f.u1 and po are not singular, then

sup |81 [17ll,, — 02 o), | < +oo.
RISINT

2.2. Properties of Patterson—Sullivan systems. We now recall some useful
properties of Patterson—Sullivan systems proved in [KZ25], which were key ingre-
dients in the proof of Theorem They will also be used in this paper.

We begin with the ergodic property of a well-behaved Patterson—Sullivan system.

Theorem 2.4 ([KZ25| Corollary 5.2]). If (M,T', 0, u) is a well-behaved PS-system
with respect to a hierarchy H and p(A°™(H)) = 1, then the T'-action on (M, pu) is
ergodic.

The ergodicity as in Theorem [9.1] is based on the study of shadows and in par-
ticular a version of the Shadow Lemma.

Proposition 2.5 (Shadow Lemma, [KZ25] Proposition 3.1]). Let (M,T,o,u) be
a PS-system of dimension 6 > 0. For any R > 0 sufficiently large there exists
C =C(R) > 1 such that

%eﬂsuwug < 1(On(y)) < Ce=tIl,

for ally €T.

When the underlying PS-system is well-behaved, shadows also satisfy the follow-
ing version of the Vitali covering lemma.

Lemma 2.6 (Vitali Covering, [KZ25, Lemma 3.2]). Let (M,T,0,u) be a well-
behaved PS-system with respect to a hierarchy H = {H(R) C T': R > 0}. Fiz
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R > 0 and let R' > 0 be the constant satisfying Property [(PS7) for R. Then for
any I C H(R), there exists J C I such that

U or() c JOor()

yel ~yEeJ

and the shadows {Og(y) : v € J} are pairwise disjoint.

3. NOTATIONS FOR SEMISIMPLE LIE GROUPS

In this section we fix the notation involving semisimple Lie groups that we will
use throughout the paper. Of particular importance for our arguments are the
linear representations fixed in Section [3.6

Recall from the introduction that G is a semisimple Lie group with finite center
and no compact factors, g = p+¢£ is a fixed Cartan decomposition of the Lie algebra,
a C p is a fixed Cartan subspace, and a* C a is a fixed positive Weyl chamber.
We use X C a* to denote the set of restricted roots and use A C a* to denote the
system of simple restricted roots corresponding to the choice of a*. Then

9=200% P 0o

Q€S
where
0o ={X €g:[H X]=aH)X for all H € a}.
Let 1 (resp. ¥7) denote the restricted roots which are non-negative (respectively
non-positive) linear combinations of elements of A.

3.1. Cartan and Jordan projections. Let K < G denote the maximal compact
subgroup with Lie algebra £. Recall that every g € G has a Cartan decomposition,
ie. g = ke®9¢ for some k,¢ € K and a unique x(g) € at (the elements k, £ are
not unique). The map x : G — a™ is called the Cartan projection. The Jordan
projection A : G — aT is defined as

(1))
R
We fix a representative wy € K of the longest Weyl element which is of order
2. Let i := —Ad,, : a — a denote the opposition involution. This map has the
property that
(5) k(g™') =ik(g) forall geG.

The adjoint i* : a* — a* of the opposite involution preserves the set of simple roots
and for a subset # C A, we define

i"0:={i"a: o € 0}.

3.2. Parabolic subgroups and flag manifolds. Given a non-empty 6 C A, the
associated parabolic subgroup Py is the stabilizer under the adjoint action of the

Lie algebra
uf = @ Ja
QGEJ

where £ = £F \ span(A \ 0). We also set A := expa and At := expa®, and
denote by N < P the unipotent radical of Pa.
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The Furstenberg boundary and general 6-boundary are the quotient spaces
Fa:=G/Pa and Fyp:=G/Py.
We also call Fy a partial flag manifold. Two elements x € Fyg and y € Fi«y are
transverse if there exists g € G such that
r=gPy and y=gwoPi-,
equivalently (z,y) is contained in the unique open G-orbit in Fy X Fixg.

3.3. The special linear group. In this section, we fix some notation when G =
SL(V) and V is a finite dimensional real vector space endowed with an inner prod-
uct.

For a linear tranformation T : V — V, we let

o1(T) 2 - = 04(T)

denote the singular values of T" with respect to the inner product and let ||T|| :=
c1(T) denote the operator norm. We assume that the fixed maximal compact K
of SL(V) coincides with the orthogonal group of the fixed inner product. Then
we can fix a Cartan subspace a, a positive Weyl chamber a*, and a labelling

A ={aq,...,aqimv—1} of the simple roots such that
ai(9)
a;(k(g)) = .
! oiv1(9)

for each 1 < 5 < dimV — 1. Then the associated fundamental weights satisfy

wa, (#(g)) = log (01(g) - 0;(9)).-
For notation simplicity we let Py, := Pia,1, Fr := Fay}, and Ag(T) := Aq, ().
When V = ]Rd, we always use the standard inner product, the standard Cartan

subspace

a= {diag(tl,...,td) B AT IR S A :0},
and the standard positive Weyl chamber

at = {diag(t1,...,tq) €a:ty >+ >tq}.
Then

a; (diag(tl, . ,td)) = tj — tj+1 and woéj (diag(tl, e ,td)) = tl e R tj.

3.4. Projection to the flag manifold. For g € G with min,ep a(k(g)) > 0, we
define

Ug(g) =kPg e Fy
where g has Cartan decomposition g = kaf € KATK (the condition on the roots
implies that Uy(g) is well-defined). By Equation ,

ranelg a(k(g)) = aHel%Pe a(k(g™))

and so Ui+(g~1) is also well-defined when mingep a(k(g)) > 0.
These projection maps have the following dynamical behavior (for a proof see
for instance [KLP17, Section 4] or [CZZ24, Proposition 2.3]).

Proposition 3.1. If {g,} C G, 27 € Fy, and = € Fixg, then the following are
equivalent:
(1) gnx — xT for all x € Fy transverse to x~ and the convergence is uniform
on compact subsets.
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(2) mingep a(r(gn)) = +00, Ug(gn) — a7, and Ui-p(g,, ') — 2.

3.5. The partial Iwasawa cocycle. The [wasawa cocycle Biw :GXFa —ais
defined as follows: for g € G and z € Fa, BiW(g,z) € a is the unique element such
that
gk € K(exp B (g, 2))N
for k € K such that kPaA =z in Fa.
For general 6 C A, let

ag:={H €a:a(H)=0forall a ¢ 0}.

For o € A, let w, denote the (restricted) fundamental weight associated to «. Then
{Walay taco is a basis for aj and so there exists a unique projection

Tg : a4 — Qg
satisfying
(6) wamg(H) = wa (H)

for all H € a and o € 6.
The partial Iwasawa cocycle BEW : G x Fg — ag is defined as

(7) B (g, ) := By (9, %)

for any € Fa that projects to z € Fy under the canonical projection Fa — Fy.
The above definition is independent of the choice of # and defines a cocycle [Qui02]
Lemma 6.1].

Recall from the introduction that the partial Iwasawa cocycle can be used to
define a notion of Patterson—Sullivan measures on the partial flag manifold Fy (see

Definition .

3.6. Linear Representations. Throughout the paper, for each a € A we fix an
irreducible representation ®, : G — SL(V,,) and a ®,(K)-invariant inner product
on V,, with the following properties (using the notation in Section |3.3)):

(R1) There exists N, € N such that if g € G, then

0 (@ule)
o2(@alg)) ~ KO

(R2) There exists a @, (A)-invariant orthogonal splitting V,, = V& &V, such
that dim V- = 1. Moreover, if H € a and v € V", then

B (v = eNawalt)y,

(R3) There exist ®,-equivariant boundary maps (, : Fo — P(V,) and ¢ :
Fira = Graimv, —1(Va) such that:
(8) Ca(Pa) = Vi and Ci(uwo Piea) = Vi
(b) = € F, and y € Fi-,, are transverse if and only if {,(x) and (% (y) are
transverse.

log [[®a(9)[| = Nawa(r(g)) and log

Remark 3.2. Such representations exist due to Tits [Tit71, Theorem 7.2]. Indeed,
Tits proved the first claim in Property For a proof of the second assertion
in Property and Property see for instance [Smil8, Lemma 2.13] and
[BQ16, Sections 6.8, 6.9]. For a proof of Property see for instance [GGKWI17,
Section 3].
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Remark 3.3. We abuse notation and when a € 6, also often use (, to also denote
the map Fy — P(V,) obtained by precomposing (, : Fo — P(V,,) with the natural
projection 9 — F,. Likewise, we also use (., to denote the analogous map
defined on Fi«g.

The following lemma relates the projections to the flag manifolds introduced in
Section [3.4] to these representations.

Lemma 3.4 (JKZ26, Lemma 3.5]). Fiz o € A and assume {gn} C G is such that
a(k(gn)) = +00, Ualgn) = z, and Ui (g,;') — y. Then any limit point of

1 .
m@a (gn) in End(V,)

has image (. (x) and kernel (% (y).
3.7. Irreducible actions. A subgroup H < SL(V) is called irreducible if there is
no non-trivial and proper subspace of V invariant under H, and is called strongly

irreducible if any finite index subgroup of H is irreducible. We transfer these notions
to G using the @, ’s.

Definition 3.5. A subgroup I' < G is (®q)aecq-irreducible if ®,(I") < SL(Vq)
is irreducible for all « € 0, and strongly (P, )aco-irreducible if any finite index
subgroup of T is (P4 )aecp-irreducible.

Remark 3.6. Notice that a Zariski dense subgroup is strongly (®,)aca-irreducible.
We will use the following observation several times.

Lemma 3.7 ([KZ26, Lemma 3.8]). Suppose I' < G is strongly (P )aco-irreducible.
If

e ay,...,q, are (possibly non-distinct) elements of 0,
o v; €Vy, N{0} fori=1,....,m, and
o W, C V,, is a proper linear subspace fori=1,...,m,

then there exists v € I' with
Do, (Y)vi ¢ Wi
foralli=1,... . m.

3.8. (Relatively) Anosov and transverse groups. In the rest of this section
we recall the definitions of (relatively) Anosov and transverse groups, and some
results about Patterson—Sullivan measures for such groups.

Given a discrete subgroup I' < G, a point = € Fy is a limit point of I if
there exists an escaping sequence {v,} C I' with minyeg a(k(yn)) — 400 and
Ug(yn) — x. The limit set of T', denoted by

Ay(T) C Fo,

is the set of all limit points of I'. Proposition implies that the points in Ay (T)
are exactly the points 27 € Fy where there exists a sequence {7,} C I' and a non-
empty open set U C Fy such that v,z — x™ for all x € U, uniformly on compact
subsets.

A discrete subgroup I' < G is Pg-transverse if mingeg a(k(y,)) — +oo for any
sequence {y,} C T' of distinct elements and any two distinct points in Agui<o(T)
are transverse.
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Sometimes the definition of transverse group includes the assumption that 0 is
symmetric (i.e., § = i*0). However, as the next observation demonstrates, this
results in no loss of generality.

Observation 3.8. I' < G is Py-transverse if and only if I' is Pyuj-¢-transverse.
Moreover, in this case the the projection Fy ;=9 — Fp induces a homeomorphism
Agui*g(r> — Ag(F)

A Py-transverse group is called non-elementary if #Ay(T") > 3, in which case the
natural T-action on Ay(T') is a minimal convergence action and #Ay(T") = 400, see
[KLP17, Theorem 4.16] or [CZZ26, Proposition 3.3].

A Py-transverse group is Py-Anosov if the action of I' on Ag(T") is a uniform
convergence action, equivalently I' is word hyperbolic as an abstract group and
there exists an equivariant homeomorphism from the Gromov boundary to the
limit set Ap(T') [Bow98|. Likewise, a Pg-transverse group is Py-relatively Anosov if
the action of I on Ag(T") is geometrically finite, equivalently if I has the structure
of a relatively hyperbolic group and there exists an equivariant homeomorphism
from the associated Bowditch boundary to the limit set Ag(T") [Yam04].

Canary, Zhang, and the second author established the following existence and
uniqueness results for Patterson—Sullivan measure supported on the limit set.

Theorem 3.9. Suppose I' < G is a non-elementary Pgy-transverse group, ¢ € ag,
and §(T') < +o0.
(1) [CZZ24, Proposition 4.2] There exists a (T, ¢,5%(T))-Patterson-Sullivan
measure supported on Ag(T).
(2) [CZZ24, Proposition 8.1] If u is a (T, ¢, 8)-Patterson—Sullivan measure sup-
ported on Ag(T'), then B > §¢(T).
(8) [CZZ24, Corollaries 12.1 and 12.2, and Proposition 9.1] If

3 MO LICICh
~el’

then there exists a unique (I, ¢, 5% (T'))-Patterson—Sullivan measure p sup-
ported on Ag(T"). Moreover, I acts ergodically on (Ag(T'), ) and p is sup-
ported on the conical limit set in the sense of the convergence action of T’
on Ag(T).

Remark 3.10. When I' < G is Zariski dense, the uniqueness holds for measures
supported on Fy, as shown by the first author, Oh, and Wang [KOW25b].

4. VECTOR-VALUED HOROFUNCTION COMPACTIFICATIONS AND PS-MEASURES

In this section, we recall the vector-valued horofunction compactifications of the
symmetric space X = G /K associated to G introduced in our other work [KZ26]. It
turns out that they contain 6-boundaries, and we also consider Patterson—Sullivan
measures there. Similar compactifications, but using Finsler metrics, appear in
[KL18| HSWWIT, [LP23] Lem23].

Fix the basepoint o := K € X. The symmetric space distance is given by

dx (go, ho) = ||/-§(g*1h)||
where ||-|| is some norm on a. For z = go, define the vector-valued horofunction
b, : X — aby

bs(ho) = K(h™"g) - k(g).
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Then the maps {b, : x € X} are uniformly Lipschitz [KZ26l Lemma 4.1].

For non-empty 6 C A, let mg : a — ag be the projection satisfying Equation (@
and then let 99X be the set of functions £ : X — ay where there exists an es-
caping sequence {z,} C X with mgb, — & in the compact-open topology. The
uniform Lipschitzness above, together with the separability of X, implies that 0y X
is compact in the compact-open topology. Further, G acts on dg X by

g-&=Cog ' —&(g o).
The space JgX can be used to compactify X.

Proposition 4.1 ([KZ26, Proposition 4.2]). The space X' = XU 09X has a
topology which makes it a compactification of X, that is X 1is a compact metrizable

space and the inclusion X — X is a topological embedding with open dense image.
Moreover with respect to this topology:
(1) {zn} C X converges to & € 99X if and only if dx(o,x,) — +oo and
by, — € in the compact-open topology.

(2) The G-action on X’ is continuous.
Patterson—Sullivan measures on dy X can naturally be defined as follows.

Definition 4.2. Given a subgroup I' < G, § C A, ¢ € aj, and § > 0, a Borel
probability measure p on 9y X is a coarse (I', ¢, 0)-Patterson—Sullivan measure if
there exists C' > 1 such that for every v € T" the measures pu, 7. are absolutely
continuous and

dvs
C—le—0%E(0) < %ﬂ“(@ < Ce¥%00) i ae.
We call p a (T, ¢, §)-Patterson—-Sullivan measure if C = 1.

Using Patterson’s original construction for Fuchsian groups, we proved the fol-
lowing existence result.

Proposition 4.3 ([KZ26| Proposition 4.5]). If I' < G is discrete, ¢ € aj, and
§%(T') < 400, then there exists a (T, ¢,3%(I"))-Patterson—Sullivan measure on 9pX .

4.1. Embeddings of partial flag manifolds. The partial flag manifold Fy turns
out to be naturally embedded into dypX. Recall that BQIW : Gx Fg — ag denotes
the partial Iwasawa cocyle. Quint [Qui02, Lemma 6.6] proved that

ILm mok(9  hy) — mok(hy) = BW (g7, 2) forall g€ G

when mingeg a(k(hy,)) — 400 and Uyp(hy,) — z. Using this fact, we showed that
Fg embeds into 0pX.

Proposition 4.4 ([KZ26, Proposition 4.7]). There exists a topological embedding
t:Fg — 0pX that satisfies

(8) u(z)(ho) = BV (h™", )
for all x € Fy and h € G. Moreover:

(1) If a sequence {g,} C G satisfies mingep (k(gn)) = +00 and Ug(g,) — x,

then ,
gno — u(x) in X .
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(2) If uis a (coarse, resp.) (L, @, d)-Patterson—Sullivan measure on Fg in the
sense of Definition then L. is a (coarse, resp.) (I, ,0)-Patterson—
Sullivan measure on 9y X in the sense of Definition[{.3

4.2. Shadows and contracting conical limit sets. We now define shadows
on JpX and use them to introduce the contracting conical limit set of a discrete
subgroup.
In [KZ26, Lemma 4.6], we proved: if £ € 99X and g € G, then
wa(g™'0) < wakl(g)

for all @ € 0. Given g € G, we then define shadows in JyX by considering the set of
functionals ¢ that are close to maximizing the expression w,&(g~to) for all o € 6.
More precisely, for g € G and R > 0, the associated shadow is defined by

O%{(Q) =g - {6 € 0pX : wab(g o) > wak(g) — R for all a € 0}.

In what follows we use my to denote both the projection a — ay satisfying Equa-
tion @ and the map daX — 0ypX obtained by the postcomposition with this
projection. Since wy€ = wm€ for all @ €  and £ € Ip X, we have

0 O%(9) C O%(9)-

We also use Proposition [{.4] to view F as a subset of 99 X. Then Equation (7)) and
Proposition imply that mg|x, coincides with the natural projection Fa — Fy
given by g Pa — g Py.

The boundary 9y X has a natural cocycle By : G X0y X — a defined by

By(g,x) :=E&(g o).

Indeed one can see that By(g192,&) = Bg(g1,928) + Ba(gz, &) for all g1, g2 € G and
£ € 0gX.

In [KZ26], we verified that the definitions above give PS-systems on x’.

Theorem 4.5 ([KZ26, Theorem 6.1]). Suppose 8 C A and ¢ € a). IfT < G is
strongly (P )aco-irreducible and p is a coarse (T, ¢, d)-Patterson—Sullivan measure
on 99X, then (99 X,I',¢ o By, n) is a PS-system, with magnitude |||, == k(7))
and the R-shadows O% () for each v € . Moreover, holds.

For transverse groups, we showed that the system is well-behaved.

Theorem 4.6 ([KZ26, Theorem 6.2]). Suppose 6 C A, ¢ € a}, and I' < G is
a strongly (Py)aco-irreducible Pg-transverse group. Let p be a coarse (', ¢,0)-
Patterson—Sullivan measure on 99X. Then the PS-system (09X,T',¢ o By, ) in
Theorem is well-behaved with respect to the trivial hierarchy H(R) =T

Remark 4.7. See [KZ26] Section 5.2] for a comparison of shadows in 0y X with the
shadows in Fy defined in terms of positive Weyl chambers in the symmetric space.
4.3. Properties of shadows. We record some properties of shadows. For part (3),

0
we fix any metric generating the topology on X .

Lemma 4.8 ([KZ26l Lemmas 5.4, 5.5, 5.6]).
(1) For any g € G and R > 0, there exists R = R'(g,R) > 0 such that: if
h € G, then
9 O%(h) € Ol (gh).
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(2) For g € G with minyecp a(r(g)) > 0,

Us(g) € O%(g)

for all R > 0.
(3) For a sequence {gn} C G, if mingeg a(k(gn)) — +00, then

diam 0% (g,) — 0.

4.4. Contracting conical limit sets. Given a subgroup I' < G, we define its
conical limit set in 0y X by

(9) AFHI) =<K€ €0pX :IR >0, escaping {7,} C'st. { € ﬂ O% () ¢
n>1
following the classical definition of conical limit sets in rank one settings.

When G is of higher rank, the intersection (), 0% (y») may not be a singleton,
even after intersecting with the partial flag manifold F4 and the conical limit set
A§°™(T), even after intersecting with Fp, may not be a subset of the limit set Ag(T'),
see [KZ26, Example 5.8]. Hence, in view of Lemma 3), we define the following
smaller subset of conical limit set, which only involves shrinking shadows.

Definition 4.9. Given a subgroup I' < G, we call £ € 0p X a contracting conical
limit point of T if there exist R > 0 and a sequence {~,} C I' such that

. . . 0
S lpe(rOn) = koo and €< (] Okl

We denote by A§°"°™(T") the contracting conical limit set of I', which is defined as
the set of all contracting conical limit points of T'.

For general I' < G, the contracting conical limit set A§°"°™(T") is a I'-invariant

subset of the limit set Ag(I') C Fp introduced in Section (this follows from
Lemma.

For transverse groups we have the following.

Proposition 4.10 ([KZ26, Proposition 5.3, Theorem 6.3]). If I' < G is a non-
elementary Pg-transverse group, then:
(1) Ageo™(T) = AP™(T) and A" (T) is a subset of the limit set Ag(I') C Fy
introduced in Section [3.8.
(2) Ag™(T) coincides with the conical limit set in the convergence group sense
(recall that T' acts on Ay(T') as a convergence group).

(3) If ¢ € a};, 6%(T') < +o0, and > yer e=9"N6(x(M) = 400, then there emists
a unique (T, ¢,5%(I))-Patterson—Sullivan measure u on 9y X . Moreover,

p(Ag™ (D)) = 1.

Part 2. Construction of measurable boundary maps
5. CONTINUITY PROPERTIES OF BOUNDARY MAPS

In this section we prove the following technical continuity result for measurable
maps whose domains are well-behaved PS-systems. Notice that the theorem does
not assume that the map has any equivariance properties.
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Theorem 5.1. Suppose (M,T,0,u) is a well-behaved PS-system with respect to
a hierarchy H = {H(R) Cc T': R > 0}. Assume F' : M — (Y,dy) is a Borel
measurable map into a separable metric space.

For p-a.e. xyg € M, if xo € ()51 7 Or(m) for some v € T', escaping sequence
{vn} with~, € H(n), and R > 0, then there exist a subsequence {yn,}, b1, ..., hy €
T, and a p-null set E C M such that for each x € M\ FE there exists some1l < i <m
where

lim F(yyn, hiz) = F(2o).

Jj—4o00
Moreover, if
uw(Z) =0
whenever S, — 400 and [M ;' Og, (vn)] — Z with respect to the Hausdorff
distance, then we can assume that m =1 and hy = id.

We use the following result from our earlier work.

Lemma 5.2 ([KZ25, Corollary 5.5]). Suppose (M,T',o,u) is a well-behaved PS-
system with respect to a hierarchy H = {H(R) Cc T' : R > 0}. Assume that
F: M — (Y,dy) is a Borel measurable map into a separable metric space.

If R > 0 s sufficiently large, then for p-a.e. v € M we have

_ 1
0= ngrfw mu ({y € YORr(n) s dy (F(z), F(y)) > €})

for all € > 0 whenever x € (,~, Y Or(Vn) for some v € I' and escaping sequence
{m} c H(R).

5.1. Proof of Theorem Fix R; / +oco. After possibly increasing each {R,},
by Lemma for each j > 1 there exists a full y-measure set M; C M such that:
if 2o € M;N(),>1 7 Or,(7n) for some v € I' and escaping sequence {v,} C H(R;),
then B

. 1
0= nEI-Ts-loo mu ({z € YOR, () : dy (F(z), F(20)) > €})

for all € > 0.
Let
M = ﬂ yM;.
ver,j=1
Then M’ is a I'-invariant set with full g-measure.
Fix g € M', v € T, and {v,} C T escaping such that v, € H(n) and

2o € () 7Or(Tm)
n>1

for some R > 0. Passing to a subsequence and relabelling, we can suppose that
Yn € H(Ry,) for all n > 1.
We can also assume R; > R for all j and hence by Property

xo € ﬂ v OR, (Yn)-
n>1
Since j — H(R;) is non-increasing, we have {v,}n>; C H(R;). So

. 1
0= nEr-sI-loo mu ({z € YOR, () : dy (F(z), F(20)) > €})
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for all j € N and € > 0. By Property [(PS1)}

. 1
ngr}rloomy ({z € Or, () : dy (F(yz), F(x0)) > €})
. 1 -1 )
= nglfoo m% K ({37 € Og, () : dy (F(vx), F(20)) > 5})
lim ;u ({z € YORr, () : dy (F(z), F(x0)) > €}) =0

~ nortoo (7 O, ()

for all j € N and € > 0.
By Property |(PS2)| there exists C; > 1 such that

sl < Din sl ~5lhal ~1
Cje o < i < Cje o p-a.e.on v, Or, (7n)

where § > 0 is the dimension of the PS-system. Hence

i L —1 T —1 : T T €
0= lm e om0 (v et ({2 € 77 Or, () : dy (F(yym®), F(20)) > €})
= ngl}rloo W# ({I € %71 ORj (Yn) : dy (F(yynzx), F(z0)) > 6})

for all j € N and € > 0. Since

17, Or, () < 1,
then

0= lim p({ze it Or, () : dy (F(yymz), F(20)) > €})

n——+00

for all 7 € N and € > 0. Then we can find S, = R;, — 400 and €, \, 0 such that
Jn < n and after passing to a subsequence of {7},

> n({z €7 Os, () : dy (F(yyma), F(20)) > €4 }) < +00.
Let )
Eni={z €7, Os, () : dy (F(ynz), F(20)) > €1}

L

N>1n>N
which is p-null by the Borel-Cantelli Lemma.
Passing to a subsequence we can suppose that [M N, O, ('yn)] — Z with
respect to the Hausdorff distance.
If u(Z) =0, then we set

and

E=FuZz
which is p-null. Fix 2 € M \ E. Since « ¢ Z and Z is closed, there exists some
No € N such that € (5, ¥n " Os,, (Yn). Since z ¢ E', there exists some Ny € N
such that = ¢ .y, En- Hence for n > max(No, N1) we have

dy (F(yym), F(x0)) < €n.

Since ¢, — 0, this implies that F(yvy,x) — F(z), and the “moreover” part follows.
In general, we set

E:=T-F
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which is p-null by the quasi-invariance of p. By Property |(PS3)l we can pick
hi,...,hy €T such that

'z =0.

i=1

Then fix » > 0 such that .
(' Ne(2) =0,
i=1

equivalently
m

Ur ' ~N(2) =M.

i=1
Notice that

M \NT(Z) C ﬁ 77:1 OSH('Yn)
n>Ng
for some Ny € N.
Now fix z € M ~\ E. Then we can fix 1 < i < m such that h;z € M ~ N .(2).

Since E =T - F’, we have h;z ¢ E’. In particular, there exists some N; € N such

that

TLZNl
Then for n > max(Ny, N1) we have

dy (F(yynhiz), F(z0)) < €.
So F(yynhiz) = F(xo). -

6. BOUNDARY MAPS AND ALMOST EVERYWHERE CONTRACTION

In this section, we prove the existence of boundary maps, which is the main
technical result of this paper. We first define two notions which we need to state
our result.

Suppose I is a locally compact group acting on a measure space (M, 1) where p
is a T-quasi-invariant measure. Then the action of ' on (M, 1) is amenable if there
exists a sequence \,, : M — Prob(T") so that for p-a.e. x € M and every g € T,

m {|An(g2) — g« An(z)[ =0

n—-+o0o
where Prob(-) is the space of Borel probability measures and ||-|| denotes the total
variation.
A subgroup H < G is Py-contracting if there exists a sequence {h,} C H such
that
a(k(hy)) = 400 for all a € 6.
If H is Zariski dense, then H is Pg-contracting, see [GM89, Theorem 3.6] or [Pra94].

Theorem 6.1. Suppose (M,T,0,u) is a well-behaved Patterson—Sullivan system
with respect to a hierarchy H = {H(R) C T : R > 0},
p(ATN(H)) = 1,
and the T-action on (M, i) is amenable.
If p: T — G is a representation such that p(T') is Pg-contracting and strongly

(Po)aco-irreducible, then there exists a p-equivariant p-a.e. defined measurable map

f: M — Ap(T). Moreover:
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(1) For p-a.e. x € M, if vy € T, {~,} CT is escaping, v, € H(R,) for some
R, — 400, and

z € ()7 Or(m),
n>1
for some R > 0, then

a(k(p(yym))) = +oo  forall a€b

and

Up(p(ym)) = [ ().

(2) If m : M — Prob(Fy) is some p-equivariant pi-a.e. defined measurable map,
then m(x) = Dy () p-a.e. In particular, if f': M — Fy is a p-equivariant
p-a.e. defined measurable map, then f = f' p-a.e.

(3) If the hierarchy H is trivial (i.e., H(R) =T), then for p-a.e. x € M, there
exist R >0, v € T, and an escaping sequence {v,} C T such that

lim mina(k(p(yn))) = +00, € [|vOr(Wm), and f(x)€ [ p(7) O%lp(1n)).

n—+00 ach
n>1 n>1

In particular,
fu(Agmeon (1)) = 1.

Remark 6.2. Recall that the conditions in (1) imply that p(yy,)o — f(z) in x’ by
Proposition [1.4]

In the rest of this section, we assume the hypotheses of Theorem

Lemma 6.3. There exists a p-equivariant p-a.e. defined measurable map mg : M —
Prob(Fg). Moreover, mg maps into a single G-orbit.

Proof. The existence of the map mq follows from [Zim84, Proposition 4.3.9]. By
Theorem the I'-action on (M, u) is ergodic. Then the fact that mg maps into
a single G-orbit follows from [Zim84l, Corollary 3.2.17, Proposition 2.1.11], together
with the ergodicity of the T'-action on (M, u). O

Since my maps into a single G-orbit, we can fix a measure vy € Prob(Fy) and a
measurable map x € M +— g, € G such that

mo(7) = (gz)«10

for u-a.e. x € M.

Let dy € Z>¢ be the smallest non-negative integer where there exists an (real)
algebraic variety of dimension dg in Fy with positive vg measure. Then let A denote
the set of all irreducible dy-dimensional algebraic varieties with positive 1y measure.
Notice that if Z;,Z; € A are distinct, then v4(Z; N Z2) = 0 by the minimality of
dp. Hence

Vg = Z Vo(‘mZ)‘f‘ﬂo
ZeA
where 7y is a non-negative measure.
Now fix € > 0 sufficiently small such that the set

Ac:={Z e A:1y(Z) > €}
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is non-empty (notice that it must be finite). Then define

vy _ Z vo(-N Z)

B ZZeA6 VO(Z) ZeA.
and define m; : M — Prob(Fy) by
m1(z) = (gz)«11-

Then by construction the map my is p-equivariant and for p-a.e. x € M, my(x) is
supported on finitely many irreducible dp-dimensional algebraic varieties.
For a € 0, let po := ®oo0p: ' — SL(V,,). In what follows, we view the boundary

map (, in Property |(R3)|as having domain Fp.

Proposition 6.4. There exists a I'-invariant full p-measure set M’ C M such
that: if xo € M', {y,} C T is escaping, v, € H(R,) for some R,, — 400,

Ty € m ¥ Or(vn)
n>1
for some R > 0, and

pa(V’Yn)
5§, € End(V,)
[ pa (v yn)

for all a € 6, then

(1) rank S, =1 for all a € 6,
(2) mi(zo) = D¢ where £ € Fy is the unique point with (o (§) = im S, for all
a€d.

Delaying the proof of Proposition [6.4] for a moment, we complete the proof
of Theorem The proposition implies that m;(z) is a Dirac mass when z €
M’ N A (H) and so f(z) = suppm;(z) provides a p-equivariant p-a.e. defined
measurable map f: M — Fy.

Lemma 6.5. f satisfies part (1) of the “moreover” part of Theorem .
Proof. Suppose x € M’ and x, v, {7} satisfy the hypothesis of part (1). Proposi-
tion [6.4] implies that any limit point of

Pa(V¥n)

6 (y7n)

has rank one and image (,f(z). So by Property [(R1)| of the representations ®,,
we have

a(k(p(yyn))) = +oo forall « €.
Then Lemma implies that Up(p(yyn)) — f(x). O

We now prove the part (2) of the theorem. With the notation introduced at the
start of the proof, dy = 0 and A, is a point. Since ¢ > 0 was an arbitrary small
positive number, this implies that A is a point. Hence there exists A > 0 such that

mo(x) = )\Df(z) +ﬁ‘|0($)
H-a.e., where rﬁ[) (:c) is a non-atomic non—negative measure.

Lemma 6.6. If m : M — Prob(Fy) is an p-equivariant u-a.e. defined map, then
m(z) = Dy(y) p-a.ec.
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Proof. At the start of the argument, mg : M — Prob(Fy) was an arbitrary p-
equivariant p-a.e. defined map. Hence repeating the proof above, there exist
XN > 0 and a p-a.e. defined p-equivariant map f' : M — Fjy such that m(z) =
N Dy (z) +m(z), where m(z) is a non-atomic non-negative measure. Further, f’
satisfies part (1) of the moreover part of the theorem. Since f also satisfies part
(1) of the moreover part of the theorem, we must have f' = f u-a.e.

Then it suffices to show that m(z) = 0 for p-a.e. x € M. Suppose not. Then
since © — m(z)(Fy) is -invariant and T" acts ergodically on (M, u), we have m(x)
is a non-zero measure for p-a.e. x. Then ﬁ : M — Prob(Fy) is an p-equivariant
p-a.e. defined map. So repeating the argument again, we see that m(z) has an atom
for u-a.e. x, which is a contradiction. (]

Now it remains to show the part (3). Suppose that H(R) =T'. Since Fg C JpX
by Proposition [£.4] we can consider f as the map into 9y X. We then consider the
mized shadow

Ok() = Or(7) N 7 (OR(p(1))
for vy € T and R > 0. By the part (1) of Theorem it suffices to show that for
p-a.e. x € M, there exist R > 0, v € ', and an escaping sequence {7,} C T such
that z € v (’)g(vn) for all n € N. Then the “in particular” part follows from Lemma

Z31).
By Property |[(PS4)] we can fix an enumeration I' = {~,,} such that
Imlly < lelly <---

By the Mixed Shadow Lemma in our earlier work [KZ25] Theorem 6.2] and the
Shadow Lemma (Proposition , we can fix R > 0 so that for some C > 1, we
have

1
=1 (OR() < 1 (OR(1) < Cu(Or(y)) forall yer.
By [KZ25, Proof of Theorem 4.1], the sequence of sets A, := Or(yn), n € N,
satisfies the following Kochen—Stone Lemma, with Q = M and v = pu.

Lemma 6.7 (Kochen-Stone Lemma, [KS64]). Let (2, v) be a finite measure space.
If {A,} C Q is a sequence of measurable sets where
N
_v(A,NA,
ZV(An) =+oo and Jl\i’minf 2Znm=1/{ 3 )
—+00 N
n=1 (2 van))

< 400,

then
v({xz € Q: x is contained in infinitely many of Ay, As,...}) > 0.

The uniform estimates on shadows implies that the new sequence of sets B,, :=
O{%(%), n € N, also satisfies this Kochen—Stone Lemma. Therefore, setting

E:=¢{xeM:3R>0, vyeT, escaping {y,} CT st. z € ﬂ ’y(’){%('yn) ,
n>1

we have u(E) > 0 and F is T-invariant. Since the T'-action on (M, u) is ergodic
(Theorem [2.4), we have p(E) = 1. This completes the proof of (3).

Therefore, Theorem follows, and it remains to prove Proposition [6.4]
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6.1. Proof of Proposition Let M’ C M be a full y-measure set satisfying
the conclusion of Theorem Suppose g € M’, v € T, {y,} C T is escaping,
Yn € H(R,,) for some R,, — 400,

2o € () 7Or(Tm)
n>1
for some R > 0, and

pa(YVn)

- = 5, € End(V,
ToaCrval (Va)

for all « € 6.
Using Theorem and replacing {y,} by a subsequence, there exists a p-null
set £ C M and hy,...,hy € I such that: if y € M ~ E, then

my (7o) = m m1(vynhiy)

for some 1 <43 < N.
Given T € End(V,) and a measure v on P(V,), we define the pushforward
measure
Tv:="1T, (V|P(Va)\P(kerT)) .
The following well known observation will allow us to study the limit points of
ToeGaey in End(Va).

Observation 6.8. Suppose v is a Borel probability measure on ]P’(Rd) and T,, =T
in End(R%). If v(P(ker T')) = 0, then (T,).v — Tyv.

Since p(I') is Pg-contracting, there exists a sequence {g,,} C I' such that

min a(k(p(gm))) — +oo.

Passing to a subsequence we can suppose that

Po(gm)
——— — T, € End(V,)
oo (gm)
for all o € 6. By Property |(R1)|
o1(Pa(gm))

o2(pa(gm)) e

and hence T, has rank one for each « € 6.
Fix
Yy EMNT-FE
(this set has full pg-measure and hence is non-empty).
Lemma 6.9. There exist uy,us € I' such that
Sapa(hiu1)To #0 forall a€d, 1<i<N

and

plu)Y ¢ §;1 (P(ker Sapa(hiul)Ta)) forall a€f,Y €gy Ac.
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Proof. For each € § and 1 < i < N, fix v, € imT, non-zero. By Lemma [3.7]
there exists u; € I' such that
po(u1)va & pa(hi) ™" ker S,

forall « € 6 and 1 < ¢ < N. Then u; satisfies the first part of the lemma. Next
for each Y € g, A, fix a non-zero vector wy € V, with [wy] € (4(Y). Then by
Lemma [3.7] there exists up € I' such that

pa(u2)wy & ker Sopo (hiui)T,

forall « € 0 and Y € gy, Ac (recall that A, is finite). Then uy satisfies the second
part of the lemma. O

For each m € N, since u;gnusyo ¢ E, there exists some 1 < i, < N such that

Jm p(v¥nhi,, w1 gmuz)cmi(yo) = Hm M1 (YYnhi,, w1 gmuayo) = mi(xo).

Replacing {g,,} with a subsequence and relabelling the {h;} we can assume that
h;,, = hy for all m. Next fix n,, — 400 such that

lim  p(yyn,, b1t gmuz)«mi(yo) = mi(xo).

m——+00
Notice that
i Pe (Vnwhrtagmuz)  Sapa(hiur)Topa(uz)
m=+00 || pa(YYn,, P11 gmuz) || [Sapa(hiur)Topa(usz)||
since Sqpa(hiu1)Ty # 0.
By the choice of ug, if Y € g,, Ac and « € 0, then

Y ¢ ¢ (Plker Ty)),

=: T, € End(V,),

and so
dim (Y N ¢S " (P(ker T7,))) < do.
Hence by the definition of my,

(Ca)smi(yo) (P(ker T7,)) = mi(yo) (¢3! (P(ker T7,))) = 0.
So Observation [6.8] implies that

(Ca)emi(zo) = lim (Ca)xp(YYn,, P11 Gmu2) M1 (Y0)

m——+oo

= lm  po(Y¥n,, h1t1gmha)«(Ca)«m1(yo)

m—>—+0o0
= (T,;)*(Ca)*ml(QO)'

Since rank 7, = rank T,, = 1 we then see that
(Ca)sm1(z0) = Dp(imr:) -

Thus mq(z9) = D¢ where £ € Fy is the unique point with (,(§) = P(imT}))
for all @ € 6. Since imT), C im S, to finish the proof it suffices to show that
rank S, = 1.

Fix o € 0. Since my(zo) is a Dirac mass, the definition of m; implies that m;(z)
is a Dirac mass for p-a.e. . Then f,(z) := supp ({n)«m1(x) defines a p-equivariant
p-a.e. defined measurable map f, : M — P(V,,).

Suppose for a contradiction that rank.S, > 1. Fix zg € M ~\ T - E such that
fa(z0) is defined.
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Lemma 6.10. There exists us € I' such that
pa(hiu?»)foz(ZO) ¢ P(ker Soz)

and

Sapa(hiug) fa(z0) # fa(zo)
foralll1 <i<N.

Proof. Let fo(z0) = [v] for some non-zero v € V,. Notice that since S, has rank at
least two, S5 1(fa(z0)) C Vi, is a proper linear subspace. So by Lemma there
exists us € I' such that

Palus)v ¢ poé(hl-)*1 ker S,
and

pa(uz)v & pa(hi) 1S5t (falzo))
for all 1 <7 < N. Then us satisfies the desired conclusion. O

Since uszg ¢ F, there exists 1 <i < N such that
m1(zo0) = nglfoo my(yYnhiuzzo) = nglfoo p(Y¥nhiusz)mi(20).
Applying ({,)+, Observation implies that
Dfatwo) = (Ca)smi(zo) = Hm  pa(yynhius)s Dy, (z)

= D3pa(hius)fa(zo) -
Since Sqpa(hiuz)fa(20) # falzo), we have a contradiction. Hence rank S, = 1,
completing the proof of Proposition O

7. AMENABLE ACTIONS OF TRANSVERSE GROUPS

In this section we prove that transverse groups act amenably on their limit sets,
and hence the amenable assumption in Theorem is satisfied.

Theorem 7.1. Suppose I' < G is a non-elementary Pg-transverse group. If u
is a I'-quasi-invariant Borel probability measure on Ag(I'), then the I'-action on
(Ap(T), ) is amenable.

To prove Theorem we first use a result from [CZZ24] that says a transverse
group can be identified with a group acting nicely on a properly convex domain in
some projective space. The Hilbert metric on this properly convex domain then
has enough hyperbolic behavior to adapt an argument of Kaimanovich [Kai04].

7.1. Background on convex real projective geometry. We recall some ter-
minology from real projective geometry.

Suppose 2 C P(Rd) is properly convex, that is, it is a bounded convex subset of
some affine chart of IP’(]Rd). The automorphism group of ) is

Aut(Q) = {g € PGL(d,R) : gQ = Q}.

The limit set of a subgroup H < Aut(f2), denoted by Aq(H), is the set of points
x € 05) where there exist o € Q and {h,} C H with hpo — x.

Given z,y € Q, we let [z, y] denote the projective line segment contained in
joining = to y. We further define (z,y) := [z,y] ~ {z,y}, [z,v) := [z,y] ~ {y}, and
(@,y] := [z, y] ~ {=}.
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The Hilbert metric do on £ is defined as follows: for p, g € Q distinct let a, b € 9Q
be the unique points with p,q € (a,b) and with order a,p, ¢, b, then define

_ 1. lla—qlllb—pl
A0 ) = 518 ol gl
where |-|| is any norm on any affine chart containing . The Hilbert metric is a
proper geodesic metric where Aut(f2) acts by isometries. Further, for p,q € Q the
line segment [p, g] can be parametrized to be a geodesic.

An element W € Grg_1(R?) is a supporting hyperplane at x € 0Q if z € P(W)
and P(W)NQ = @. Convexity of  implies that every boundary point is contained
in at least one supporting hyperplane and we say that 9Q is C*-smooth at x € 9
if x is contained in exactly one supporting hyperplane.

We end this section by recording some useful geometric properties.

Observation 7.2 (see e.g. the proof of [Ben04, Lemma 3.4]). Suppose z € 99
is a C'-smooth point. For p € Q, let ¢y : [0,400) — € denote the unit speed
parametrization of the geodesic ray [p,z). If p,q € Q, then there exists T, , € R
such that

tl>i+moo da(€p(t),€q(t + Tp,q)) = 0.
Moreover T}, , depends continuously on p,q and the convergence is uniform on
compact subsets of 2.

Given a discrete group I' < Aut(Q2), the Hilbert metric critical exponent is

1
0o (T) = 1li%miup = log#{y €T : da(y0,0) < R}
—+oo

where o € € is any fixed point. A result of Tholozan implies that this critical
exponent has a uniform upper bound, which only depends on the dimension d.

Theorem 7.3 ([Thol7]). If T' < Aut(Q) is discrete, then 6q(T") < d — 2.

7.2. Projectively visible groups. In [CZZ24| [CZZ26], Canary, Zhang, and the
second author studied transverse groups by constructing actions on certain types
of properly convex domains.

Definition 7.4. Suppose Q2 C ]P’(Rd) is properly convex. A discrete subgroup
I’ < Aut(R?) is projectively visible if

o (z,y) C Q for every x,y € Aq(T),
e every 2 € Ag(I) is a C*-smooth point of Q.

Under some mild conditions on G and Py, every transverse group can be identified
with a projectively visible subgroup.

Theorem 7.5 ([CZZ24, Theorem 6.2]). Suppose G has trivial center, 6 C A, and Py
contains no simple factors of G. If I' < G is Py-transverse, then there existd € N, a
properly convex domain  C P(Rd), a projectively visible subgroup Ty < Aut(Q), an
isomorphism p : Tg — T', and a p-equivariant homeomorphism & : Aq(Ty) — Ag(T).
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7.3. Proof of Theorem By replacing G with a quotient, it suffices to consider
the case where G has trivial center and Py does not contain any simple factors of
G, see [CZZ24), Section 2.4].

Then by Theorem there exist d € N, a properly convex domain Q C P(Rd),
a projectively visible subgroup I'y < Aut(2), an isomorphism p : I'y — I', and a
p-equivariant homeomorphism & : Aq(T) — Ag(T).

Then it suffices to fix a T'g-quasi-invariant Borel probability measure p on Aq(Tg)
and show that I'g acts amenably on (Aq(Tg), ). Using Observation we can
argue exactly as in [Kai04, Theorems 1.33 and 3.15].

Lemma 7.6 (compare to [Kai04l Theorem 1.33, Theorem 1.38]). There exists a
sequence of T'g-equivariant maps Ay, : Q x Aq(To) — Prob(Ty) such that

Jim A (p,2) = A, )| =0

for any p,q € Q and x € Aq(To). Moreover, with x fixed the convergence is uniform
on any compact subset of ).

Proof. Fix § > 0q(To) and o € Q. Then for p € Q consider the measures
1

= —9da(p10) D ¢ Prob(I
Vp — . e € Prob(T'y)
Z'YEFO € da(pye) 7;0

where D, is the Dirac mass at .

Claim: If dg(p,q) < 1, then

(10) vy — v4l| < 25¢* da(p, q).-

Proof of Claim: For p € Q, let M, := > e~0da(P79)  Now fix p,q € Q with

do(p,q) < 1. Then for every v € T,
e70daP70) — g =0dale:70)  where e, | < ddq(p, q).

SO M[) = equ where |€| S (Sdﬂ(pa q) Then

Y€l

1 1
vy — vyl = Z i e—0da(pyo) _ i e~ da(a,70)

~yer p g
= 71 Z ‘6—66—561:2(?170) — ¢~ 9dalayo)

M,

yel’
1
=L Z e~ 9dala0) |676+6'Y — 1| < sup |676+5” — 1| .
a yerl €r

Now |—€+ ¢, < 26 da(p, q), so by the mean value theorem
vy — vgll < €2 422026 g (p, q) < 25¢* da(p, q).
<«

Next for p € @ and = € Aq(ly), let £, : [0,400) — Q be the unit speed
parametrization of the geodesic ray [p, z). Then define

1 n
)\n(pv l’) = E/O Vépz(t)dt'

Observation and Equation imply that these measures have the desired
properties. [



32 KIM AND ZIMMER

Next define A\, : Aq(Tg) — Prob(Ty) by
An(x) := Ap(0, ).
Then
Lm [[An(v2) = pda(@)] = Lim [ An(0,72) = An(y0,y2)] = 0

for every xz € Aq(Tg) and every v € T. O

Part 3. Applications
8. LIFTING PATTERSON—SULLIVAN MEASURES

For the rest of the section, suppose I' < G is a Pg-transverse group, ¢ € aj,

§:=6%(") < +00, and
7 99 = oo,

~el’
Let p denote the unique (T, ¢, d)-Patterson—Sullivan measure on Ag(I') C Fy C
0p X, see Theorem This section is devoted to the proof of the following.

Theorem 8.1. With the notations above, suppose © D 0 and I is Pg-contracting
and strongly (Po,)aco-irreducible. Then the following holds:

(1) There exists a unique p-a.e defined injective I'-equivariant measurable map
f : Ag (F) — ]:@ .
(2) The pushforward f.p is the unique (T', ¢, §)-Patterson—Sullivan measure on
doX.
(3) (fep)(AZP™(T")) = 1. Moreover, for p-a.e. x € Ag(L'), there exist R > 0
and an escaping sequence {v,} C I' such that

lim mina(k(y,)) = +oo, € () O%ly), and f(z)e () ORmm).

n—-+o00 ac®
n>1 n>1

(4) If i’ is a (T, ¢, B)-Patterson—Sullivan measure on 0o X, then B > 6.

By Theorem (09 X,T,¢po By, 1) is a well-behaved PS-system with respect to
the trivial hierarchy H(R) = I'. Hence, together with Theorem [2.3] and [Ben97],
we obtain singularity between Patterson—Sullivan measures.

Corollary 8.2. Suppose further that I' is Zariski dense in G. If ¢ € af, 8 > 0,
and py is a (I',4, B)-Patterson—Sullivan measure on 0g X, then
fett and py are non-singular <=  fip=py <= 0-¢=p5 .

Proof. If 6 - ¢ = B -1, then it follows from the uniqueness in Theorem 2)
that f.p = py. Clearly, if f.u = iy, then they are non-singular. So it suffices to
show that non-singularity implies that the functionals coincide up to an appropriate
scaling.

Suppose f.p and p, are non-singular. Then by Theorem @ we have

Sup 10 - ¢(k(7)) = B ¢(K(7))] < +oo.

By definition, the Jordan projections then satisfy

- d(A(7)) = B-1(A(7))
for all v € I'. Since T is Zariski dense, this implies § - ¢ = § - ¢ by [Ben97]. a
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The rest of this section is devoted to the proof of Theorem [8.1]

8.1. Part (1). Theorem implies that the I-action on (A(T), n) is amenable
and Theorem (and Proposition implies that u is supported on the conical
limit set. So we can apply Theorem to the inclusion I' < G. As a result, we
have a unique measurable I'-equivariant p-a.e. defined map

f:A(T) = Fo.

To finish the proof of part (1) we only need to show that f is injective on a set of full
p-measure. Let m : Fg — Fy be the natural projection. Then 7 f is a I'-equivariant
u-a.e. defined map. However, I is Py-contracting and strongly (®,)qco-irreducible,
so by Theorem [6.1] the identity is the unique measurable I'-equivariant y-a.e. defined
map Ay(T") — Fp. Thus we must have

(11) nf =idr, p-ae.

Hence f is injective on a set of full y-measure.

8.2. Parts (2) and (4). Since ¢ € aj = span{w, : o € 6}, Equation (6)) implies
that

088" (9,2) = ¢B;" (9. 7(x))
for all z € Fg and g € G. Hence Equation implies that f.u is a (T, ¢,0)-
Patterson—Sullivan measure on Fg C 0o X.

The uniqueness in part (2) and the estimate in part (4) will be a consequence of
the following general result (which we also use in the proof of Theorem below).

Proposition 8.3. Suppose that 1/ is a Radon measure on o X such that for each
R > 0 sufficiently large there exists Cy = Co(R) > 0 so that

(fe)(OR()) < Col'(OR(7)) for all v €T.
Then
fen <y,
Proof. Since f.u is supported on Fg, it suffices to fix a Borel subset F C Fg with

' (E) = 0 and then show that f.u(E) = 0.
For each R > 0, let Ex C f~1(E) be the subset satisfying:

e for each = € Eg, there exists an escaping sequence {~,} C I' such that
U m O%(Vﬂ)
n>1

and
e Theorem [6.1](1) holds for all z € Ef.

Then Proposition [£.10] implies that (f.u)(E) = (Ugso Er)- Since {Eg}pr>o is
an increasing family of sets, it suffices to fix R > 0 sufficiently large and show that

n(Er) =0.
Fix € > 0 and let Y C 0o X be an open neighborhood of F such that

pU) <e

Claim: If z € Eg, then there exists v, € ' so that 2 € O%(v,) and O9(y.) C U.
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Proof of Claim: By the definition of Er and Theorem [6.1[1), there exists an es-
caping sequence {v,} C I' such that

x € m O%(v,), lim mina(k(y,)) = +oo, and f(z)= nllgloo Uo(vn) € Fo .

n—+o0o a€d
n>1

By Lemma (2), Uo(7n) € O%(,) for all large n > 1. Moreover, diam O%(7,,) —
0 as n — +o0o0 by Lemma 3). Since U C JpX is an open neighborhood of f(z),
it follows that there exists 7, € I' such that

z€0%,) and O9(v.) CU.

Hence we have a countable subset I := {v, : € Er} C T so that

EpC |JO%() and [ JOR() cu.
vel ~vel

By Lemma there exist J C I and R’ > R such that the shadows {O%(y) iy € J}

are pairwise disjoint and
U okt c | 0% ()
vyel yeJ
We then have

wEr) < p | |JORM | <> mO% (7))

yel ~yeJ

By Theorem 5, (9p X,T, 0 By, ) and (9o X, T, ¢ o Be, f«ut) are PS-systems. So,
after possibly increasing R, the Shadow Lemma (Proposition [2.5) implies that there
exists C; = C1(R) > 0 so that

1(O% (7)) < C1u(O% (7))
and

1(O0%(7)) < CLfem)(OF(7))

for all v € I'. This implies that
p(ER) < C1 Y p(OR() < CEY (fm)(OF() < CoC? > W (OF()).
veJ ~eJ ~eJ

Let mg : 0o X — 99X denote the map obtained by postcomposing with the
canonical projection my : an — ap restricted to ag. Equation @ implies that

o O%(’y) C O%(v). Then, since the shadows {O%(q/) 1y € J} are pairwise disjoint,
the shadows {O%('y) vy eJ } are pairwise disjoint as well. Therefore,

w(Er) < CoCip | | OR() | < CoCoi' ) < CoCFe.
yeJ

Since € > 0 is arbitrary and Cj, C are independent of €, we have
M(l;R) =0.
This finishes the proof. O
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Now we deduce the uniqueness in part (2) and the estimate in part (4) using
Proposition [B.3]

Lemma 8.4. If 8 < § and ' is a (T, ¢, B)-Patterson—Sullivan measure on dg X,
then =10 and p' = p.

Proof. Since both (0gX,T, ¢ o B, f«u) and (0 X,T, ¢ o Be, ') are PS-systems
by Theorem it follows from the Shadow Lemma (Proposition that for all
large enough R > 0, there exists Cy > 0 such that

(f)(OR(7)) < Cop' (OR(7)) forall €T,

Hence, by Proposition we have fou < .

Fix a full p-measure I'-invariant set Y C Ag(I") where f is defined. We claim
that p/(f(Y)) = 1. If not, then

S N

T (0o X N (V) e
is a (T, ¢, B)-Patterson—Sullivan measure. Then arguing as above, we have f.u <
p”, which is impossible. Hence p/(f(Y)) = 1.

Recall that mf = idg,, see Equation . So m.u' is a (T, ¢, 8)-Patterson—
Sullivan measure on Ag(T'). Then 3 = § and p = f; i’ by [CZZ24] (see Theorem

39). O

8.3. Part (3). This follows from the part (3) of Theorem and Lemma 1),
as the associated hierarchy K is trivial (Theorem [4.6). O

9. ERGODIC DICHOTOMY FOR BMS-MEASURES ON HOMOGENEOUS SPACES

In this section, we prove the ergodic dichotomy for the diagonal action on homo-
geneous spaces. Let I' < G be a Py-transverse group which is Pa-contracting and
strongly (®,)aea-irreducible. In this section, we apply the machinery developed in
earlier sections to study ergodic theory on the homogeneous space I'\ G or I'\ G /M.

First recall the Hopf parametrization G /M = F (AQ) xa given by
gM = (9Pa,gwoPa, BL" (9,Pa))

where F (AQ) C Fa x Fa is the subset of transverse pairs. Then right multiplication

A on G /M corresponds to translation on the a-component of F (A2) Xa.

Fix ¢ € aj and 6 > 0, and suppose that there exist (I, ¢,d) and (T',i*¢,d)-PS
measures ftg and p-4 on Aa(I') C Fa respectively. While they may not exist or
they may not be unique in general, we assume the existence and make a choice.

We first define a I'-invariant Radon measure v4 on F (AQ) by

dvg(&,n) = €298 dp (€)dpie o ()
where G is the a-valued Gromov product, i.e.
(12) Ga(&n) == (B (g€ +iB(g~".n))

for g € G with (gPa,gwoPa) = (§,71). By the irreducibility of I' and the quasi-
invariance of pys under the I'-action, it follows from Fubini’s theorem that

(13) V¢(.7'—(AZ)) > 0.
See [KOW25b, Proposition 10.2] for instance.
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Then the measure v4 ® Leb, on G/M = .F(AQ) xa is I'-invariant, and hence it
induces the A-invariant Radon measure

mg on I'\G/M

which we call the Bowen—Margulis—Sullivan measure associated to ({4, Leoi)-

Combining the ergodicity results for the diagonal action of I' on Fy x Fi«p es-
tablished in [CZZ24] with our lifting theorem, we obtain the ergodic dichotomy for
vg and my, which generalizes the classical Hopf-Tsuji-Sullivan dichotomy.

Theorem 9.1. The following dichotomy holds.

(1) If > er e 9(N) = too, then § = §%(T') and (ug, pig) s a unique pair
of PS-measures, and we have
o rg(AFPON D) = pir g (A8 (T) = 1.
e the diagonal I'-action on (]:(A2)7V¢) is ergodic, and
o the A-action on (I'\ G /M, my) is ergodic.
(2) If 3. ¢ e 9¢((") < o0, then we have
. uqs(ACO“( ) = iz (AR™(I) =0,
e the diagonal T-action on (.F(A2), vy) is not ergodic, and
e the A-action on (I'\ G /M, my) is not ergodic.

Proof. Suppose first that ) __ e 9¢(:(M) = 400, The existence of (ug, f1ig) im-

plies § > §%(I") by Theorem 8.1} 4 ), and hence § = 6*(I") due to the divergence of
the series.
Without loss of generality, we may assume 6 = i*6 (Observation . Now by

Theorem we have j14 = fopu and ji«4 = fifi where

o 1 is the (T, ¢, 0)-Patterson—Sullivan measure on Ag(I') and f : Ag(T') — Fa
is the p-a.e. defined injective I'-equivariant map,

e i is the (T,i*¢, §)-Patterson-Sullivan measure Ag(I') and f : Ag(T') — Fa
is the fi-a.e. defined injective I'-equivariant map.

Theorem also implies that

As proved in [CZZ24, Corollary 12.1], the diagonal I'-action on (Ay(T)2, p® i) is
ergodic. Hence, the I'-action on (]-"A, e @ iz ) 1s ergodic as well. Since ]-'(A2) C Fa
is I'-invariant, the I'-action on (}" A ,I/¢) is ergodic as well. It then follows from the
definition of my that the A-action on (I'\ G /M, m,) is also ergodic.

Next suppose that . p e 9¢(=(7) < 4oo. The Shadow Lemma (Proposition
implies that 115(AX™(T)) = pi=g (AR (I")) = 0. It now suffices to show that the
I'-action on (Ff), vg) is not ergodic, which also implies the non-ergodicity of the
A-action on (I'\ G /M, m,).

Suppose to the contrary that the I-action on (F f), vy) is ergodic. Then passing
through the projection m : ]-'(j) — féQ), the I'-action on (}"g),w*%) is ergodic,
where .Fé2) is the set of transverse pairs in }"3. On the other hand, since m, vy is
supported on Ag(I") x Ag(I), such an ergodicity implies > p e 9((M) = o0 by
[CZZ24, Corollary 12.1], contradiction. a
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10. STRICT CONVEXITY OF CRITICAL EXPONENT

This section is devoted to the proof of our main theorem on the strict convexity
of the entropy. We combine the strategy of [BCZZ24, Proposition 14.5] with the
machinery developed in this paper.

Theorem 10.1. Suppose I' < G is a Py-transverse group, © D 6, and @,(T) <
SL(Va) has semisimple Zariski closure for each oo € ©. Assume:
e ¢ € a} satisfies 6?(I') < +oo and > er e~ M) = 4o,
o ¢1, ¢ € afy satisfy §%1(T') = §%2(T) = 1.
o There exist t € (0,1) and C > 0 such that
P(r(7)) = th1(r(7) + (1 = )da(k(7)) = C for all y €T
Then 6(T) < 1 and equality holds if and only if

Sup lp(r(7)) — di(k(7))| < 400 fori=1,2.

In particular, if §°(T') = 1, then
(A7) = 1(A(7)) = d2(A(y)) for ally €T

Delaying the proof of Theorem [10.1] we first deduce an analogous statement for
general linear combinations.

Corollary 10.2. Suppose I' < G is a Pg-transverse group, © O 6, and 9,(T) <
SL(V.,) has semisimple Zariski closure for each o € ©. Assume:
e ¢ € a} satisfies 6?(I') < +oo and > er e~ M(r(M) = 4o,
o $1, ¢ € afy satisfy §%1(T),0%2(T) < o0 and
¢>ci¢1 +cadp on at
for some c1,co > 0.
Then

5(T) < !

o t e

and equality holds if and only if
sup 02(D)g(k(7)) — 67 (D)gi(k(7))| < +oo  for i=1,2.
ye

Proof. Let
1

Y= — e P € ap.
6¢1(T) ' 6%2(T)

Then we have

" _ c1 Co é =¥ (D) (r(y) _
¥ (1) <6¢1(F) + 5¢2(F)) 6?(I') and ;e ~+00.

In addition, setting 1; := 6% (T") - ¢;, we have §¥*(I") = 1 for i = 1,2, and moreover
Y >t + (1= t)ye
5¢il(r)

where t := = € (0,1). Then applying Theorem [10.1| to 1, 11, and
5P1(r) ' s%2(m)

finishes the proof. O
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10.1. Proof of Theorem [10.1| in a special case. We first prove the theorem
with an extra assumption.

Extra Assumption: T is Pg-contracting and strongly (®,)aco-irreducible.

Notice that, if s > 0, then Holder inequality implies that
Z e~ 50((M) < O Z e—ste1(r(7)) g—s(1-t)$2(k(7))

yerl vyerl
t 1-t
< ¢Cs Ze—sm(x(w)) Ze—s@(ﬁ(v))
yer ~er

So Equation implies that
5*(T) < 1.
In addition, it is straightforward that sup.cp|¢(k(7)) — ¢i(k(7))] < +oo for
i = 1,2 implies 6?(T") = 1, and therefore the theorem reduces to the following.
Claim: If §*(T') = 1, then sup. cr |[¢(k(7)) — ¢i(k(7))| < +o0 for i =1,2.

Assume 6?(I") = 1. Let u be the unique (T, ¢, 1)-Patterson—Sullivan measure on
Ay(T) (see Theorem and let f: Ag(T') = Feo denote the map in Theorem
Then f.puis a (T, ¢, 1)-Patterson—Sullivan measure on Fg C 9o X. Next for i = 1,2
let u; be a (T, ¢;, 1)-Patterson—Sullivan measure on dg X (see Proposition [4.3).

By Theorems [4.5] and [8.1] the measures fip, p1, and po are each part of a
Patterson— Sulhvan system on Jg X. In particular, these measures satisfy the Shadow
Lemma (Proposition . Then we have that for any large R > 0, there exists
Co = Cy(R) > 1 such that for ally € T and i = 1,2,

(fer)(OR(M)) < Coe™? D and - 1;(OF(v)) = Gy te”# 0.
Hence, it follows from ¢(k(7y)) > td1(k(7)) + (1 —t)p2(k(y)) — C that for all y € T,
(fe)(OR(7)) < C3epn (OF (7)) 12 (OB ()
< Cge? (tm (OR () + (1 = )ua(OR (7))
< C26C (1 + 1) (O2())
where the weighted arithmetic-mean geometric-mean inequality is used in the sec-
ond inequality.
By Proposition [8:3] we then have
Jobt < py + po.

In particular, at least one of p1 or ps is non-singular to f.u. After relabeling, we
can suppose that y; is non-singular to f.pu. Then by Theorem [2.3] we have

ilelg |p(k(7)) = d1(k(7))] < +oo0.

-~ ~—

This implies that there there exists C’ > 0 such that

o(r(7)) = d2(k(y)) — €

for all ¥ € I'. Then using the Shadow Lemma and Proposition as above, we
have

Jelt < i
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Therefore by Theorem [2:3]
sup [p(k(7)) = da2(k(7))| < +oc.
el

This completes the proof. O

10.2. Proof of Theorem [10.1] in general. We now prove the theorem in full
generality. The idea is to replace G with a different group where I' is contracting
and strongly irreducible.

We will freely use the notation in Section For each a € O, let H, < SL(V,)
denote the Zariski closure of ®,(I") < SL(V,). Replacing I" with a finite index
subgroup, we can assume that each H, is connected.

Lemma 10.3. For each a € O there exists an irreducible representation py : Ho —
SL(W,,) such that

(1) There exist Co > 0 and ro € N where

|wi(k(pa(h))) = rawi(k(h))] < Ca
for all h € Hy.
(2) pa(Hea) is Pa, -contracting.
When o € 0, we can assume that ro, = 1 and W, < V,, is an irreducible factor of
the Hy-action on V.

Remark 10.4. In the lemma, we assume that W, is endowed with some inner
product (the properties do not depend on the choice).

Proof. Fix a € O, let d = dimV,, and identify SL(V,) with SL(d,R) using an
orthogonal basis of V. Conjugating H,, (this is what introduces the additive error),
we can assume that the Cartan subgroup A, of H, consists of positive diagonal
matrices and the maximal compact subgroup of H,, is a subgroup of SO(d).

Fix » € N minimally so that «,.(k(a)) > 0 for some a € A,. Consider the
standard representation 7 : SL(d,R) — SL(A"R?), and identify SL(A"R?) with
SL((f),R). Notice that if a € A,, then the r largest entries along the diagonal
in a are equal to e*(*(®), Hence w(k(7(a))) = rwi(k(a)). Thus wi(k(r(h))) =
rwy(k(h)) for all h € H,. Further, by the choice of r, there exists a € A, so that

a1(k(7(a))) = ar(k(a)) >0
and hence
a1(k(1(a™))) = +o0.
Finally, since H, is semisimple, we can decompose A" R? into T|n, -irreducible

factors and then pick the factor W, C A" R? where the associated representation
p: Ho — SL(W,) satisfies

wi(k(p(h))) = wi(k(7(h)))
for all h € H,. Then p, := p and r, := r have the desired properties.
Notice that when « € 6, then r = 1 by the divergence property of transverse
groups, from which the last claim follows. (Il

Let G :=[[,co SL(Wa) and p := (pa © Palr)aco : I' — G using the representa-
tions in Lemma [10.3] and let

I := p(T).
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We can assume that the simple roots of G are Uaee{ﬂ;‘}?gfl where 8¢,..., 087 4
are the standard simple roots of SL(W,) = SL(d4,R) described in Section
Notice that we can choose the irreducible representations ®go for G to just be
projection onto the associated factor. Then let

0 :={f{}aco and 0= {81 taeo-

Lemma 10.5. The group [ is Pg-contracting, strongly (@) geo-irreducible, and
T is Py-transverse.

Proof. First notice that the strong (®3)scg-irreducibility follows from the irre-
ducibility of p, and that H, is the Zariski closure of ®,(T"). Moreover, since H,
is the identity component of the Zariski closure of ®,(T"), it follows from Lemma

2) and [BQI6, Lemma 6.23] that for each 8 € O, there exists a sequence
{vn} C T satisfying

B(r(p(7n))) — +oo.
Now by [BQ16, Lemma 6.25], the sequence {7, } C I' can be chosen independent of
the choice of 3, i.e., there exists a sequence {7y,} C T' such that for each 8 € ©,
B(k(p(1n))) = +oo.

Hence, T is Pg-contracting. -
It remains to prove that I' is Pg-transverse. For o € 6, note that W, can be

chosen as an irreducible factor of the H,-action on V,, and r, = 1 in Lemma [10.3
We then have

B(k(p(n))) — +0o0

for all 3 € 6 and an escaping sequence {7, } C T, since I is Py-transverse. In addi-
tion, we also have that G/ Pg = ], P(Wa), which is a subspace of [] ., P(Va).
Since the limit set of (P4 )aco(I') < [[,c9 SL(Va) is transverse by Property
this implies that the limit set of I in G/ Py is transverse as well. O

Since ¢ € a5 = span{wa facg, We can write ¢ = Y 4 CaWa. Let

— L ca «
¢ = Z T—wﬁg S ag.

=

Then there exists C' > 0 such that
|p(k(7)) — d(k(p(7)))| < C forall y €T.

Likewise, we can define ¢1, ¢ € af corresponding to ¢1,¢s, respectively. Then
after increasing C' > 0 we can assume that

|6i(k(7)) = di(k(p(7)))| < C for all y €T

Finally, applying the special case of the theorem to I' and ¢, ¢y, ¢ finishes the
proof. ([

11. LIPSCHITZ LIMIT SETS

In this section, we prove the following entropy rigidity result for Anosov groups
with Lipschitz limit sets.
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Theorem 11.1. Suppose I' < SL(d,R) is a Py-Anosov group acting strongly irre-
ducibly on R? and on APTYR? whose limit set Ay (T") is a Lipschitz p-manifold, for
somep <d—2. Then

§%1(T) = p,
if and only if T is conjugate to a uniform lattice in SO(d — 1,1) and p =d — 2.

We will freely use the notation in Section[3.3] In addition, notice that the Jordan
projection A : SL(d,R) — a™ is given by

A(g) = diag(log A1(g), - - -, log Aa(g))
where
Ai(g) = - > dalg)
are the absolute values of the eigenvalues of g. Also, we can choose the representa-

tion @, to be the standard irreducible representation SL(d, R) — SL(A? R%).
In terms of the fundamental weights, the Hilbert functional ¢y € a* satisfies

1
¢u = §(w1 + wa—1)-

Let ¢, := (p+1)w1 —wpr1 and ¢, := (p+1)wg—1 —wi—p—1. Equation (5) implies
that
Pp(K(9)) = Pp(r(g™"))
for all g € SL(d,R), so we have

§%» () = §%r (")

for every subgroup I' < SL(d, R).
We use the following result of Pozzetti-Sambarino—Wienhard.

Theorem 11.2 ([PSW23| Theorem A]). Suppose I' < SL(d,R) is a Pi-Anosov
group acting strongly irreducibly on R? and on APTIRY for some p < d—2. If
A1 (T) is a Lipschitz p-manifold, then

5% () = 6% (I') = 1.

Remark 11.3. Theorem A in [PSW23] does not include the assumption that T
acts strongly irreducibly on AP*+! R?, however the proof of [PSW23| Lemma 6.8]
uses [Lab06], Proposition 10.3] which appears to be false. Assuming this irreducib-
lity allows one to avoid this citation in the proof.

The functions ¢, ¢,, and ¢, have the following relation.

Lemma 11.4. If X = diag(ty,...,tq) € at, then

pou(X) 2 5(6y + 3)(X)

with equality if and only if to = -+ =tq_1.
Proof. Note
1 - p+1 1
5(‘/51) + ¢p)(X) = T(tl —ta) — §<t1 ot lppr —ta—p — - — ta)
1 1 1
= Pt —ta) = 5(ts = tar) = 5(ts —taz) =+ = 5 (tr — tari1)
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where 7 := min {|d/2],p+ 1}. So

pou(X) 2 5(6y + B)(X)

with equality if and only if to = t4_1, t3 = tq—2 ,..., and ¢, = t4_,4+1. Since
ty > -+« > tq_1 the result follows. O

11.1. Proof of Theorem Suppose I' < SL(d, R) is a P;-Anosov group such
that Aq(T) is a Lipschitz p-manifold and I" acts strongly irreducibly on R? and on
APFIRY, By [BCLS15, Corollary 2.20], I' has semisimple Zariski closure, and hence

each ®,(T") has semisimple Zariski closure. This implies that I satisfies the first
line of Theorem [[0.1] with

0 ={o1,aq-1} and O = {1, 0p41,¥g—p—1, 041}

Further, ¢u € aj and ¢y, r;_Sp € ay.
Theorem implies that

597 (I) = 6% () = 1.
Then Theorem [10.1] and Lemma [T1.4] imply that
§74(I) = ps?** () < p-1=p
with equality if and only if

(14) P (A7) = dp(A(7) = pu(A(7))

for all v € T.
The backward direction of the theorem is clear, so suppose for the rest of the
section that §1(I") = p. Then Lemma and Equation imply that

(15) A2(7) = = Aa-1(7)
for all v € T.
Lemma 11.5. Xo(y) == XAg—1(y) =1 for all y €T

Proof. Fix v € I'. Then Equations and imply that

plog (1) — plog Aa(n) = £ (log M1 (7) — log Aa(7)).
So
log X2(7) = 2 (108 A4 () +log Aa(1).
On the other hand
log A1(7) + (d — 2) log Az(7) + log Aa(7) = 0.
So

N Q.

(log A1(7) + log Ag(7)) = 0,
which implies that A\g(y) = A1(y)~! and hence
Aa(y) == Ag1(y) = 1. O

To finish the proof we use the following observation, which is a consequence of a
theorem of Benoist and the basic theory of irreducible representations of semisimple
Lie groups.
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Observation 11.6. If d > 3, G < SL(d,R) is a strongly irreducible P;-contracting
subgroup, and

Ao(g) == Ag—1(9) =1

for all g € G, then G is conjugate to a Zariski dense subgroup of SOg(d — 1,1) or
SO(d—1,1).

Delaying the proof of the observation, we finish the proof of the theorem. Obser-
vation implies that I" is conjugate into SO(d — 1,1). Next consider the Klein-
Beltrami model HY™! ¢ P(R?) of real hyperbolic (d—1)-space. Then SO(d—1,1) —
Isom(H?) is a finite cover and the limit set A;(I") € P(R?) coincides with the hy-
perbolic limit set of the image of " in Isom(Hd). Then, since A;(T") is a Lipschitz
p-manifold, [Kap09, Theorem 1.3] implies that I" preserves and acts cocompactly on
a totally geodesic copy of HP ™! inside H?!. Since I is strongly irreducible, we must
have HP*' = H?"'. Hence p = d — 2 and T is a uniform lattice in SO(d —1,1). O

11.2. Proof of Observation Let G’ be the image of G in PSL(d,R), let
H denote the Zariski closure of G’ in PSL(d,R), and let HY < H denote the con-
nected component of the identity. By [BCLSI5, Lemma 2.18], H° is a connected
semisimple Lie group with trivial center and no compact factors. By a theorem of
Benoist [Ben97],

Ao(h) =+ = Ag_1(h) = 1

for all h € HY. Thus H° is a rank one non-compact simple group. Let X be the
symmetric space associated to H? and let p : H® — Isom(X) be the induced map.
Since H® has trivial center, p induces an isomorphism between H® and lsomq(X),
the connected component of the identity in Isom(X). Further, X is a negatively
curved symmetric space, the geodesic boundary has an Isom(X)-invariant smooth
structure, and there exists a p~'-equivariant smooth embedding ¢ : 9X < P(R?) of
the boundary of X (for details about the construction of &, see for instance [ZZ24bl,
Section 4]).

Lemma 11.7. X = H™ is the real hyperbolic m-space, m = dim X.

Proof. Suppose v € Isom(X) is loxodromic, i.e. v has no fixed points in X and has
two fixed points ¥ in 9X. Then the eigenvalue condition implies that all eigen-
values of the derivative d(7),+ : Ty 90X — T,+0X have the same modulus. From
the description of the negatively curved symmetric spaces in [Mos73, Chapther 19],
this is only possible if X is a real hyperbolic space. [

Now we can identify Isom(X) with PO(m,1) and view p~! as an irreducible

representation of POg(m, 1), the connected component of the identity in PO(m, 1).
It then follows from the eigenvalue condition and the theory of highest weights (see
for instance [ZZ24a, Lemma 10.4]) that m = d — 1 and H® = p=}(PO¢(d — 1,1))
is conjugate to POg(d — 1,1). So, after conjugating, we can assume that HO =
POo(d — 1,1).

Next let H be the normalizer of POy(d — 1,1) in PGL(d,R) and let 7 : H —
Aut(POqg(d — 1,1)) be the map induced by conjugation. By Schur’s lemma, 7 is
injective. Further, 7|po(4—1,1) is onto. Hence H < H= PO(d — 1,1). This implies
that G is a Zariski dense subgroup of SOg(d — 1,1) or SO(d — 1,1). O
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12. REPRESENTATIONS OF MAPPING CLASS GROUPS AND BOUNDARY MAPS

In this section, we apply our theory to representations of mapping class groups.
Let S be a connected orientable surface of finite type with negative Euler character-
istic. Its mapping class group Mod(SS) is the group of isotopy classes of orientation-
preserving homoeomorphisms on S.

Let PML denote the projective space of measured laminations on S, on which
the mapping class group Mod(S) naturally acts. The space PML is homeomorphic
to a sphere and admits a Lebesgue measure class. We show that representations of
Mod(S) transfer this measure structure on PML to partial flag manifolds.

Theorem 12.1. Suppose p : Mod(S) — G is a representation such that p(Mod(S5))
is Pg-contracting and strongly (Po)aco-irreducible. Then there exists a unique Leb-
a.e. defined p-equivariant map

f :PML — Fy.
Moreover, f(x) € A" (p(Mod(S))) for Leb-a.e. z € PML.

Proof. We now deduce Theorem[12.1]from Theorem[6.1]and the universal amenabil-
ity of the Mod(.S)-action on the boundary of the curve graph C(S) of S, shown by
Hamenstadt [Ham09a]. The curve graph C(.S) is the simplicial graph whose vertices
are isotopy classes of essential simple closed curves on S, and two of them are con-
nected by an edge if they have disjoint representatives. There is a natural action of
Mod(SS) on C(S) by isometries, and Masur and Minsky showed that C(S) is Gromov
hyperblic [MM99]. In particular, the Mod(S)-action on C(S) continuously extends
to the Gromov boundary 0C(S), and Hamenstéadt proved that the Mod(S)-action
on 9C(S) is amenable with resepect to any quasi-invariant Borel measure.

We now relate the above discussion to PML. Klarreich [Kla22] and Hamenstadt
[HamO6] characterized 0C(S) as the space of (unmeasured) filling geodesic lami-
nations on S. Hence, denoting by FML C PML the projective space of filling
measured laminations on S, there exists a measure-forgetting map

7w FML — 0C(S)

which is continuous [Ham09b, Lemma 3.12]. In particular, on the space UE C PML
of uniquely ergodic measured laminations, whose elements have unique transverse
measures up to scaling, the map 7 is injective.

By Masur [Mas82] and Veech [Vee82], UE is Leb-conull. Therefore, the universal
amenability of the Mod(S)-action on JC(S) implies that the amenabiilty of the
Mod(S)-action on (UE, Leb).

In addition, Y€ C PML is also embedded in the Gardiner-Masur boundary
Ocm T(S) [GMIT] [Miy13] of the Teichmiiller space T(S) of S. In our earlier work
[KZ25, Theorem 10.1], we showed that the Mod(S)-action on dgn T (S) equipped
with the pushforward of Leb under the embedding UE — Ogar T(S) is a well-
behaved Patterson—Sullivan system whose conical limit set is conull. Therefore, we
can apply Theorem [6.1] and then Theorem [I2:] follows, except for the “moreover”
part.

To show the “moreover” part, we first note that the hierarchy involved in the
associated well-behaved PS-system is not trivial (see [KZ25| Section 10] for explicit
description of shadows and hierarchy), and hence the part (3) of Theorem [6.1
does not apply directly. Nevertheless, it was shown in [Cou24l Section 5.3] that
its shadows induced from the hierarchy satisfy the Kochen—Stone Lemma (Lemma
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[6.7). Hence, in the proof of the part (3) of Theorem one can replace shadows
with mixed shadows and deduce the desired property. ([

13. GROMOV HYPERBOLIC SPACES WITH EXPONENTIALLY BOUNDED GEOMETRY

In this section, we apply our framework to a Gromov hyperbolic space when it
has exponentially bounded geometry.

Definition 13.1. A proper geodesic Gromov hyperbolic space (X,dx) is said to
have exponentially bounded geometry if there exist a,r > 0 such that for any x € X
and R > 0, the radius R-ball Bx(z, R) C X centered at x can contain at most a®®
number of pairwise disjoint balls of radius 7.

In the rest of this section, we fix a proper geodesic Gromov hyperbolic space
(X, dx) with exponentially bounded geometry, and a discrete subgroup I' < Isom(X)
of isometries, i.e., the I'-action on X is proper. In this case, the critical exponent
dx(T') of the Poincaré series

5 = Z e~ dx (0,v0)
yel

is finite [KaiO4l Proposition 1.29], for any fixed basepoint o € X.

We denote by X the Gromov boundary of X and by A(T") C X the limit set of
I, the set of accumulation points of I'o C X. We further assume that #A(I") > 3,
that is, I' is non-elementary. We then have

0< (5x(F) < 400,

and that the I'-action on A(T') C 9X is a minimal convergence action.
The Busemann coarse-cocycle 8 : ' x A(T') — R is defined by
B(v,x) :=limsupdx (v~ 'o,p) — dx(o,p).
p—x
In [C0093], Coornaert constructed a coarse (T, 3, dx (T'))-Patterson—Sullivan mea-
sure in the sense of Equation .

As an application of our theory, we also show that representations of I" admit
measurable boundary maps.

Theorem 13.2. Suppose (X,dx) and I are as above, Z'yGF e~ 0x (M dx(070) —
+00, and p is a coarse (I', B,0x(T"))-PS measure. If p: T — G is a representation
such that p(I") is Pg-contracting and strongly (P, )aco-irreducible, then there exists
a unique p-a.e. defined p-equivariant map

FAT) = Fy.
Moreover, f(x) € A" (p(I")) for p-a.e. x € A(T).

Proof. 1t is easy to verify that this coarse PS-measure gives rise to a well-behaved
Patterson—Sullivan system with respect to the trivial hierarchy H(R) =T, see [KZ25,
Section 8].

It is also a straightforward application of the Borel-Cantelli Lemma to verify
that the assumption Z’yGF e 9x () dx(070) = 40 implies that

H(A"(30)) = 1,
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see for instance [BCZZ24| Proposition 7.1]. Moreover, Kaimanovich showed that the
I-action on A(T") is amenable with respect to any I'-quasi-invariant Borel measure
[Kai04l Theorem 3.15]. Therefore, Theorem applies.

O

14. PROVING EVERYTHING CLAIMED IN THE INTRODUCTION

In this last section, we explain why all of the the statements in the introduction
are true. We first note that Zariski dense subgroups of G are strongly (P, )aca-
irreducible (Remark and Pa-contracting (see Section [6]).

IfT' < Gis a non-elementary Pg-Anosov group, then I' is Py-transverse. Moreover
in this case, Ag(I') = Ag™ = Agen°™(T"). Hence, for any ¢ € aj with §(I') <
+00, the existence of a (T, ¢, 3¢ (I"))-Patterson—Sullivan measure on Ay(T") and the

Shadow Lemma imply >° p e~ MoEM) = o0 [Sam24].

Theorem [1.2] is a special case of Theorem [6.1

Theorem follows from Theorem and Proposition [£.4]

Theorem is a special case of Corollary [8:2]

Theorem is a special case of Theorem together with Equation .
Theorem [L.11] follows from Theorem [I0.11

Theorem [[.12] is a special case of Corollary

Theorem is proved as Theorem [TT.1
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