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Abstract. In this paper we develop a theory for Patterson–Sullivan measures
for non-Borel Anosov groups on the Furstenberg boundary. Previously, such

a theory has been successfully developed for measures supported on the par-

tial flag manifold associated to the Anosov condition, which coincides with
the Furstenberg boundary only under the strongest Anosov condition, Borel

Anosov. We establish existence, uniqueness, and ergodicity results for the

measures on the Furstenberg boundary under arbitrary Anosov conditions; we
show ergodicity of Bowen–Margulis–Sullivan measures on the homogeneous

space; and we establish strict convexity results for the critical exponent asso-

ciated to functionals on the entire Cartan subspace. Using this strict convexity,
we establish an entropy rigidity result for Anosov groups with Lipschitz limit

set.
A key tool we develop is a new sufficient condition for the existence of a

measurable boundary map associated to a Zariski dense representation. This

result not only applies to Anosov groups, but also to transverse groups, map-
ping class groups, and discrete subgroups of the isometry groups of Gromov

hyperbolic spaces.
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1. Introduction

Throughout this paper G will be a semisimple Lie group with finite center and
no compact factors. We fix a Cartan decomposition g = p + k of the Lie algebra,
a Cartan subspace a ⊂ p, and a positive Weyl chamber a+ ⊂ a. Let ∆ ⊂ a∗

denote the system of simple restricted roots corresponding to the choice of a+ and
let κ : G→ a+ denote the Cartan projection.

Given a non-empty subset θ ⊂ ∆, let Pθ < G denote the associated parabolic
subgroup. A discrete subgroup Γ < G is Pθ-Anosov if Γ is word hyperbolic as
an abstract group and its Gromov boundary nicely embeds into the partial flag
manifold Fθ := G /Pθ (see Section 3.8 for a precise definition).

For each θ ⊂ ∆, there is a partial Cartan subspace aθ ⊂ a and a cocycle
BIWθ : G×Fθ → aθ called the (partial) Iwasawa cocycle. This cocycle can be
used to define Patterson–Sullivan measures as follows.

Definition 1.1. Given a subgroup Γ < G, θ ⊂ ∆, φ ∈ a∗θ, and δ ≥ 0, a Borel
probability measure µ on Fθ is a (Γ, φ, δ)-Patterson–Sullivan measure if for every
γ ∈ Γ the measures µ, γ∗µ are absolutely continuous and

dγ∗µ

dµ
(x) = e−δφB

IW
θ (γ−1,x) µ-a.e.

When G is of rank one, the above definition (with an appropriate choice of
functional) coincides with the classical Patterson–Sullivan measures introduced by
Patterson [Pat76] and Sullivan [Sul79]. In higher rank, the above definition is due
to Quint [Qui02].

The theory of Patterson–Sullivan measures on Fθ for Pθ-Anosov groups has been
extensively developed and has become a useful tool for studying Anosov groups. In
this case, the definition of an Anosov group implies that a Pθ-Anosov group acts
very nicely on Fθ = G /Pθ, but in general the action of a Pθ-Anosov group can be
very complicated on larger flag manifolds, especially the Furstenberg boundary F∆.

In this paper we use and extend ideas from our earlier work [KZ25] to develop a
theory of Patterson–Sullivan measures on the Furstenberg boundary F∆ for Zariski
dense Pθ-Anosov groups, even though θ 6= ∆. Having such a Patterson–Sullivan
theory on the Furstenberg boundary enables us to obtain several applications as
discussed below, which was previously known only for P∆-Anosov groups (or, Borel
Anosov groups). Recall that the P∆-Anosov condition is very restrictive; in many
cases, the group must either be virtually a free group or a surface group [CT20,
Tso20, Dey25, DGR24].

Our results hold for the more general class of transverse groups (which also
contain the relatively Anosov groups), for any partial flag manifold containing Fθ,
and for weaker irreducibility conditions than Zariski dense. However, for simplicity
in the introduction we only state our results for Zariski dense Anosov
groups and Patterson–Sullivan measures on the Furstenberg boundary.
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Before stating our results for discrete subgroups of Lie groups, we describe one
of the tools we develop.

1.1. Measurable boundary maps. The existence of boundary maps for repre-
sentations of lattices played a significant role in the proof of Mostow’s Rigidity
[Mos68, Mos73, Pra73] and Margulis’ Superrigidity [Mar91]. A key tool in this
work is constructing measurable boundary maps associated to Zariski dense repre-
sentations.

The domains in our boundary map theorem are “Patterson–Sullivan systems,”
a notion introduced in our earlier work [KZ25]. A precise definition is given in
Section 2 below, but informally these consist of a compact metric space M , a Borel
probability measure µ on M , and an action Γ y M which preserves the measure
class of µ which satisfy certain assumptions that allowed us to extend the classical
theory of Patterson–Sullivan measures. We note that a different framework for
abstract Patterson–Sullivan-like measures was given in [BCZZ24].

Amongst “Patterson–Sullivan systems,” we further identified a special class
called “well-behaved Patterson–Sullivan systems” and for these systems defined
conical limit sets (again see Section 2 for a precise definition). Under the assump-
tion that the conical limit set has full measure, in this paper we prove the following
existence theorem for boundary maps.

Theorem 1.2 (see Theorem 6.1 below). Suppose (M,Γ, σ, µ) is a well-behaved
Patterson–Sullivan system with respect to a hierarchy H = {H(R) ⊂ Γ : R ≥ 0},
the H-conical limit set has full µ-measure, and the Γ-action on (M,µ) is amenable.

If ρ : Γ → G is a Zariski dense representation, then there exists a unique ρ-
equivariant µ-a.e. defined measurable map f : M → F∆.

Remark 1.3. The above is actually a special case of Theorem 6.1, which assumes
weaker conditions than Zariski dense, provides the existence of µ-a.e. conical limits,
and shows that f maps into the “contracting conical limit set.”

We highlight three examples of well-behaved Patterson–Sullivan systems:

(1) If Γ < G is Pθ-Anosov and µ is a Patterson–Sullivan measure (in the sense
of Definition 1.1) supported on the limit set of Γ in Fθ, then Fθ, Γ, µ are
part of a well-behaved Patterson–Sullivan system where the conical limit set
has full µ-measure. In fact it suffices to assume Γ is a Pθ-transverse group
and the Poincaré series associated to µ diverges at the critical exponent, see
Section 4.2 for more details. When Γ is Pθ-Anosov, amenability follows from
the work of Adams [Ada94]. For Pθ-transverse groups, we show amenability
in Section 7. See Theorem 8.1 for more details.

(2) Let X be a proper Gromov hyperbolic metric space, let ∂X denote the
Gromov boundary of X, let Γ < Isom(X) be a discrete subgroup, let δX(Γ)
denote the critical exponent of Γ, and let µ be a Patterson–Sullivan measure
of dimension δX(Γ). Then ∂X, Γ, µ are part of a well-behaved Patterson–
Sullivan system. Further, if∑

γ∈Γ

e−δX(Γ) d(o,γo) = +∞

for some (any) o ∈ X, then the conical limit set has full µ-measure. When
X has exponential bounded geometry, Kaimanovich [Kai04] showed that
the Γ-action on (∂X, µ) is amenable. See Theorem 13.2 for more details.
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(3) Let S be a connected orientable surface of finite type with negative Euler
characteristic, let Mod(S) denote its mapping class group, let PML denote
the space of projective measured laminations on S, and let Leb denote the
natural Lebesgue measure class on PML. Then PML, Mod(S), Leb are
part of a well-behaved Patterson–Sullivan system where the conical limit set
has full Leb-measure. Further, the work of Hamenstädt [Ham09a] implies
that the Mod(S)-action on (PML,Leb) is amenable. See Theorem 12.1 for
more details.

We note that Bader–Furman [BF14, BF25] have developed a different abstract
setting that leads to the existence of boundary maps. Many examples seem to sat-
isfy both setting, but there does not seem to be any obvious implication between the
two abstract settings. Further some examples, like Poisson boundaries of countable
groups, satisfy the Bader–Furman assumptions but not ours. Other examples, like
Kleinian groups of divergent type with infinite Bowen–Margulis–Sullivan (BMS)
measure, satisfy our assumptions but do not seem to satisfy the Bader–Furman
assumptions.

In this paper our main motivation is the study of Pθ-transverse groups. These
have natural flow spaces which can have infinite BMS-measures and thus it seems
that they do not satisfy the Bader–Furman assumptions (in fact any Kleinian group
is a transverse group).

One idea in the proof of Theorem 1.2 is to adapt the “standard argument” for
almost sure convergence of random walks on symmetric spaces (e.g. as in [Mar91,
Chapter VI, Section 2] or [BQ16, Section 4.2]) where we replace the use of the
Martingale convergence theorem with a technical continuity result along “conical
sequences” (see Section 5).

1.2. Existence and uniqueness of PS-measures. For α ∈ ∆, let ωα denote
the associated fundamental weight. The dual space of the partial Cartan subspace
aθ ⊂ a can be identified with span {ωα}α∈θ. Then given φ ∈ a∗θ := span {ωα}α∈θ,
the φ-critical exponent of a discrete subgroup Γ < G is the exponential growth rate

δφ(Γ) := lim sup
T→+∞

1

T
log # {γ ∈ Γ : φ(κ(γ)) ≤ T} ∈ [0,+∞],

equivalently

(1) δφ(Γ) = inf

s > 0 :
∑
γ∈Γ

e−sφ(κ(γ)) < +∞

 ∈ [0,+∞].

We establish existence and uniqueness of Patterson–Sullivan (PS) measures on
the Furstenberg boundary. Further, we show that the measures are supported on
the “contracting conical limit set” which is a smaller subset than the usual conical
limit set defined in terms of shadows in the symmetric space. See Section 4.2 for
details.

Theorem 1.4 (PS-measures on the Furstenberg boundary). Suppose Γ < G is
Zariski dense and Pθ-Anosov. If φ ∈ a∗θ and δφ(Γ) < +∞, then there exists a
unique (Γ, φ, δφ(Γ))-Patterson–Sullivan measure on the Furstenberg boundary F∆.
Moreover, this unique Patterson–Sullivan measure is supported on the contracting
conical limit set of Γ in F∆.
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Previously, existence and uniqueness for Patterson–Sullivan measures for Pθ-
Anosov groups were only established on the partial flag manifold Fθ. The limit set
in Fθ compactifies the group (in fact identifies with the Gromov boundary of the
group) which makes the construction on Fθ much more straightforward.

We construct the Patterson–Sullivan measure on F∆ by using Theorem 1.2 to
construct a measurable section Fθ → F∆ and then pushing forward the Patterson–
Sullivan measure on Fθ.

Remark 1.5. Quint [Qui02] proved that for a general Zariski dense discrete subgroup
Γ < G, φ ∈ a∗, and δ ≥ 0, a (Γ, φ, δ)-Patterson–Sullivan measure on F∆ exists if
δ ·φ is tangent to the so-called growth indicator of Γ at the direction in the interior
int a+. We suspect that this condition can fail to hold for our most general existence
theorem (see Theorem 8.1) and in particular when the flow space associated to the
transverse group has infinite BMS-measure. Indeed, in general, it is a priori possible
that a tangent direction is on the wall a+ ∩ aθ. See Figure 1 below.

a+ ∩ aθa+ ∩ aθ

tangent directiontangent direction

L(Γ)

Figure 1. Slice of a+ along its unit sphere, when rankG = 3 and
#θ = 2. L(Γ) ⊂ a+ denotes the asymptotic cone of κ(Γ), and
there is a tangent direction for δφ(Γ) · φ on L(Γ) ∩ aθ.

Remark 1.6. In particular, if Γ < G is Zariski dense and P∆-Anosov, then the
existence of PS-measures on F∆ follows from Quint’s work as in Remark 1.5. In this
case, the uniqueness was proved by Edwards–Lee–Oh [ELO22] when rankG ≤ 3,
and by Lee–Oh [LO24] without rank assumption. On the other hand, for Pθ-
Anosov case with θ 6= ∆, the existence and uniqueness of PS-measures on F∆ were
not known, to the best of our knowledge.

We also show that these Patterson–Sullivan measures are singular to every other
Patterson–Sullivan measure.

Theorem 1.7. Suppose Γ < G is Zariski dense and Pθ-Anosov. Assume

• φ1 ∈ a∗θ, δφ1(Γ) < +∞, and µ1 is the (Γ, φ1, δ
φ1(Γ))-Patterson–Sullivan

measure on the Furstenberg boundary F∆.
• φ2 ∈ a∗, δ ≥ 0, and µ2 is a (Γ, φ2, δ)–Patterson–Sullivan measure on the

Furstenberg boundary F∆.

Then,

µ1 and µ2 are non-singular ⇐⇒ µ1 = µ2 ⇐⇒ δφ1(Γ) · φ1 = δ · φ2.

Notice that the functional φ2 is not assumed to be in a∗θ. Previously, singu-
larity results of this form were only established for Patterson–Sullivan measures
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associated to functionals in a∗θ on the partial flag manifold Fθ. The Anosov case
was established in [LO23, Sam24] and the transverse group case was established in
[BCZZ24, Kim24].

1.3. Double ergodicity and Bowen–Margulis–Sullivan measures. Let K <
G denote the maximal compact subgroup with Lie algebra k, let A < G denote the
subgroup with Lie algebra a, and let M < K denote the centralizer of A in K.

When Γ is Zariski dense and P∆-Anosov, the dynamics of the A-action on
the homogeneous space Γ\G /M has been extensively studied; see for instance
[CS23, ELO23, BLLO23, Sam24, LO24, KOW25b, CZZ25, KOW25a]. However,
very little is known when Γ is only Pθ-Anosov and θ 6= ∆. One reason for this
is that to construct Bowen–Margulis–Sullivan measures, one needs to start with
appropriate Patterson–Sullivan measures on the Furstenberg boundary which pre-
viously were only known to exist when Γ is P∆-Anosov, or under extra hypotheses
as in Remark 1.5.

Using Theorem 1.4 we can now construct Bowen–Margulis–Sullivan measures
on Γ\G /M when Γ < G is Zariski dense and Pθ-Anosov. We briefly describe the
construction here, for more details see Section 9.

Suppose Γ < G is Zariski dense Pθ-Anosov and φ ∈ a∗θ satisfies δφ(Γ) < +∞.
Let i : a → a denote the opposite involution. The adjoint i∗ : a∗ → a∗ preserves
the set of simple roots and we write i∗θ := {i∗α : α ∈ θ}. Then i∗φ ∈ a∗i∗θ and Γ is
Pi∗θ-Anosov. Since

i∗φ(κ(g)) = φ(κ(g−1)) for all g ∈ G,

we have δ := δφ(Γ) = δi∗φ(Γ). Then, by Theorem 1.4 there exist unique (Γ, φ, δ)
and (Γ, i∗φ, δ)-Patterson–Sullivan measures µφ and µi∗φ on F∆, respectively.

Next let F (2)
∆ denote the space of ordered transverse pairs and let G∆ : F (2)

∆ → a
denote the Gromov product (see Equation (12) for a definition). One can show
that the measure

dνφ(x, y) := eδφG∆(x,y)dµφ(x)⊗ dµi∗φ(y) on F (2)
∆

is Γ-invariant. There is a natural equivariant identification of the homogeneous

space G /M with F (2)
∆ ×a where the left multiplication of G on G /M descends to

the G-action on F (2)
∆ ×a by

g · (x, y, u) = (gx, gy, u+BIW∆ (g, x)).

Since M commutes with A, we also have a right A-action on G /M, which corresponds

to the a-action on F (2)
∆ ×a by translation on the a-component. Further, if Leba

denotes the Lebesgue measure on a, then the measure m̃φ := νφ ⊗ Leba on G /M is
Γ-invariant, and hence it descends to a Radon measure

mφ on Γ\G /M

called the Bowen–Margulis–Sullivan measure, which is invariant under the A-action.

Theorem 1.8 (Ergodicity on homogeneous spaces). With the notations above,

(1) The measure νφ is non-zero and the Γ-action on (F (2)
∆ , νφ) is ergodic.

(2) The Bowen–Margulis–Sullivan measure mφ is non-zero and the A-action on
(Γ\G /M,mφ) is ergodic.
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More generally, we obtain an ergodic dichotomy for transverse groups in Theorem
9.1, generalizing the classical Hopf–Tsuji–Sullivan dichotomy [Tsu59, Hop71, Sul79,
AS84, Rob03]. Similar ergodicity results were previously known only for certain
abstract flow spaces associated to θ ⊂ ∆ [Sam24, CZZ24, KOW25b], which are
not homogeneous spaces unless θ = ∆. When θ = ∆, the ergodic dichotomy for
P∆-Anosov groups was first proved in [LO24].

To the best of our knowledge, Theorem 1.8 is the first ergodicity result on the
homogeneous space for Pθ-Anosov groups when θ 6= ∆.

Remark 1.9. One might also ask for the ergodicity as in Theorem 1.8 when φ /∈ a∗θ.
However, this is not true in general. Indeed, consider G = PSL(2,R) × PSL(2,C)
and

Γ := {(ρ1(γ), ρ2(γ)) ∈ G : γ ∈ π1(S)}

where S is a closed surface of genus at least two, ρ1 : π1(S)→ PSL(2,R) is a cocom-
pact representation, and ρ2 : π1(S)→ PSL(2,C) is a discrete faithful representation
such that ρ2(π1(S))\H3 has one geometrically finite end and one geometrically in-
finite end.

In this case, we can assume that ∆ = {α1, α2} where α1 is the simple root for
PSL(2,R) and α2 is the one for PSL(2,C), and F∆ = ∂H2×∂H3. In addition, Γ is
Zariski dense and P{α1}-Anosov.

On the other hand, if one produces a measure να2
on F (2)

∆ associated to α2,
then να2

is not ergodic under the Γ-action. This is because, if µ is a (Γ, α2, δ)-
Patterson–Sullivan measure on F∆, then passing to the projection π : F∆ → ∂H3,
the measure π∗µ is a (ρ2(π1(S)), α2, δ)-Patterson–Sullivan measure on ∂H3. Hence,
the Γ-ergodicity of να2

implies that the ρ2(π1(S))-action on ∂H3×∂H3 rdiag with
respect to the measure π∗µ⊗π∗µ is ergodic, which is impossible due to the work of
Canary [Can93]. A similar discussion holds for Bowen–Margulis–Sullivan measures.

Example 1.10. Consider the case that G = G1×G2 for some semisimple Lie
groups G1 and G2. Then for any Anosov subgroup Γ1 < G1 and a representation
ρ : Γ1 → G2, the subgroup

Γ := {(γ, ρ(γ)) : γ ∈ Γ1} < G

is Pθ-Anosov for some θ ⊂ ∆ consisting of simple roots for G1. While ρ can even
be an indiscrete representation, Theorem 1.8 applies to Γ\G /M and implies the
A-ergodicity when Γ is Zariski dense.

A typical example is when G1 = G2 = PSL(2,R), Γ1 < PSL(2,R) discrete, and
ρ : Γ1 → PSL(2,R) indiscrete. Such examples arise as Kobayashi geodesic curves
in Hilbert modular varieties.

1.4. Strict convexity of entropy. Using the theory developed here, we establish
new strict convexity results for variations of critical exponent.

Given a discrete subgroup Γ < G, one can show that the subset

(2) Qθ(Γ) := {φ ∈ a∗θ : δφ(Γ) ≤ 1}

is convex. Further, when Γ is Pθ-Anosov the set Qθ(Γ) is strictly convex [Sam24,
Corollary 5.9.1] (see [CZZ24, Corollary 13.2] for the Pθ-transverse case). In this
paper, we will establish the following strict convexity result for Q∆(Γ).
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Theorem 1.11 (Strict convexity in non-Anosov directions I). If Γ < G is Zariski
dense and Pθ-Anosov, then

{φ ∈ a∗θ : δφ(Γ) = 1}
are extreme points of Q∆(Γ).

Theorem 1.11 is a consequence of the following estimate for critical exponent.
We also establish a more general version for transverse groups (see Section 10).

Theorem 1.12 (Strict convexity in non-Anosov directions II). Suppose Γ < G
is a Zariski dense Pθ-Anosov group, φ ∈ a∗θ, and δφ(Γ) < +∞. If φ1, φ2 ∈ a∗

are linearly independent with δφ1(Γ), δφ2(Γ) < +∞ and φ = c1φ1 + c2φ2 for some
c1, c2 > 0, then

δφ(Γ) <
1

c1
δφ1 (Γ)

+ c2
δφ2 (Γ)

.

The proof of strict convexity is based on the following proof strategy: if the
critical exponent does not drop under convex combination, then the associated
Patterson–Sullivan measures should be non-singular, which should imply that the
associated lengths are equal. Implementing this strategy has several parts:

• Constructing Patterson–Sullivan measures. Prior to our work, it was known
that there is a Patterson–Sullivan measure for φ on Fθ and there was
no guarantee that Patterson–Sullivan measures exist for φ1, φ2 (see Re-
mark 1.5). In this paper we show that there is a Patterson–Sullivan mea-
sure for φ on F∆ (see Theorem 1.4). In a separate paper [KZ26], we show
that there are Patterson–Sullivan measures for φ1, φ2 on a different bound-
ary ∂∆X which contains F∆. The boundary ∂∆X is constructed as a
vector-valued horofunction boundary of the symmetric space using Cartan
projections, see Section 4 for details.
• Showing non-singularity of Patterson–Sullivan measures when the critical

exponent does not drop. This will be a consequence of Proposition 8.3.
• Showing non-singularity of Patterson–Sullivan measures implies equality of

lengths. This was the main result of our earlier work [KZ25] in the context
of Patterson–Sullivan systems.

1.5. Entropy rigidity. As an application of our strict convexity results, we estab-
lish an entropy rigidity result for Anosov groups with Lipschitz limit sets.

In the following discussion, let a = {diag(t1, . . . , td) : t1 + · · · + td = 0} denote
the standard Cartan subspace for SL(d,R) and let ∆ = {α1, . . . , αd−1} denote the
standard simple roots defined by

αj(diag(t1, . . . , td)) = tj − tj+1.

For notation simplicity let Pk := P{αk}, Fk := F{αk}, and Λk(Γ) := Λαk(Γ). Notice

that we have a natural identification F1 = P(Rd).
The Hilbert functional φH ∈ a∗ is

φH(diag(t1, . . . , td)) =
1

2
(t1 − td)

and the Hilbert critical exponent of a discrete subgroup Γ < SL(d,R) is the critical
exponent δφH(Γ) associated to φH. The motivation for this terminology comes

from the fact that if Γ preserves a properly convex domain Ω ⊂ P(Rd), then δφH(Γ)
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coincides with the critical exponent of Γ with respect to the Hilbert metric on Ω
(this follows from [DGK24, Proposition 10.1]).

For a P1-Anosov group Γ < SL(d,R) with Lipschitz limit set Λ1(Γ) ⊂ P(Rd),
Pozzetti–Sambarino–Wienhard established the following upper bound for the Hilbert
entropy.

Theorem 1.13 ([PSW23, consequence of Theorem A]). Suppose Γ < SL(d,R)

is a P1-Anosov group acting strongly irreducibly on Rd and on ∧p+1 Rd for some
p ≤ d− 2. If Λ1(Γ) is a Lipschitz p-manifold, then

δφH(Γ) ≤ p.

Using Theorem 1.12 we prove rigidity in the equality case.

Theorem 1.14 (Entropy rigidity). Suppose Γ < SL(d,R) is a P1-Anosov group

acting strongly irreducibly on Rd and on ∧p+1 Rd whose limit set Λ1(Γ) is a Lipschitz
p-manifold for some p ≤ d− 2. Then

δφH(Γ) = p

if and only if Γ is conjugate to a uniform lattice in SO(d− 1, 1) and p = d− 2.

Previously Pozzetti–Sambarino–Wienhard proved a variant of this rigidity re-
sult when Γ is also Pp+1-Anosov and Λ1(Γ) is a C1-smooth p-manifold [PSW23,
Proposition 7.7]. In this case, the Pp+1-Anosov assumption implies that the set
Q{α1,αp+1}(Γ) in Equation (2) is strictly convex and this strict convexity is essen-
tial in their proof. Using our “strict convexity in non-Anosov directions” theorem,
we are able to extend their argument to the non-Pp+1-Anosov case.

We also note that Theorem 1.14 generalizes a result of Crampon [Cra09] who
proved that if Γ < SL(d,R) is a discrete group which acts cocompactly on a strictly

convex domain Ω ⊂ P(Rd), then

δHil(Γ) ≤ d− 2

with equality if and only if Ω is an ellipsoid (and hence Γ is conjugate to a uniform
lattice in SO(d − 1, 1)). Under Crampon’s hypothesis, Γ is P1-Anosov and acts

irreducibly on Rd and hence also ∧d−1 Rd, see [GW12, Section 6.2]. Further, Λ1(Γ)
coincides with ∂Ω and is hence a Lipschitz (d− 2)-manifold. So Theorem 1.14 does
indeed generalize Crampon’s result.

1.6. Outline of Paper. The first part of the paper is expository. In Section 2, we
recall the definition and some properties of abstract Patterson–Sullivan systems,
which were introduced in our earlier work [KZ25]. In Section 3, we fix the notation
involving semisimple Lie groups that we will use throughout the paper. In Sec-
tion 4, we recall the definition and some properties of vector-valued horofunction
boundaries of symmetric spaces.

In the second part of the paper, we prove the existence of boundary maps for
Zariski dense representations of groups in a Patterson–Sullivan system. In Sec-
tion 5, we prove a technical continuity result for measurable maps into separable
metric spaces whose domain is well-behaved Patterson–Sullivan systems. In Sec-
tion 6, we establish the existence of a boundary map associated to a Zariski dense
representation of a group which is part of a well-behaved Patterson–Sullivan sys-
tem. Our boundary map existence result requires that the group action in the
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Patterson–Sullivan system is amenable and in Section 7 we verify this for trans-
verse groups.

In the final part of the paper, we apply the previous two parts to study Patterson–
Sullivan measures for transverse groups, mapping class groups, and discrete sub-
groups of isometry groups of Gromov hyperbolic spaces. In Section 8, we establish
existence and uniqueness results for Patterson–Sullivan measures on FΘ associated
to Pθ-transverse groups when Θ ⊃ θ. In Section 9, we construct Bowen–Margulis–
Sullivans measures on the homogeneous space Γ\G /M when Γ is a Zariski dense
Pθ-transverse group and prove a version of the Hopf–Tsuji–Sullivan dichotomy for
such measures. In Section 10, we prove the strict convexity of critical exponents
in non-Anosov directions. In Section 11, we prove the entropy rigidity for Anosov
subgroups with Lipschitz limit sets. In Section 12, we consider representations of
mapping class groups and obtain measurable boundary maps from PML equipped
with the Lebesgue measure class. In Section 13, we consider representations of
discrete isometry groups of Gromov hyperbolic spaces with exponentially bounded
geometry and also obtain measurable boundary maps from their Gromov bound-
aries. Finally, in Section 14, we explain how to establish the statements in the
introduction from the results in the body of the paper.
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Part 1. Background

2. Patterson–Sullivan systems

In this section, we recall the definition and some properties of abstract Patterson–
Sullivan systems, which were introduced in our earlier work [KZ25]. The main
idea in this previous work was to identify the key features of a group action on
a probability space that allows one to extend the theory of Patterson–Sullivan
measures. We note that a different framework for abstract Patterson–Sullivan-like
measures was given in [BCZZ24].

Given a compact metric space M , a subgroup Γ < Homeo(M), and κ ≥ 0, a
function σ : Γ×M → R is called a κ-coarse-cocycle if

|σ(γ1γ2, x)− (σ(γ1, γ2x) + σ(γ2, x))| ≤ κ
for any γ1, γ2 ∈ Γ and x ∈ M . Given such a coarse-cocycle and δ ≥ 0, a Borel
probability measure µ on M is called coarse (Γ, σ, δ)-Patterson–Sullivan measure
if there exists C ≥ 1 such that for any γ ∈ Γ the measures µ, γ∗µ are absolutely
continuous and

(3) C−1e−δσ(γ−1,x) ≤ dγ∗µ

dµ
(x) ≤ Ce−δσ(γ−1,x) for µ-a.e. x ∈M.

When C = 1 and hence equality holds in Equation (3), we call µ a (σ, δ)-Patterson–
Sullivan measure.

Now we recall the definition of Patterson–Sullivan systems.
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Definition 2.1. A Patterson–Sullivan-system (PS-system) of dimension δ ≥ 0
consists of

• a coarse-cocycle σ : Γ×M → R,
• a coarse (σ, δ)-Patterson–Sullivan measure (PS-measure) µ,
• for each γ ∈ Γ, a number ‖γ‖σ ∈ R called the σ-magnitude of γ, and
• for each γ ∈ Γ and R > 0, a non-empty open set OR(γ) ⊂ M called the
R-shadow of γ

such that:

(PS1) For any γ ∈ Γ, there exists c = c(γ) > 0 such that |σ(γ, x)| ≤ c(γ) for µ-a.e.
x ∈M .

(PS2) For every R > 0 there is a constant C = C(R) > 0 such that

‖γ‖σ − C ≤ σ(γ, x) ≤ ‖γ‖σ + C

for all γ ∈ Γ and µ-a.e. x ∈ γ−1OR(γ).
(PS3) If {γn} ⊂ Γ, Rn → +∞, Z ⊂M is compact, and [M r γ−1

n ORn(γn)]→ Z
with respect to the Hausdorff distance, then for any x ∈ Z, there exists
g ∈ Γ such that

gx /∈ Z.
We call the PS-system well-behaved with respect to a collection

H := {H(R) ⊂ Γ : R ≥ 0}

of non-increasing subsets of Γ if the following additional properties hold:

(PS4) Γ is countable and for any T > 0, the set {γ ∈ H(0) : ‖γ‖σ ≤ T} is finite.
(PS5) If {γn} ⊂ Γ, Rn → +∞, Z ⊂M is compact, and [M r γ−1

n ORn(γn)]→ Z
with respect to the Hausdorff distance, then for any h1, . . . , hm ∈ Γ and
x ∈ Z, there exists g ∈ Γ such that

gx /∈
m⋃
i=1

hiZ.

(PS6) If R1 ≤ R2 and γ ∈ H(0), then OR1
(γ) ⊂ OR2

(γ).
(PS7) For any R > 0 there exist C > 0 and R′ > 0 such that: if α, β ∈ H(R),

‖α‖σ ≤ ‖β‖σ, and OR(α) ∩ OR(β) 6= ∅, then

OR(β) ⊂ OR′(α)

and ∣∣‖β‖σ − (‖α‖σ +
∥∥α−1β

∥∥
σ
)
∣∣ ≤ C.

(PS8) For every R > 0, there exists a set M ′ ⊂M of full µ-measure such that

lim
n→+∞

diamOR(γn) = 0

whenever {γn} ⊂ H(R) is an escaping sequence and

x ∈M ′ ∩
⋂
n≥1

OR(γn).

We call the collection H the hierarchy of the Patterson–Sullivan system.

For well-behaved PS-systems, there is a natural notion of conical limit set.

Definition 2.2. Let (M,Γ, σ, µ) be a PS-system.
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• Given a subset H ⊂ Γ and R > 0, let ΛR(H) ⊂ M be the set of points
x ∈M where there exists an escaping sequence {γn} ⊂ H such that

x ∈
⋂
n≥1

OR(γn).

• If (M,Γ, σ, µ) is well-behaved with respect to a hierarchy H = {H(R) ⊂
Γ : R ≥ 0}, then the H-conical limit set is

(4) Λcon(H) := Γ ·
⋃
R>0

⋂
n≥1

ΛR(H(n)).

2.1. Boundary rigidity. One of the primary aims for developing the theory of
PS-systems in [KZ25] was to establish a general setting where Tukia’s measurable
boundary rigidity theorem [Tuk89] holds.

Theorem 2.3 (Boundary rigidity, [KZ25, Theorem 1.28]). Suppose

• (M1,Γ1, σ1, µ1) is a well-behaved PS-system of dimension δ1 with respect to
a hierarchy H1 = {H1(R) ⊂ Γ1 : R ≥ 0} and

µ1(Λcon(H1)) = 1.

• (M2,Γ2, σ2, µ2) is a PS-system of dimension δ2.
• There exists an onto homomorphism ρ : Γ1 → Γ2 and a µ1-a.e. defined

measurable ρ-equivariant injective map f : M1 →M2.

If the measures f∗µ1 and µ2 are not singular, then

sup
γ∈Γ1

∣∣δ1 ‖γ‖σ1
− δ2 ‖ρ(γ)‖σ2

∣∣ < +∞.

2.2. Properties of Patterson–Sullivan systems. We now recall some useful
properties of Patterson–Sullivan systems proved in [KZ25], which were key ingre-
dients in the proof of Theorem 2.3. They will also be used in this paper.

We begin with the ergodic property of a well-behaved Patterson–Sullivan system.

Theorem 2.4 ([KZ25, Corollary 5.2]). If (M,Γ, σ, µ) is a well-behaved PS-system
with respect to a hierarchy H and µ(Λcon(H)) = 1, then the Γ-action on (M,µ) is
ergodic.

The ergodicity as in Theorem 9.1 is based on the study of shadows and in par-
ticular a version of the Shadow Lemma.

Proposition 2.5 (Shadow Lemma, [KZ25, Proposition 3.1]). Let (M,Γ, σ, µ) be
a PS-system of dimension δ ≥ 0. For any R > 0 sufficiently large there exists
C = C(R) > 1 such that

1

C
e−δ‖γ‖σ ≤ µ(OR(γ)) ≤ Ce−δ‖γ‖σ

for all γ ∈ Γ.

When the underlying PS-system is well-behaved, shadows also satisfy the follow-
ing version of the Vitali covering lemma.

Lemma 2.6 (Vitali Covering, [KZ25, Lemma 3.2]). Let (M,Γ, σ, µ) be a well-
behaved PS-system with respect to a hierarchy H = {H(R) ⊂ Γ : R ≥ 0}. Fix
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R > 0 and let R′ > 0 be the constant satisfying Property (PS7) for R. Then for
any I ⊂ H(R), there exists J ⊂ I such that⋃

γ∈I
OR(γ) ⊂

⋃
γ∈J
OR′(γ)

and the shadows {OR(γ) : γ ∈ J} are pairwise disjoint.

3. Notations for semisimple Lie groups

In this section we fix the notation involving semisimple Lie groups that we will
use throughout the paper. Of particular importance for our arguments are the
linear representations fixed in Section 3.6.

Recall from the introduction that G is a semisimple Lie group with finite center
and no compact factors, g = p+k is a fixed Cartan decomposition of the Lie algebra,
a ⊂ p is a fixed Cartan subspace, and a+ ⊂ a is a fixed positive Weyl chamber.
We use Σ ⊂ a∗ to denote the set of restricted roots and use ∆ ⊂ a∗ to denote the
system of simple restricted roots corresponding to the choice of a+. Then

g = g0 ⊕
⊕
α∈Σ

gα

where

gα = {X ∈ g : [H,X] = α(H)X for all H ∈ a}.
Let Σ+ (resp. Σ−) denote the restricted roots which are non-negative (respectively
non-positive) linear combinations of elements of ∆.

3.1. Cartan and Jordan projections. Let K < G denote the maximal compact
subgroup with Lie algebra k. Recall that every g ∈ G has a Cartan decomposition,
i.e. g = keκ(g)` for some k, ` ∈ K and a unique κ(g) ∈ a+ (the elements k, ` are
not unique). The map κ : G → a+ is called the Cartan projection. The Jordan
projection λ : G→ a+ is defined as

λ(g) := lim
n→+∞

κ(gn)

n
.

We fix a representative w0 ∈ K of the longest Weyl element which is of order
2. Let i := −Adw0

: a → a denote the opposition involution. This map has the
property that

(5) κ(g−1) = iκ(g) for all g ∈ G .

The adjoint i∗ : a∗ → a∗ of the opposite involution preserves the set of simple roots
and for a subset θ ⊂ ∆, we define

i∗θ := {i∗α : α ∈ θ}.

3.2. Parabolic subgroups and flag manifolds. Given a non-empty θ ⊂ ∆, the
associated parabolic subgroup Pθ is the stabilizer under the adjoint action of the
Lie algebra

u+
θ :=

⊕
α∈Σ+

θ

gα

where Σ+
θ := Σ+ r span(∆ r θ). We also set A := exp a and A+ := exp a+, and

denote by N < P∆ the unipotent radical of P∆.
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The Furstenberg boundary and general θ-boundary are the quotient spaces

F∆ := G /P∆ and Fθ := G /Pθ .

We also call Fθ a partial flag manifold. Two elements x ∈ Fθ and y ∈ F i∗θ are
transverse if there exists g ∈ G such that

x = g Pθ and y = gw0 Pi∗θ,

equivalently (x, y) is contained in the unique open G-orbit in Fθ ×F i∗θ.

3.3. The special linear group. In this section, we fix some notation when G =
SL(V ) and V is a finite dimensional real vector space endowed with an inner prod-
uct.

For a linear tranformation T : V → V , we let

σ1(T ) ≥ · · · ≥ σd(T )

denote the singular values of T with respect to the inner product and let ‖T‖ :=
σ1(T ) denote the operator norm. We assume that the fixed maximal compact K
of SL(V ) coincides with the orthogonal group of the fixed inner product. Then
we can fix a Cartan subspace a, a positive Weyl chamber a+, and a labelling
∆ = {α1, . . . , αdimV−1} of the simple roots such that

αj(κ(g)) = log
σj(g)

σj+1(g)

for each 1 ≤ j ≤ dimV − 1. Then the associated fundamental weights satisfy

ωαj (κ(g)) = log
(
σ1(g) · · ·σj(g)

)
.

For notation simplicity we let Pk := P{αk}, Fk := F{αk}, and Λk(Γ) := Λαk(Γ).

When V = Rd, we always use the standard inner product, the standard Cartan
subspace

a = {diag(t1, . . . , td) : t1 + · · ·+ td = 0},
and the standard positive Weyl chamber

a+ = {diag(t1, . . . , td) ∈ a : t1 ≥ · · · ≥ td}.
Then

αj(diag(t1, . . . , td)) = tj − tj+1 and ωαj (diag(t1, . . . , td)) = t1 + · · ·+ tj .

3.4. Projection to the flag manifold. For g ∈ G with minα∈θ α(κ(g)) > 0, we
define

Uθ(g) := k Pθ ∈ Fθ
where g has Cartan decomposition g = ka` ∈ KA+K (the condition on the roots
implies that Uθ(g) is well-defined). By Equation (5),

min
α∈θ

α(κ(g)) = min
α∈i∗θ

α(κ(g−1))

and so Ui∗θ(g
−1) is also well-defined when minα∈θ α(κ(g)) > 0.

These projection maps have the following dynamical behavior (for a proof see
for instance [KLP17, Section 4] or [CZZ24, Proposition 2.3]).

Proposition 3.1. If {gn} ⊂ G, x+ ∈ Fθ, and x− ∈ F i∗θ, then the following are
equivalent:

(1) gnx→ x+ for all x ∈ Fθ transverse to x− and the convergence is uniform
on compact subsets.
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(2) minα∈θ α(κ(gn))→ +∞, Uθ(gn)→ x+, and Ui∗θ(g
−1
n )→ x−.

3.5. The partial Iwasawa cocycle. The Iwasawa cocycle BIW∆ : G×F∆ → a is
defined as follows: for g ∈ G and x ∈ F∆, BIW∆ (g, x) ∈ a is the unique element such
that

gk ∈ K(expBIW∆ (g, x))N

for k ∈ K such that k P∆ = x in F∆.
For general θ ⊂ ∆, let

aθ := {H ∈ a : α(H) = 0 for all α /∈ θ}.

For α ∈ ∆, let ωα denote the (restricted) fundamental weight associated to α. Then
{ωα|aθ}α∈θ is a basis for a∗θ and so there exists a unique projection

πθ : a→ aθ

satisfying

(6) ωαπθ(H) = ωα(H)

for all H ∈ a and α ∈ θ.
The partial Iwasawa cocycle BIWθ : G×Fθ → aθ is defined as

(7) BIWθ (g, x) := πθB
IW
∆ (g, x̃)

for any x̃ ∈ F∆ that projects to x ∈ Fθ under the canonical projection F∆ → Fθ.
The above definition is independent of the choice of x̃ and defines a cocycle [Qui02,
Lemma 6.1].

Recall from the introduction that the partial Iwasawa cocycle can be used to
define a notion of Patterson–Sullivan measures on the partial flag manifold Fθ (see
Definition 1.1).

3.6. Linear Representations. Throughout the paper, for each α ∈ ∆ we fix an
irreducible representation Φα : G → SL(Vα) and a Φα(K)-invariant inner product
on Vα with the following properties (using the notation in Section 3.3):

(R1) There exists Nα ∈ N such that if g ∈ G, then

log ‖Φα(g)‖ = Nαωα(κ(g)) and log
σ1(Φα(g))

σ2(Φα(g))
= α(κ(g)).

(R2) There exists a Φα(A)-invariant orthogonal splitting Vα = V +
α ⊕ V −α such

that dimV +
α = 1. Moreover, if H ∈ a and v ∈ V +

α , then

Φα(eH)v = eNαωα(H)v.

(R3) There exist Φα-equivariant boundary maps ζα : Fα → P(Vα) and ζ∗α :
F i∗α → GrdimVα−1(Vα) such that:
(a) ζα(Pα) = V +

α and ζ∗α(w0 Pi∗α) = V −α .
(b) x ∈ Fα and y ∈ F i∗α are transverse if and only if ζα(x) and ζ∗α(y) are

transverse.

Remark 3.2. Such representations exist due to Tits [Tit71, Theorem 7.2]. Indeed,
Tits proved the first claim in Property (R1). For a proof of the second assertion
in Property (R1) and Property (R2), see for instance [Smi18, Lemma 2.13] and
[BQ16, Sections 6.8, 6.9]. For a proof of Property (R3), see for instance [GGKW17,
Section 3].



16 KIM AND ZIMMER

Remark 3.3. We abuse notation and when α ∈ θ, also often use ζα to also denote
the map Fθ → P(Vα) obtained by precomposing ζα : Fα → P(Vα) with the natural
projection Fθ → Fα. Likewise, we also use ζ∗i∗α to denote the analogous map
defined on F i∗θ.

The following lemma relates the projections to the flag manifolds introduced in
Section 3.4 to these representations.

Lemma 3.4 ([KZ26, Lemma 3.5]). Fix α ∈ ∆ and assume {gn} ⊂ G is such that
α(κ(gn))→ +∞, Uα(gn)→ x, and Ui∗α(g−1

n )→ y. Then any limit point of

1

‖Φα(gn)‖
Φα(gn) in End(Vα)

has image ζα(x) and kernel ζ∗α(y).

3.7. Irreducible actions. A subgroup H < SL(V ) is called irreducible if there is
no non-trivial and proper subspace of V invariant under H, and is called strongly
irreducible if any finite index subgroup of H is irreducible. We transfer these notions
to G using the Φα’s.

Definition 3.5. A subgroup Γ < G is (Φα)α∈θ-irreducible if Φα(Γ) < SL(Vα)
is irreducible for all α ∈ θ, and strongly (Φα)α∈θ-irreducible if any finite index
subgroup of Γ is (Φα)α∈θ-irreducible.

Remark 3.6. Notice that a Zariski dense subgroup is strongly (Φα)α∈∆-irreducible.

We will use the following observation several times.

Lemma 3.7 ([KZ26, Lemma 3.8]). Suppose Γ < G is strongly (Φα)α∈θ-irreducible.
If

• α1, . . . , αm are (possibly non-distinct) elements of θ,
• vi ∈ Vαi r {0} for i = 1, . . . ,m, and
• Wi ⊂ Vαi is a proper linear subspace for i = 1, . . . ,m,

then there exists γ ∈ Γ with

Φαi(γ)vi /∈Wi

for all i = 1, . . . ,m.

3.8. (Relatively) Anosov and transverse groups. In the rest of this section
we recall the definitions of (relatively) Anosov and transverse groups, and some
results about Patterson–Sullivan measures for such groups.

Given a discrete subgroup Γ < G, a point x ∈ Fθ is a limit point of Γ if
there exists an escaping sequence {γn} ⊂ Γ with minα∈θ α(κ(γn)) → +∞ and
Uθ(γn)→ x. The limit set of Γ, denoted by

Λθ(Γ) ⊂ Fθ,

is the set of all limit points of Γ. Proposition 3.1 implies that the points in Λθ(Γ)
are exactly the points x+ ∈ Fθ where there exists a sequence {γn} ⊂ Γ and a non-
empty open set U ⊂ Fθ such that γnx → x+ for all x ∈ U , uniformly on compact
subsets.

A discrete subgroup Γ < G is Pθ-transverse if minα∈θ α(κ(γn)) → +∞ for any
sequence {γn} ⊂ Γ of distinct elements and any two distinct points in Λθ∪i∗θ(Γ)
are transverse.
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Sometimes the definition of transverse group includes the assumption that θ is
symmetric (i.e., θ = i∗θ). However, as the next observation demonstrates, this
results in no loss of generality.

Observation 3.8. Γ < G is Pθ-transverse if and only if Γ is Pθ∪i∗θ-transverse.
Moreover, in this case the the projection Fθ∪i∗θ → Fθ induces a homeomorphism
Λθ∪i∗θ(Γ)→ Λθ(Γ).

A Pθ-transverse group is called non-elementary if #Λθ(Γ) ≥ 3, in which case the
natural Γ-action on Λθ(Γ) is a minimal convergence action and #Λθ(Γ) = +∞, see
[KLP17, Theorem 4.16] or [CZZ26, Proposition 3.3].

A Pθ-transverse group is Pθ-Anosov if the action of Γ on Λθ(Γ) is a uniform
convergence action, equivalently Γ is word hyperbolic as an abstract group and
there exists an equivariant homeomorphism from the Gromov boundary to the
limit set Λθ(Γ) [Bow98]. Likewise, a Pθ-transverse group is Pθ-relatively Anosov if
the action of Γ on Λθ(Γ) is geometrically finite, equivalently if Γ has the structure
of a relatively hyperbolic group and there exists an equivariant homeomorphism
from the associated Bowditch boundary to the limit set Λθ(Γ) [Yam04].

Canary, Zhang, and the second author established the following existence and
uniqueness results for Patterson–Sullivan measure supported on the limit set.

Theorem 3.9. Suppose Γ < G is a non-elementary Pθ-transverse group, φ ∈ a∗θ,
and δφ(Γ) < +∞.

(1) [CZZ24, Proposition 4.2] There exists a (Γ, φ, δφ(Γ))-Patterson–Sullivan
measure supported on Λθ(Γ).

(2) [CZZ24, Proposition 8.1] If µ is a (Γ, φ, β)-Patterson–Sullivan measure sup-
ported on Λθ(Γ), then β ≥ δφ(Γ).

(3) [CZZ24, Corollaries 12.1 and 12.2, and Proposition 9.1] If∑
γ∈Γ

e−δ
φ(Γ)φ(κ(γ)) = +∞,

then there exists a unique (Γ, φ, δφ(Γ))-Patterson–Sullivan measure µ sup-
ported on Λθ(Γ). Moreover, Γ acts ergodically on (Λθ(Γ), µ) and µ is sup-
ported on the conical limit set in the sense of the convergence action of Γ
on Λθ(Γ).

Remark 3.10. When Γ < G is Zariski dense, the uniqueness holds for measures
supported on Fθ, as shown by the first author, Oh, and Wang [KOW25b].

4. Vector-valued horofunction compactifications and PS-measures

In this section, we recall the vector-valued horofunction compactifications of the
symmetric space X = G /K associated to G introduced in our other work [KZ26]. It
turns out that they contain θ-boundaries, and we also consider Patterson–Sullivan
measures there. Similar compactifications, but using Finsler metrics, appear in
[KL18, HSWW17, LP23, Lem23].

Fix the basepoint o := K ∈ X. The symmetric space distance is given by

dX(go, ho) =
∥∥κ(g−1h)

∥∥
where ‖·‖ is some norm on a. For x = go, define the vector-valued horofunction
bx : X → a by

bx(ho) = κ(h−1g)− κ(g).
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Then the maps {bx : x ∈ X} are uniformly Lipschitz [KZ26, Lemma 4.1].
For non-empty θ ⊂ ∆, let πθ : a→ aθ be the projection satisfying Equation (6)

and then let ∂θX be the set of functions ξ : X → aθ where there exists an es-
caping sequence {xn} ⊂ X with πθbxn → ξ in the compact-open topology. The
uniform Lipschitzness above, together with the separability of X, implies that ∂θX
is compact in the compact-open topology. Further, G acts on ∂θX by

g · ξ = ξ ◦ g−1 − ξ(g−1o).

The space ∂θX can be used to compactify X.

Proposition 4.1 ([KZ26, Proposition 4.2]). The space X
θ

:= X t ∂θX has a

topology which makes it a compactification of X, that is X
θ

is a compact metrizable

space and the inclusion X ↪→ X
θ

is a topological embedding with open dense image.
Moreover with respect to this topology:

(1) {xn} ⊂ X converges to ξ ∈ ∂θX if and only if dX(o, xn) → +∞ and
πθbxn → ξ in the compact-open topology.

(2) The G-action on X
θ

is continuous.

Patterson–Sullivan measures on ∂θX can naturally be defined as follows.

Definition 4.2. Given a subgroup Γ < G, θ ⊂ ∆, φ ∈ a∗θ, and δ ≥ 0, a Borel
probability measure µ on ∂θX is a coarse (Γ, φ, δ)-Patterson–Sullivan measure if
there exists C ≥ 1 such that for every γ ∈ Γ the measures µ, γ∗µ are absolutely
continuous and

C−1e−δφξ(γo) ≤ dγ∗µ

dµ
(ξ) ≤ Ce−δφξ(γo) µ-a.e.

We call µ a (Γ, φ, δ)-Patterson–Sullivan measure if C = 1.

Using Patterson’s original construction for Fuchsian groups, we proved the fol-
lowing existence result.

Proposition 4.3 ([KZ26, Proposition 4.5]). If Γ < G is discrete, φ ∈ a∗θ, and
δφ(Γ) < +∞, then there exists a (Γ, φ, δφ(Γ))-Patterson–Sullivan measure on ∂θX.

4.1. Embeddings of partial flag manifolds. The partial flag manifold Fθ turns
out to be naturally embedded into ∂θX. Recall that BIWθ : G×Fθ → aθ denotes
the partial Iwasawa cocyle. Quint [Qui02, Lemma 6.6] proved that

lim
n→∞

πθκ(g−1hn)− πθκ(hn) = BIWθ (g−1, x) for all g ∈ G

when minα∈θ α(κ(hn)) → +∞ and Uθ(hn) → x. Using this fact, we showed that
Fθ embeds into ∂θX.

Proposition 4.4 ([KZ26, Proposition 4.7]). There exists a topological embedding
ι : Fθ → ∂θX that satisfies

(8) ι(x)(ho) = BIWθ (h−1, x)

for all x ∈ Fθ and h ∈ G. Moreover:

(1) If a sequence {gn} ⊂ G satisfies minα∈θ α(κ(gn)) → +∞ and Uθ(gn) → x,
then

gno→ ι(x) in X
θ
.



BOUNDARY MAPS AND PS-MEASURES FOR NON-BOREL ANOSOV GROUPS 19

(2) If µ is a (coarse, resp.) (Γ, φ, δ)-Patterson–Sullivan measure on Fθ in the
sense of Definition 1.1, then ι∗µ is a (coarse, resp.) (Γ, φ, δ)-Patterson–
Sullivan measure on ∂θX in the sense of Definition 4.2.

4.2. Shadows and contracting conical limit sets. We now define shadows
on ∂θX and use them to introduce the contracting conical limit set of a discrete
subgroup.

In [KZ26, Lemma 4.6], we proved: if ξ ∈ ∂θX and g ∈ G, then

ωαξ(g
−1o) ≤ ωακ(g)

for all α ∈ θ. Given g ∈ G, we then define shadows in ∂θX by considering the set of
functionals ξ that are close to maximizing the expression ωαξ(g

−1o) for all α ∈ θ.
More precisely, for g ∈ G and R > 0, the associated shadow is defined by

OθR(g) := g · {ξ ∈ ∂θX : ωαξ(g
−1o) > ωακ(g)−R for all α ∈ θ}.

In what follows we use πθ to denote both the projection a → aθ satisfying Equa-
tion (6) and the map ∂∆X → ∂θX obtained by the postcomposition with this
projection. Since ωαξ = ωαπθξ for all α ∈ θ and ξ ∈ ∂∆X, we have

πθO∆
R(g) ⊂ OθR(g).

We also use Proposition 4.4 to view Fθ as a subset of ∂θX. Then Equation (7) and
Proposition 4.4 imply that πθ|F∆

coincides with the natural projection F∆ → Fθ
given by g P∆ → g Pθ.

The boundary ∂θX has a natural cocycle Bθ : G×∂θX → a defined by

Bθ(g, x) := ξ(g−1o).

Indeed one can see that Bθ(g1g2, ξ) = Bθ(g1, g2ξ) +Bθ(g2, ξ) for all g1, g2 ∈ G and
ξ ∈ ∂θX.

In [KZ26], we verified that the definitions above give PS-systems on X
θ
.

Theorem 4.5 ([KZ26, Theorem 6.1]). Suppose θ ⊂ ∆ and φ ∈ a∗θ. If Γ < G is
strongly (Φα)α∈θ-irreducible and µ is a coarse (Γ, φ, δ)-Patterson–Sullivan measure
on ∂θX, then (∂θX,Γ, φ ◦ Bθ, µ) is a PS-system, with magnitude ‖γ‖φ := φ(κ(γ))

and the R-shadows OθR(γ) for each γ ∈ Γ. Moreover, (PS5) holds.

For transverse groups, we showed that the system is well-behaved.

Theorem 4.6 ([KZ26, Theorem 6.2]). Suppose θ ⊂ ∆, φ ∈ a∗θ, and Γ < G is
a strongly (Φα)α∈θ-irreducible Pθ-transverse group. Let µ be a coarse (Γ, φ, δ)-
Patterson–Sullivan measure on ∂θX. Then the PS-system (∂θX,Γ, φ ◦ Bθ, µ) in
Theorem 4.5 is well-behaved with respect to the trivial hierarchy H(R) ≡ Γ.

Remark 4.7. See [KZ26, Section 5.2] for a comparison of shadows in ∂θX with the
shadows in Fθ defined in terms of positive Weyl chambers in the symmetric space.

4.3. Properties of shadows. We record some properties of shadows. For part (3),

we fix any metric generating the topology on X
θ
.

Lemma 4.8 ([KZ26, Lemmas 5.4, 5.5, 5.6]).

(1) For any g ∈ G and R > 0, there exists R′ = R′(g,R) > 0 such that: if
h ∈ G, then

gOθR(h) ⊂ OθR′(gh).
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(2) For g ∈ G with minα∈θ α(κ(g)) > 0,

Uθ(g) ∈ OθR(g)

for all R > 0.
(3) For a sequence {gn} ⊂ G, if minα∈θ α(κ(gn))→ +∞, then

diamOθR(gn)→ 0.

4.4. Contracting conical limit sets. Given a subgroup Γ < G, we define its
conical limit set in ∂θX by

(9) Λcon
θ (Γ) :=

ξ ∈ ∂θX : ∃R > 0, escaping {γn} ⊂ Γ s.t. ξ ∈
⋂
n≥1

OθR(γn)

 ,

following the classical definition of conical limit sets in rank one settings.
When G is of higher rank, the intersection

⋂
n≥1O

θ
R(γn) may not be a singleton,

even after intersecting with the partial flag manifold Fθ and the conical limit set
Λcon
θ (Γ), even after intersecting with Fθ, may not be a subset of the limit set Λθ(Γ),

see [KZ26, Example 5.8]. Hence, in view of Lemma 4.8(3), we define the following
smaller subset of conical limit set, which only involves shrinking shadows.

Definition 4.9. Given a subgroup Γ < G, we call ξ ∈ ∂θX a contracting conical
limit point of Γ if there exist R > 0 and a sequence {γn} ⊂ Γ such that

lim
n→+∞

min
α∈θ

α(κ(γn)) = +∞ and ξ ∈
⋂
n≥1

OθR(γn).

We denote by Λconcon
θ (Γ) the contracting conical limit set of Γ, which is defined as

the set of all contracting conical limit points of Γ.

For general Γ < G, the contracting conical limit set Λconcon
θ (Γ) is a Γ-invariant

subset of the limit set Λθ(Γ) ⊂ Fθ introduced in Section 3.8 (this follows from
Lemma 4.8).

For transverse groups we have the following.

Proposition 4.10 ([KZ26, Proposition 5.3, Theorem 6.3]). If Γ < G is a non-
elementary Pθ-transverse group, then:

(1) Λconcon
θ (Γ) = Λcon

θ (Γ) and Λcon
θ (Γ) is a subset of the limit set Λθ(Γ) ⊂ Fθ

introduced in Section 3.8.
(2) Λcon

θ (Γ) coincides with the conical limit set in the convergence group sense
(recall that Γ acts on Λθ(Γ) as a convergence group).

(3) If φ ∈ a∗θ, δφ(Γ) < +∞, and
∑
γ∈Γ e

−δφ(Γ)φ(κ(γ)) = +∞, then there exists

a unique (Γ, φ, δφ(Γ))-Patterson–Sullivan measure µ on ∂θX. Moreover,

µ(Λcon
θ (Γ)) = 1.

Part 2. Construction of measurable boundary maps

5. Continuity properties of boundary maps

In this section we prove the following technical continuity result for measurable
maps whose domains are well-behaved PS-systems. Notice that the theorem does
not assume that the map has any equivariance properties.
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Theorem 5.1. Suppose (M,Γ, σ, µ) is a well-behaved PS-system with respect to
a hierarchy H = {H(R) ⊂ Γ : R ≥ 0}. Assume F : M → (Y,dY ) is a Borel
measurable map into a separable metric space.

For µ-a.e. x0 ∈ M , if x0 ∈
⋂
n≥1 γOR(γn) for some γ ∈ Γ, escaping sequence

{γn} with γn ∈ H(n), and R > 0, then there exist a subsequence {γnj}, h1, . . . , hm ∈
Γ, and a µ-null set E ⊂M such that for each x ∈MrE there exists some 1 ≤ i ≤ m
where

lim
j→+∞

F (γγnjhix) = F (x0).

Moreover, if
µ(Z) = 0

whenever Sn → +∞ and
[
M r γ−1

n OSn(γn)
]
→ Z with respect to the Hausdorff

distance, then we can assume that m = 1 and h1 = id.

We use the following result from our earlier work.

Lemma 5.2 ([KZ25, Corollary 5.5]). Suppose (M,Γ, σ, µ) is a well-behaved PS-
system with respect to a hierarchy H = {H(R) ⊂ Γ : R ≥ 0}. Assume that
F : M → (Y,dY ) is a Borel measurable map into a separable metric space.

If R > 0 is sufficiently large, then for µ-a.e. x ∈M we have

0 = lim
n→+∞

1

µ(γOR(γn))
µ ({y ∈ γOR(γn) : dY (F (x), F (y)) > ε})

for all ε > 0 whenever x ∈
⋂
n≥1 γOR(γn) for some γ ∈ Γ and escaping sequence

{γn} ⊂ H(R).

5.1. Proof of Theorem 5.1. Fix Rj ↗ +∞. After possibly increasing each {Rj},
by Lemma 5.2 for each j ≥ 1 there exists a full µ-measure set Mj ⊂ M such that:
if x0 ∈Mj ∩

⋂
n≥1 γORj (γn) for some γ ∈ Γ and escaping sequence {γn} ⊂ H(Rj),

then

0 = lim
n→+∞

1

µ(γORj (γn))
µ
({
x ∈ γORj (γn) : dY (F (x), F (x0)) > ε

})
for all ε > 0.

Let
M ′ :=

⋂
γ∈Γ,j≥1

γMj .

Then M ′ is a Γ-invariant set with full µ-measure.
Fix x0 ∈M ′, γ ∈ Γ, and {γn} ⊂ Γ escaping such that γn ∈ H(n) and

x0 ∈
⋂
n≥1

γOR(γn)

for some R > 0. Passing to a subsequence and relabelling, we can suppose that
γn ∈ H(Rn) for all n ≥ 1.

We can also assume Rj ≥ R for all j and hence by Property (PS6)

x0 ∈
⋂
n≥1

γORj (γn).

Since j 7→ H(Rj) is non-increasing, we have {γn}n≥j ⊂ H(Rj). So

0 = lim
n→+∞

1

µ(γORj (γn))
µ
({
x ∈ γORj (γn) : dY (F (x), F (x0)) > ε

})
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for all j ∈ N and ε > 0. By Property (PS1),

lim
n→+∞

1

µ(ORj (γn))
µ
({
x ∈ ORj (γn) : dY (F (γx), F (x0)) > ε

})
� lim
n→+∞

1

γ−1
∗ µ(ORj (γn))

γ−1
∗ µ

({
x ∈ ORj (γn) : dY (F (γx), F (x0)) > ε

})
= lim
n→+∞

1

µ(γORj (γn))
µ
({
x ∈ γORj (γn) : dY (F (x), F (x0)) > ε

})
= 0

for all j ∈ N and ε > 0.
By Property (PS2), there exists Cj > 1 such that

Cje
−δ‖γn‖σ ≤

dγ−1
n ∗µ

dµ
≤ Cje−δ‖γn‖σ µ-a.e. on γ−1

n ORj (γn)

where δ ≥ 0 is the dimension of the PS-system. Hence

0 = lim
n→+∞

1

(γ−1
n )∗µ(γ−1

n ORj (γn))
(γ−1
n )∗µ

({
x ∈ γ−1

n ORj (γn) : dY (F (γγnx), F (x0)) > ε
})

� lim
n→+∞

1

µ(γ−1
n ORj (γn))

µ
({
x ∈ γ−1

n ORj (γn) : dY (F (γγnx), F (x0)) > ε
})

for all j ∈ N and ε > 0. Since

µ(γ−1
n ORj (γn)) ≤ 1,

then

0 = lim
n→+∞

µ
({
x ∈ γ−1

n ORj (γn) : dY (F (γγnx), F (x0)) > ε
})

for all j ∈ N and ε > 0. Then we can find Sn = Rjn → +∞ and εn ↘ 0 such that
jn ≤ n and after passing to a subsequence of {γn},∑

n≥1

µ
({
x ∈ γ−1

n OSn(γn) : dY (F (γγnx), F (x0)) > εn
})

< +∞.

Let

En :=
{
x ∈ γ−1

n OSn(γn) : dY (F (γγnx), F (x0)) > εn
}

and

E′ :=
⋂
N≥1

⋃
n≥N

En,

which is µ-null by the Borel–Cantelli Lemma.
Passing to a subsequence we can suppose that

[
M r γ−1

n OSn(γn)
]
→ Z with

respect to the Hausdorff distance.
If µ(Z) = 0, then we set

E := E′ ∪ Z
which is µ-null. Fix x ∈ M r E. Since x /∈ Z and Z is closed, there exists some
N0 ∈ N such that x ∈

⋂
n≥N0

γ−1
n OSn(γn). Since x /∈ E′, there exists some N1 ∈ N

such that x /∈
⋃
n≥N1

En. Hence for n ≥ max(N0, N1) we have

dY (F (γγnx), F (x0)) ≤ εn.
Since εn → 0, this implies that F (γγnx)→ F (x0), and the “moreover” part follows.

In general, we set

E := Γ · E′
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which is µ-null by the quasi-invariance of µ. By Property (PS3), we can pick
h1, . . . , hm ∈ Γ such that

m⋂
i=1

h−1
i Z = ∅.

Then fix r > 0 such that
m⋂
i=1

h−1
i N r(Z) = ∅,

equivalently
m⋃
i=1

h−1
i (M rN r(Z)) = M.

Notice that
M rN r(Z) ⊂

⋂
n≥N0

γ−1
n OSn(γn)

for some N0 ∈ N.
Now fix x ∈ M r E. Then we can fix 1 ≤ i ≤ m such that hix ∈ M rN r(Z).

Since E = Γ · E′, we have hix /∈ E′. In particular, there exists some N1 ∈ N such
that

hix /∈
⋃
n≥N1

En.

Then for n ≥ max(N0, N1) we have

dY (F (γγnhix), F (x0)) ≤ εn.
So F (γγnhix)→ F (x0). �

6. Boundary maps and almost everywhere contraction

In this section, we prove the existence of boundary maps, which is the main
technical result of this paper. We first define two notions which we need to state
our result.

Suppose Γ is a locally compact group acting on a measure space (M,µ) where µ
is a Γ-quasi-invariant measure. Then the action of Γ on (M,µ) is amenable if there
exists a sequence λn : M → Prob(Γ) so that for µ-a.e. x ∈M and every g ∈ Γ,

lim
n→+∞

‖λn(gx)− g∗λn(x)‖ = 0

where Prob(·) is the space of Borel probability measures and ‖·‖ denotes the total
variation.

A subgroup H < G is Pθ-contracting if there exists a sequence {hn} ⊂ H such
that

α(κ(hn))→ +∞ for all α ∈ θ.
If H is Zariski dense, then H is Pθ-contracting, see [GM89, Theorem 3.6] or [Pra94].

Theorem 6.1. Suppose (M,Γ, σ, µ) is a well-behaved Patterson–Sullivan system
with respect to a hierarchy H = {H(R) ⊂ Γ : R ≥ 0},

µ(Λcon(H)) = 1,

and the Γ-action on (M,µ) is amenable.
If ρ : Γ → G is a representation such that ρ(Γ) is Pθ-contracting and strongly

(Φα)α∈θ-irreducible, then there exists a ρ-equivariant µ-a.e. defined measurable map
f : M → Λθ(Γ). Moreover:
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(1) For µ-a.e. x ∈ M , if γ ∈ Γ, {γn} ⊂ Γ is escaping, γn ∈ H(Rn) for some
Rn → +∞, and

x ∈
⋂
n≥1

γOR(γn),

for some R > 0, then

α(κ(ρ(γγn)))→ +∞ for all α ∈ θ

and

Uθ(ρ(γγn))→ f(x).

(2) If m : M → Prob(Fθ) is some ρ-equivariant µ-a.e. defined measurable map,
then m(x) = Df(x) µ-a.e. In particular, if f ′ : M → Fθ is a ρ-equivariant
µ-a.e. defined measurable map, then f = f ′ µ-a.e.

(3) If the hierarchy H is trivial (i.e., H(R) ≡ Γ), then for µ-a.e. x ∈M , there
exist R > 0, γ ∈ Γ, and an escaping sequence {γn} ⊂ Γ such that

lim
n→+∞

min
α∈θ

α(κ(ρ(γn))) = +∞, x ∈
⋂
n≥1

γOR(γn), and f(x) ∈
⋂
n≥1

ρ(γ)OθR(ρ(γn)).

In particular,

f∗µ(Λconcon
θ (Γ)) = 1.

Remark 6.2. Recall that the conditions in (1) imply that ρ(γγn)o→ f(x) in X
θ

by
Proposition 4.4.

In the rest of this section, we assume the hypotheses of Theorem 6.1.

Lemma 6.3. There exists a ρ-equivariant µ-a.e. defined measurable map m0 : M →
Prob(Fθ). Moreover, m0 maps into a single G-orbit.

Proof. The existence of the map m0 follows from [Zim84, Proposition 4.3.9]. By
Theorem 2.4, the Γ-action on (M,µ) is ergodic. Then the fact that m0 maps into
a single G-orbit follows from [Zim84, Corollary 3.2.17, Proposition 2.1.11], together
with the ergodicity of the Γ-action on (M,µ). �

Since m0 maps into a single G-orbit, we can fix a measure ν0 ∈ Prob(Fθ) and a
measurable map x ∈M 7→ gx ∈ G such that

m0(x) = (gx)∗ν0

for µ-a.e. x ∈M .
Let d0 ∈ Z≥0 be the smallest non-negative integer where there exists an (real)

algebraic variety of dimension d0 in Fθ with positive ν0 measure. Then let A denote
the set of all irreducible d0-dimensional algebraic varieties with positive ν0 measure.
Notice that if Z1, Z2 ∈ A are distinct, then ν0(Z1 ∩ Z2) = 0 by the minimality of
d0. Hence

ν0 =
∑
Z∈A

ν0(· ∩ Z) + ν̃0

where ν̃0 is a non-negative measure.
Now fix ε > 0 sufficiently small such that the set

Aε := {Z ∈ A : ν0(Z) > ε}
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is non-empty (notice that it must be finite). Then define

ν1 :=
1∑

Z∈Aε ν0(Z)

∑
Z∈Aε

ν0(· ∩ Z)

and define m1 : M → Prob(Fθ) by

m1(x) = (gx)∗ν1.

Then by construction the map m1 is ρ-equivariant and for µ-a.e. x ∈ M , m1(x) is
supported on finitely many irreducible d0-dimensional algebraic varieties.

For α ∈ θ, let ρα := Φα ◦ρ : Γ→ SL(Vα). In what follows, we view the boundary
map ζα in Property (R3) as having domain Fθ.

Proposition 6.4. There exists a Γ-invariant full µ-measure set M ′ ⊂ M such
that: if x0 ∈M ′, {γn} ⊂ Γ is escaping, γn ∈ H(Rn) for some Rn → +∞,

x0 ∈
⋂
n≥1

γOR(γn)

for some R > 0, and
ρα(γγn)

‖ρα(γγn)‖
→ Sα ∈ End(Vα)

for all α ∈ θ, then

(1) rankSα = 1 for all α ∈ θ,
(2) m1(x0) = Dξ where ξ ∈ Fθ is the unique point with ζα(ξ) = imSα for all

α ∈ θ.

Delaying the proof of Proposition 6.4 for a moment, we complete the proof
of Theorem 6.1. The proposition implies that m1(x) is a Dirac mass when x ∈
M ′ ∩ Λcon(H) and so f(x) = suppm1(x) provides a ρ-equivariant µ-a.e. defined
measurable map f : M → Fθ.

Lemma 6.5. f satisfies part (1) of the “moreover” part of Theorem 6.1.

Proof. Suppose x ∈M ′ and x, γ, {γn} satisfy the hypothesis of part (1). Proposi-
tion 6.4 implies that any limit point of

ρα(γγn)

‖ρα(γγn)‖
has rank one and image ζαf(x). So by Property (R1) of the representations Φα,
we have

α(κ(ρ(γγn)))→ +∞ for all α ∈ θ.
Then Lemma 3.4 implies that Uθ(ρ(γγn))→ f(x). �

We now prove the part (2) of the theorem. With the notation introduced at the
start of the proof, d0 = 0 and Aε is a point. Since ε > 0 was an arbitrary small
positive number, this implies that A is a point. Hence there exists λ > 0 such that

m0(x) = λDf(x) +m̃0(x)

µ-a.e., where m̃0(x) is a non-atomic non-negative measure.

Lemma 6.6. If m : M → Prob(Fθ) is an ρ-equivariant µ-a.e. defined map, then
m(x) = Df(x) µ-a.e.
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Proof. At the start of the argument, m0 : M → Prob(Fθ) was an arbitrary ρ-
equivariant µ-a.e. defined map. Hence repeating the proof above, there exist
λ′ > 0 and a µ-a.e. defined ρ-equivariant map f ′ : M → Fθ such that m(x) =
λ′Df ′(x) +m̃(x), where m̃(x) is a non-atomic non-negative measure. Further, f ′

satisfies part (1) of the moreover part of the theorem. Since f also satisfies part
(1) of the moreover part of the theorem, we must have f ′ = f µ-a.e.

Then it suffices to show that m̃(x) ≡ 0 for µ-a.e. x ∈ M . Suppose not. Then
since x 7→ m̃(x)(Fθ) is Γ-invariant and Γ acts ergodically on (M,µ), we have m̃(x)
is a non-zero measure for µ-a.e. x. Then m̃

‖m̃‖ : M → Prob(Fθ) is an ρ-equivariant

µ-a.e. defined map. So repeating the argument again, we see that m̃(x) has an atom
for µ-a.e. x, which is a contradiction. �

Now it remains to show the part (3). Suppose that H(R) ≡ Γ. Since Fθ ⊂ ∂θX
by Proposition 4.4, we can consider f as the map into ∂θX. We then consider the
mixed shadow

OfR(γ) := OR(γ) ∩ f−1(OθR(ρ(γ)))

for γ ∈ Γ and R > 0. By the part (1) of Theorem 6.1, it suffices to show that for
µ-a.e. x ∈ M , there exist R > 0, γ ∈ Γ, and an escaping sequence {γn} ⊂ Γ such

that x ∈ γOfR(γn) for all n ∈ N. Then the “in particular” part follows from Lemma
4.8(1).

By Property (PS4), we can fix an enumeration Γ = {γn} such that

‖γ1‖σ ≤ ‖γ2‖σ ≤ · · · .

By the Mixed Shadow Lemma in our earlier work [KZ25, Theorem 6.2] and the
Shadow Lemma (Proposition 2.5), we can fix R > 0 so that for some C > 1, we
have

1

C
µ (OR(γ)) ≤ µ

(
OfR(γ)

)
≤ Cµ (OR(γ)) for all γ ∈ Γ.

By [KZ25, Proof of Theorem 4.1], the sequence of sets An := OR(γn), n ∈ N,
satisfies the following Kochen–Stone Lemma, with Ω = M and ν = µ.

Lemma 6.7 (Kochen–Stone Lemma, [KS64]). Let (Ω, ν) be a finite measure space.
If {An} ⊂ Ω is a sequence of measurable sets where∑

n≥1

ν(An) = +∞ and lim inf
N→+∞

∑N
n,m=1 ν(An ∩Am)(∑N

n=1 ν(An)
)2 < +∞,

then

ν ({x ∈ Ω : x is contained in infinitely many of A1, A2, . . . }) > 0.

The uniform estimates on shadows implies that the new sequence of sets Bn :=

OfR(γn), n ∈ N, also satisfies this Kochen–Stone Lemma. Therefore, setting

E :=

x ∈M : ∃ R > 0, γ ∈ Γ, escaping {γn} ⊂ Γ s.t. x ∈
⋂
n≥1

γOfR(γn)

 ,

we have µ(E) > 0 and E is Γ-invariant. Since the Γ-action on (M,µ) is ergodic
(Theorem 2.4), we have µ(E) = 1. This completes the proof of (3).

Therefore, Theorem 6.1 follows, and it remains to prove Proposition 6.4.
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6.1. Proof of Proposition 6.4. Let M ′ ⊂ M be a full µ-measure set satisfying
the conclusion of Theorem 5.1. Suppose x0 ∈ M ′, γ ∈ Γ, {γn} ⊂ Γ is escaping,
γn ∈ H(Rn) for some Rn → +∞,

x0 ∈
⋂
n≥1

γOR(γn)

for some R > 0, and

ρα(γγn)

‖ρα(γγn)‖
→ Sα ∈ End(Vα)

for all α ∈ θ.
Using Theorem 5.1 and replacing {γn} by a subsequence, there exists a µ-null

set E ⊂M and h1, . . . , hN ∈ Γ such that: if y ∈M r E, then

m1(x0) = lim
n→+∞

m1(γγnhiy)

for some 1 ≤ i ≤ N .
Given T ∈ End(Vα) and a measure ν on P(Vα), we define the pushforward

measure

T∗ν := T∗
(
ν|P(Vα)rP(kerT )

)
.

The following well known observation will allow us to study the limit points of
ρα(γγn)
‖ρα(γγn)‖ in End(Vα).

Observation 6.8. Suppose ν is a Borel probability measure on P(Rd) and Tn → T

in End(Rd). If ν(P(kerT )) = 0, then (Tn)∗ν → T∗ν.

Since ρ(Γ) is Pθ-contracting, there exists a sequence {gm} ⊂ Γ such that

min
α∈θ

α(κ(ρ(gm)))→ +∞.

Passing to a subsequence we can suppose that

ρα(gm)

‖ρα(gm)‖
→ Tα ∈ End(Vα)

for all α ∈ θ. By Property (R1),

σ1(ρα(gm))

σ2(ρα(gm))
→ +∞

and hence Tα has rank one for each α ∈ θ.
Fix

y0 ∈M r Γ · E

(this set has full µ-measure and hence is non-empty).

Lemma 6.9. There exist u1, u2 ∈ Γ such that

Sαρα(hiu1)Tα 6= 0 for all α ∈ θ, 1 ≤ i ≤ N

and

ρ(u2)Y 6⊂ ζ−1
α

(
P(kerSαρα(hiu1)Tα)

)
for all α ∈ θ, Y ∈ gy0

Aε .
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Proof. For each α ∈ θ and 1 ≤ i ≤ N , fix vα ∈ imTα non-zero. By Lemma 3.7,
there exists u1 ∈ Γ such that

ρα(u1)vα /∈ ρα(hi)
−1 kerSα

for all α ∈ θ and 1 ≤ i ≤ N . Then u1 satisfies the first part of the lemma. Next
for each Y ∈ gy0 Aε, fix a non-zero vector wY ∈ Vα with [wY ] ∈ ζα(Y ). Then by
Lemma 3.7, there exists u2 ∈ Γ such that

ρα(u2)wY /∈ kerSαρα(hiu1)Tα

for all α ∈ θ and Y ∈ gy0 Aε (recall that Aε is finite). Then u2 satisfies the second
part of the lemma. �

For each m ∈ N, since u1gmu2y0 /∈ E, there exists some 1 ≤ im ≤ N such that

lim
n→+∞

ρ(γγnhimu1gmu2)∗m1(y0) = lim
n→+∞

m1(γγnhimu1gmu2y0) = m1(x0).

Replacing {gm} with a subsequence and relabelling the {hi} we can assume that
him = h1 for all m. Next fix nm → +∞ such that

lim
m→+∞

ρ(γγnmh1u1gmu2)∗m1(y0) = m1(x0).

Notice that

lim
m→+∞

ρα(γγnmh1u1gmu2)

‖ρα(γγnmh1u1gmu2)‖
=

Sαρα(h1u1)Tαρα(u2)

‖Sαρα(h1u1)Tαρα(u2)‖
=: T ′α ∈ End(Vα),

since Sαρα(h1u1)Tα 6= 0.
By the choice of u2, if Y ∈ gy0

Aε and α ∈ θ, then

Y 6⊂ ζ−1
α (P(kerT ′α)) ,

and so

dim
(
Y ∩ ζ−1

α (P(kerT ′α))
)
< d0.

Hence by the definition of m1,

(ζα)∗m1(y0) (P(kerT ′α)) = m1(y0)
(
ζ−1
α (P(kerT ′α))

)
= 0.

So Observation 6.8 implies that

(ζα)∗m1(x0) = lim
m→+∞

(ζα)∗ρ(γγnmh1u1gmu2)∗m1(y0)

= lim
m→+∞

ρα(γγnmh1u1gmh2)∗(ζα)∗m1(y0)

= (T ′α)∗(ζα)∗m1(y0).

Since rankT ′α = rankTα = 1 we then see that

(ζα)∗m1(x0) = DP(imT ′α) .

Thus m1(x0) = Dξ where ξ ∈ Fθ is the unique point with ζα(ξ) = P(imT ′α)
for all α ∈ θ. Since imT ′α ⊂ imSα, to finish the proof it suffices to show that
rankSα = 1.

Fix α ∈ θ. Since m1(x0) is a Dirac mass, the definition of m1 implies that m1(x)
is a Dirac mass for µ-a.e. x. Then fα(x) := supp (ζα)∗m1(x) defines a ρ-equivariant
µ-a.e. defined measurable map fα : M → P(Vα).

Suppose for a contradiction that rankSα > 1. Fix z0 ∈ M r Γ · E such that
fα(z0) is defined.
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Lemma 6.10. There exists u3 ∈ Γ such that

ρα(hiu3)fα(z0) /∈ P(kerSα)

and

Sαρα(hiu3)fα(z0) 6= fα(x0)

for all 1 ≤ i ≤ N .

Proof. Let fα(z0) = [v] for some non-zero v ∈ Vα. Notice that since Sα has rank at
least two, S−1

α (fα(x0)) ⊂ Vα is a proper linear subspace. So by Lemma 3.7, there
exists u3 ∈ Γ such that

ρα(u3)v /∈ ρα(hi)
−1 kerSα

and

ρα(u3)v /∈ ρα(hi)
−1S−1

α (fα(x0))

for all 1 ≤ i ≤ N . Then u3 satisfies the desired conclusion. �

Since u3z0 /∈ E, there exists 1 ≤ i ≤ N such that

m1(x0) = lim
n→+∞

m1(γγnhiu3z0) = lim
n→+∞

ρ(γγnhiu3)∗m1(z0).

Applying (ζα)∗, Observation 6.8 implies that

Dfα(x0) = (ζα)∗m1(x0) = lim
n→+∞

ρα(γγnhiu3)∗Dfα(z0)

= DSαρα(hiu3)fα(z0) .

Since Sαρα(hiu3)fα(z0) 6= fα(x0), we have a contradiction. Hence rankSα = 1,
completing the proof of Proposition 6.4. �

7. Amenable actions of transverse groups

In this section we prove that transverse groups act amenably on their limit sets,
and hence the amenable assumption in Theorem 6.1 is satisfied.

Theorem 7.1. Suppose Γ < G is a non-elementary Pθ-transverse group. If µ
is a Γ-quasi-invariant Borel probability measure on Λθ(Γ), then the Γ-action on
(Λθ(Γ), µ) is amenable.

To prove Theorem 7.1 we first use a result from [CZZ24] that says a transverse
group can be identified with a group acting nicely on a properly convex domain in
some projective space. The Hilbert metric on this properly convex domain then
has enough hyperbolic behavior to adapt an argument of Kaimanovich [Kai04].

7.1. Background on convex real projective geometry. We recall some ter-
minology from real projective geometry.

Suppose Ω ⊂ P(Rd) is properly convex, that is, it is a bounded convex subset of

some affine chart of P(Rd). The automorphism group of Ω is

Aut(Ω) = {g ∈ PGL(d,R) : gΩ = Ω}.

The limit set of a subgroup H < Aut(Ω), denoted by ΛΩ(H), is the set of points
x ∈ ∂Ω where there exist o ∈ Ω and {hn} ⊂ H with hno→ x.

Given x, y ∈ Ω, we let [x, y] denote the projective line segment contained in Ω
joining x to y. We further define (x, y) := [x, y] r {x, y}, [x, y) := [x, y] r {y}, and
(x, y] := [x, y] r {x}.
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The Hilbert metric dΩ on Ω is defined as follows: for p, q ∈ Ω distinct let a, b ∈ ∂Ω
be the unique points with p, q ∈ (a, b) and with order a, p, q, b, then define

dΩ(x, y) :=
1

2
log
‖a− q‖ ‖b− p‖
‖a− p‖ ‖b− q‖

where ‖·‖ is any norm on any affine chart containing Ω. The Hilbert metric is a
proper geodesic metric where Aut(Ω) acts by isometries. Further, for p, q ∈ Ω the
line segment [p, q] can be parametrized to be a geodesic.

An element W ∈ Grd−1(Rd) is a supporting hyperplane at x ∈ ∂Ω if x ∈ P(W )
and P(W )∩Ω = ∅. Convexity of Ω implies that every boundary point is contained
in at least one supporting hyperplane and we say that ∂Ω is C1-smooth at x ∈ ∂Ω
if x is contained in exactly one supporting hyperplane.

We end this section by recording some useful geometric properties.

Observation 7.2 (see e.g. the proof of [Ben04, Lemma 3.4]). Suppose x ∈ ∂Ω
is a C1-smooth point. For p ∈ Ω, let `p : [0,+∞) → Ω denote the unit speed
parametrization of the geodesic ray [p, x). If p, q ∈ Ω, then there exists Tp,q ∈ R
such that

lim
t→+∞

dΩ(`p(t), `q(t+ Tp,q)) = 0.

Moreover Tp,q depends continuously on p, q and the convergence is uniform on
compact subsets of Ω.

Given a discrete group Γ < Aut(Ω), the Hilbert metric critical exponent is

δΩ(Γ) := lim sup
R→+∞

1

R
log #{γ ∈ Γ : dΩ(γo, o) ≤ R}

where o ∈ Ω is any fixed point. A result of Tholozan implies that this critical
exponent has a uniform upper bound, which only depends on the dimension d.

Theorem 7.3 ([Tho17]). If Γ < Aut(Ω) is discrete, then δΩ(Γ) ≤ d− 2.

7.2. Projectively visible groups. In [CZZ24, CZZ26], Canary, Zhang, and the
second author studied transverse groups by constructing actions on certain types
of properly convex domains.

Definition 7.4. Suppose Ω ⊂ P(Rd) is properly convex. A discrete subgroup
Γ < Aut(Ω) is projectively visible if

• (x, y) ⊂ Ω for every x, y ∈ ΛΩ(Γ),
• every x ∈ ΛΩ(Γ) is a C1-smooth point of ∂Ω.

Under some mild conditions on G and Pθ, every transverse group can be identified
with a projectively visible subgroup.

Theorem 7.5 ([CZZ24, Theorem 6.2]). Suppose G has trivial center, θ ⊂ ∆, and Pθ
contains no simple factors of G. If Γ < G is Pθ-transverse, then there exist d ∈ N, a
properly convex domain Ω ⊂ P(Rd), a projectively visible subgroup Γ0 < Aut(Ω), an
isomorphism ρ : Γ0 → Γ, and a ρ-equivariant homeomorphism ξ : ΛΩ(Γ0)→ Λθ(Γ).
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7.3. Proof of Theorem 7.1. By replacing G with a quotient, it suffices to consider
the case where G has trivial center and Pθ does not contain any simple factors of
G, see [CZZ24, Section 2.4].

Then by Theorem 7.5 there exist d ∈ N, a properly convex domain Ω ⊂ P(Rd),
a projectively visible subgroup Γ0 < Aut(Ω), an isomorphism ρ : Γ0 → Γ, and a
ρ-equivariant homeomorphism ξ : ΛΩ(Γ0)→ Λθ(Γ).

Then it suffices to fix a Γ0-quasi-invariant Borel probability measure µ on ΛΩ(Γ0)
and show that Γ0 acts amenably on (ΛΩ(Γ0), µ). Using Observation 7.2, we can
argue exactly as in [Kai04, Theorems 1.33 and 3.15].

Lemma 7.6 (compare to [Kai04, Theorem 1.33, Theorem 1.38]). There exists a
sequence of Γ0-equivariant maps λn : Ω× ΛΩ(Γ0)→ Prob(Γ0) such that

lim
n→+∞

‖λn(p, x)− λn(q, x)‖ = 0

for any p, q ∈ Ω and x ∈ ΛΩ(Γ0). Moreover, with x fixed the convergence is uniform
on any compact subset of Ω.

Proof. Fix δ > δΩ(Γ0) and o ∈ Ω. Then for p ∈ Ω consider the measures

νp :=
1∑

γ∈Γ0
e−δ dΩ(p,γo)

∑
γ∈Γ0

e−δ dΩ(p,γo)Dγ ∈ Prob(Γ0)

where Dγ is the Dirac mass at γ.

Claim: If dΩ(p, q) ≤ 1, then

(10) ‖νp − νq‖ ≤ 2δe2δ dΩ(p, q).

Proof of Claim: For p ∈ Ω, let Mp :=
∑
γ∈Γ0

e−δ dΩ(p,γo). Now fix p, q ∈ Ω with

dΩ(p, q) ≤ 1. Then for every γ ∈ Γ,

e−δ dΩ(p,γo) = eεγe−δ dΩ(q,γo) where |εγ | ≤ δ dΩ(p, q).

So Mp = eεMq where |ε| ≤ δ dΩ(p, q). Then

‖νp − νq‖ =
∑
γ∈Γ

∣∣∣∣ 1

Mp
e−δ dΩ(p,γo) − 1

Mq
e−δ dΩ(q,γo)

∣∣∣∣
=

1

Mq

∑
γ∈Γ

∣∣∣e−εe−δ dΩ(p,γo) − e−δ dΩ(q,γo)
∣∣∣

=
1

Mq

∑
γ∈Γ

e−δ dΩ(q,γo)
∣∣e−ε+εγ − 1

∣∣ ≤ sup
γ∈Γ

∣∣e−ε+εγ − 1
∣∣ .

Now |−ε+ εγ | ≤ 2δ dΩ(p, q), so by the mean value theorem

‖νp − νq‖ ≤ e2δ dΩ(p,q)2δ dΩ(p, q) ≤ 2δe2δ dΩ(p, q).

J

Next for p ∈ Ω and x ∈ ΛΩ(Γ0), let `px : [0,+∞) → Ω be the unit speed
parametrization of the geodesic ray [p, x). Then define

λn(p, x) :=
1

n

∫ n

0

ν`px(t)dt.

Observation 7.2 and Equation (10) imply that these measures have the desired
properties. �
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Next define λn : ΛΩ(Γ0)→ Prob(Γ0) by

λn(x) := λn(o, x).

Then

lim
n→+∞

‖λn(γx)− γ∗λn(x)‖ = lim
n→+∞

‖λn(o, γx)− λn(γo, γx)‖ = 0

for every x ∈ ΛΩ(Γ0) and every γ ∈ Γ0. �

Part 3. Applications

8. Lifting Patterson–Sullivan measures

For the rest of the section, suppose Γ < G is a Pθ-transverse group, φ ∈ a∗θ,
δ := δφ(Γ) < +∞, and ∑

γ∈Γ

e−δφ(κ(γ)) = +∞.

Let µ denote the unique (Γ, φ, δ)-Patterson–Sullivan measure on Λθ(Γ) ⊂ Fθ ⊂
∂θX, see Theorem 3.9. This section is devoted to the proof of the following.

Theorem 8.1. With the notations above, suppose Θ ⊃ θ and Γ is PΘ-contracting
and strongly (Φα)α∈Θ-irreducible. Then the following holds:

(1) There exists a unique µ-a.e defined injective Γ-equivariant measurable map

f : Λθ(Γ)→ FΘ .

(2) The pushforward f∗µ is the unique (Γ, φ, δ)-Patterson–Sullivan measure on
∂ΘX.

(3) (f∗µ)(Λconcon
Θ (Γ)) = 1. Moreover, for µ-a.e. x ∈ Λθ(Γ), there exist R > 0

and an escaping sequence {γn} ⊂ Γ such that

lim
n→+∞

min
α∈Θ

α(κ(γn)) = +∞, x ∈
⋂
n≥1

OθR(γn), and f(x) ∈
⋂
n≥1

OΘ
R(γn).

(4) If µ′ is a (Γ, φ, β)-Patterson–Sullivan measure on ∂ΘX, then β ≥ δ.

By Theorem 4.6, (∂θX,Γ, φ ◦Bθ, µ) is a well-behaved PS-system with respect to
the trivial hierarchy H(R) ≡ Γ. Hence, together with Theorem 2.3 and [Ben97],
we obtain singularity between Patterson–Sullivan measures.

Corollary 8.2. Suppose further that Γ is Zariski dense in G. If ψ ∈ a∗Θ, β ≥ 0,
and µψ is a (Γ, ψ, β)-Patterson–Sullivan measure on ∂ΘX, then

f∗µ and µψ are non-singular ⇐⇒ f∗µ = µψ ⇐⇒ δ · φ = β · ψ.

Proof. If δ · φ = β · ψ, then it follows from the uniqueness in Theorem 8.1(2)
that f∗µ = µψ. Clearly, if f∗µ = µψ, then they are non-singular. So it suffices to
show that non-singularity implies that the functionals coincide up to an appropriate
scaling.

Suppose f∗µ and µψ are non-singular. Then by Theorem 2.3 we have

sup
γ∈Γ
|δ · φ(κ(γ))− β · ψ(κ(γ))| < +∞.

By definition, the Jordan projections then satisfy

δ · φ(λ(γ)) = β · ψ(λ(γ))

for all γ ∈ Γ. Since Γ is Zariski dense, this implies δ · φ = β · ψ by [Ben97]. �
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The rest of this section is devoted to the proof of Theorem 8.1.

8.1. Part (1). Theorem 7.1 implies that the Γ-action on (Λθ(Γ), µ) is amenable
and Theorem 3.9 (and Proposition 4.10) implies that µ is supported on the conical
limit set. So we can apply Theorem 6.1 to the inclusion Γ ↪→ G. As a result, we
have a unique measurable Γ-equivariant µ-a.e. defined map

f : Λθ(Γ)→ FΘ .

To finish the proof of part (1) we only need to show that f is injective on a set of full
µ-measure. Let π : FΘ → Fθ be the natural projection. Then πf is a Γ-equivariant
µ-a.e. defined map. However, Γ is Pθ-contracting and strongly (Φα)α∈θ-irreducible,
so by Theorem 6.1 the identity is the unique measurable Γ-equivariant µ-a.e. defined
map Λθ(Γ)→ Fθ . Thus we must have

(11) πf = idFθ µ-a.e.

Hence f is injective on a set of full µ-measure.

8.2. Parts (2) and (4). Since φ ∈ a∗θ = span{ωα : α ∈ θ}, Equation (6) implies
that

φBIWΘ (g, x) = φBIWθ (g, π(x))

for all x ∈ FΘ and g ∈ G. Hence Equation (11) implies that f∗µ is a (Γ, φ, δ)-
Patterson–Sullivan measure on FΘ ⊂ ∂ΘX.

The uniqueness in part (2) and the estimate in part (4) will be a consequence of
the following general result (which we also use in the proof of Theorem 10.1 below).

Proposition 8.3. Suppose that µ′ is a Radon measure on ∂ΘX such that for each
R > 0 sufficiently large there exists C0 = C0(R) > 0 so that

(f∗µ)(OΘ
R(γ)) ≤ C0µ

′(OΘ
R(γ)) for all γ ∈ Γ.

Then

f∗µ� µ′.

Proof. Since f∗µ is supported on FΘ, it suffices to fix a Borel subset E ⊂ FΘ with
µ′(E) = 0 and then show that f∗µ(E) = 0.

For each R > 0, let ER ⊂ f−1(E) be the subset satisfying:

• for each x ∈ ER, there exists an escaping sequence {γn} ⊂ Γ such that

x ∈
⋂
n≥1

OθR(γn)

and
• Theorem 6.1(1) holds for all x ∈ ER.

Then Proposition 4.10 implies that (f∗µ)(E) = µ
(⋃

R>0ER
)
. Since {ER}R>0 is

an increasing family of sets, it suffices to fix R > 0 sufficiently large and show that
µ(ER) = 0.

Fix ε > 0 and let U ⊂ ∂ΘX be an open neighborhood of E such that

µ′(U) ≤ ε.

Claim: If x ∈ ER, then there exists γx ∈ Γ so that x ∈ OθR(γx) and OΘ
R(γx) ⊂ U .
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Proof of Claim: By the definition of ER and Theorem 6.1(1), there exists an es-
caping sequence {γn} ⊂ Γ such that

x ∈
⋂
n≥1

OθR(γn), lim
n→+∞

min
α∈Θ

α(κ(γn)) = +∞, and f(x) = lim
n→+∞

UΘ(γn) ∈ FΘ .

By Lemma 4.8(2), UΘ(γn) ∈ OΘ
R(γn) for all large n ≥ 1. Moreover, diamOΘ

R(γn)→
0 as n→ +∞ by Lemma 4.8(3). Since U ⊂ ∂ΘX is an open neighborhood of f(x),
it follows that there exists γx ∈ Γ such that

x ∈ OθR(γx) and OΘ
R(γx) ⊂ U .

J
Hence we have a countable subset I := {γx : x ∈ ER} ⊂ Γ so that

ER ⊂
⋃
γ∈I
OθR(γ) and

⋃
γ∈I
OΘ
R(γ) ⊂ U .

By Lemma 2.6, there exist J ⊂ I andR′ ≥ R such that the shadows
{
OθR(γ) : γ ∈ J

}
are pairwise disjoint and ⋃

γ∈I
OθR(γ) ⊂

⋃
γ∈J
OθR′(γ).

We then have

µ(ER) ≤ µ

⋃
γ∈I
OθR(γ)

 ≤∑
γ∈J

µ(OθR′(γ)).

By Theorem 4.5, (∂θX,Γ, φ ◦Bθ, µ) and (∂ΘX,Γ, φ ◦BΘ, f∗µ) are PS-systems. So,
after possibly increasing R, the Shadow Lemma (Proposition 2.5) implies that there
exists C1 = C1(R) > 0 so that

µ(OθR′(γ)) ≤ C1µ(OθR(γ))

and

µ(OθR(γ)) ≤ C1(f∗µ)(OΘ
R(γ))

for all γ ∈ Γ. This implies that

µ(ER) ≤ C1

∑
γ∈J

µ(OθR(γ)) ≤ C2
1

∑
γ∈J

(f∗µ)(OΘ
R(γ)) ≤ C0C

2
1

∑
γ∈J

µ′(OΘ
R(γ)).

Let πθ : ∂ΘX → ∂θX denote the map obtained by postcomposing with the
canonical projection πθ : a∆ → aθ restricted to aΘ. Equation (6) implies that

πθOΘ
R(γ) ⊂ OθR(γ). Then, since the shadows

{
OθR(γ) : γ ∈ J

}
are pairwise disjoint,

the shadows
{
OΘ
R(γ) : γ ∈ J

}
are pairwise disjoint as well. Therefore,

µ(ER) ≤ C0C
2
1µ
′

⋃
γ∈J
OΘ
R(γ)

 ≤ C0C
2
1µ
′(U) ≤ C0C

2
1ε.

Since ε > 0 is arbitrary and C0, C1 are independent of ε, we have

µ(ER) = 0.

This finishes the proof. �
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Now we deduce the uniqueness in part (2) and the estimate in part (4) using
Proposition 8.3.

Lemma 8.4. If β ≤ δ and µ′ is a (Γ, φ, β)-Patterson–Sullivan measure on ∂ΘX,
then β = δ and µ′ = µ.

Proof. Since both (∂ΘX,Γ, φ ◦ BΘ, f∗µ) and (∂ΘX,Γ, φ ◦ BΘ, µ
′) are PS-systems

by Theorem 4.5, it follows from the Shadow Lemma (Proposition 2.5) that for all
large enough R > 0, there exists C0 > 0 such that

(f∗µ)(OΘ
R(γ)) ≤ C0µ

′(OΘ
R(γ)) for all γ ∈ Γ.

Hence, by Proposition 8.3, we have f∗µ� µ′.
Fix a full µ-measure Γ-invariant set Y ⊂ Λθ(Γ) where f is defined. We claim

that µ′(f(Y )) = 1. If not, then

µ′′ :=
1

µ′(∂ΘX r f(Y ))
µ′|∂ΘXrf(Y )

is a (Γ, φ, β)-Patterson–Sullivan measure. Then arguing as above, we have f∗µ �
µ′′, which is impossible. Hence µ′(f(Y )) = 1.

Recall that πf = idFθ , see Equation (11). So π∗µ
′ is a (Γ, φ, β)-Patterson–

Sullivan measure on Λθ(Γ). Then β = δ and µ = f−1
∗ µ′ by [CZZ24] (see Theorem

3.9). �

8.3. Part (3). This follows from the part (3) of Theorem 6.1 and Lemma 4.8(1),
as the associated hierarchy H is trivial (Theorem 4.6). �

9. Ergodic dichotomy for BMS-measures on homogeneous spaces

In this section, we prove the ergodic dichotomy for the diagonal action on homo-
geneous spaces. Let Γ < G be a Pθ-transverse group which is P∆-contracting and
strongly (Φα)α∈∆-irreducible. In this section, we apply the machinery developed in
earlier sections to study ergodic theory on the homogeneous space Γ\G or Γ\G /M.

First recall the Hopf parametrization G /M = F (2)
∆ ×a given by

gM =
(
g P∆, gw0 P∆, B

IW
∆ (g,P∆)

)
where F (2)

∆ ⊂ F∆×F∆ is the subset of transverse pairs. Then right multiplication

A on G /M corresponds to translation on the a-component of F (2)
∆ ×a.

Fix φ ∈ a∗θ and δ ≥ 0, and suppose that there exist (Γ, φ, δ) and (Γ, i∗φ, δ)-PS
measures µφ and µi∗φ on Λ∆(Γ) ⊂ F∆ respectively. While they may not exist or
they may not be unique in general, we assume the existence and make a choice.

We first define a Γ-invariant Radon measure νφ on F (2)
∆ by

dνφ(ξ, η) := eδφG∆(ξ,η)dµφ(ξ)dµi∗φ(η)

where G∆ is the a-valued Gromov product, i.e.

(12) G∆(ξ, η) := −
(
BIW∆ (g−1, ξ) + iB(g−1, η)

)
for g ∈ G with (g P∆, gw0 P∆) = (ξ, η). By the irreducibility of Γ and the quasi-
invariance of µφ under the Γ-action, it follows from Fubini’s theorem that

(13) νφ(F (2)
∆ ) > 0.

See [KOW25b, Proposition 10.2] for instance.



36 KIM AND ZIMMER

Then the measure νφ ⊗ Leba on G /M = F (2)
∆ ×a is Γ-invariant, and hence it

induces the A-invariant Radon measure

mφ on Γ\G /M

which we call the Bowen–Margulis–Sullivan measure associated to (µφ, µφ◦i).
Combining the ergodicity results for the diagonal action of Γ on Fθ ×F i∗θ es-

tablished in [CZZ24] with our lifting theorem, we obtain the ergodic dichotomy for
νφ and mφ, which generalizes the classical Hopf–Tsuji–Sullivan dichotomy.

Theorem 9.1. The following dichotomy holds.

(1) If
∑
γ∈Γ e

−δφ(κ(γ)) = +∞, then δ = δφ(Γ) and (µφ, µi∗φ) is a unique pair
of PS-measures, and we have
• µφ(Λconcon

∆ (Γ)) = µi∗φ(Λconcon
∆ (Γ)) = 1,

• the diagonal Γ-action on (F (2)
∆ , νφ) is ergodic, and

• the A-action on (Γ\G /M,mφ) is ergodic.

(2) If
∑
γ∈Γ e

−δφ(κ(γ)) < +∞, then we have

• µφ(Λcon
∆ (Γ)) = µi∗φ(Λcon

∆ (Γ)) = 0,

• the diagonal Γ-action on (F (2)
∆ , νφ) is not ergodic, and

• the A-action on (Γ\G /M,mφ) is not ergodic.

Proof. Suppose first that
∑
γ∈Γ e

−δφ(κ(γ)) = +∞. The existence of (µφ, µi∗φ) im-

plies δ ≥ δφ(Γ) by Theorem 8.1(4), and hence δ = δφ(Γ) due to the divergence of
the series.

Without loss of generality, we may assume θ = i∗θ (Observation 3.8). Now by
Theorem 8.1, we have µφ = f∗µ and µi∗φ = f̄∗µ̄ where

• µ is the (Γ, φ, δ)-Patterson–Sullivan measure on Λθ(Γ) and f : Λθ(Γ)→ F∆

is the µ-a.e. defined injective Γ-equivariant map,
• µ̄ is the (Γ, i∗φ, δ)-Patterson–Sullivan measure Λθ(Γ) and f̄ : Λθ(Γ)→ F∆

is the µ̄-a.e. defined injective Γ-equivariant map.

Theorem 8.1 also implies that

µφ(Λconcon
∆ (Γ)) = µi∗φ(Λconcon

∆ (Γ)) = 1.

As proved in [CZZ24, Corollary 12.1], the diagonal Γ-action on (Λθ(Γ)2, µ⊗ µ̄) is

ergodic. Hence, the Γ-action on (F2
∆, µφ⊗µi∗φ) is ergodic as well. Since F (2)

∆ ⊂ F2
∆

is Γ-invariant, the Γ-action on (F (2)
∆ , νφ) is ergodic as well. It then follows from the

definition of mφ that the A-action on (Γ\G /M,mφ) is also ergodic.

Next suppose that
∑
γ∈Γ e

−δφ(κ(γ)) < +∞. The Shadow Lemma (Proposition

2.5) implies that µφ(Λcon
∆ (Γ)) = µi∗φ(Λcon

∆ (Γ)) = 0. It now suffices to show that the

Γ-action on (F (2)
∆ , νφ) is not ergodic, which also implies the non-ergodicity of the

A-action on (Γ\G /M,mφ).

Suppose to the contrary that the Γ-action on (F (2)
∆ , νφ) is ergodic. Then passing

through the projection π : F (2)
∆ → F (2)

θ , the Γ-action on (F (2)
θ , π∗νφ) is ergodic,

where F (2)
θ is the set of transverse pairs in F2

θ. On the other hand, since π∗νφ is

supported on Λθ(Γ)×Λθ(Γ), such an ergodicity implies
∑
γ∈Γ e

−δφ(κ(γ)) = +∞ by

[CZZ24, Corollary 12.1], contradiction. �
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10. Strict convexity of critical exponent

This section is devoted to the proof of our main theorem on the strict convexity
of the entropy. We combine the strategy of [BCZZ24, Proposition 14.5] with the
machinery developed in this paper.

Theorem 10.1. Suppose Γ < G is a Pθ-transverse group, Θ ⊃ θ, and Φα(Γ) <
SL(Vα) has semisimple Zariski closure for each α ∈ Θ. Assume:

• φ ∈ a∗θ satisfies δφ(Γ) < +∞ and
∑
γ∈Γ e

−δφ(Γ)φ(κ(γ)) = +∞.

• φ1, φ2 ∈ a∗Θ satisfy δφ1(Γ) = δφ2(Γ) = 1.
• There exist t ∈ (0, 1) and C ≥ 0 such that

φ(κ(γ)) ≥ tφ1(κ(γ)) + (1− t)φ2(κ(γ))− C for all γ ∈ Γ.

Then δφ(Γ) ≤ 1 and equality holds if and only if

sup
γ∈Γ
|φ(κ(γ))− φi(κ(γ))| < +∞ for i = 1, 2.

In particular, if δφ(Γ) = 1, then

φ(λ(γ)) = φ1(λ(γ)) = φ2(λ(γ)) for all γ ∈ Γ.

Delaying the proof of Theorem 10.1, we first deduce an analogous statement for
general linear combinations.

Corollary 10.2. Suppose Γ < G is a Pθ-transverse group, Θ ⊃ θ, and Φα(Γ) <
SL(Vα) has semisimple Zariski closure for each α ∈ Θ. Assume:

• φ ∈ a∗θ satisfies δφ(Γ) < +∞ and
∑
γ∈Γ e

−δφ(Γ)φ(κ(γ)) = +∞.

• φ1, φ2 ∈ a∗Θ satisfy δφ1(Γ), δφ2(Γ) < +∞ and

φ ≥ c1φ1 + c2φ2 on a+

for some c1, c2 > 0.

Then

δφ(Γ) ≤ 1
c1

δφ1 (Γ)
+ c2

δφ2 (Γ)

and equality holds if and only if

sup
γ∈Γ

∣∣δφ(Γ)φ(κ(γ))− δφi(Γ)φi(κ(γ))
∣∣ < +∞ for i = 1, 2.

Proof. Let

ψ :=
1

c1
δφ1 (Γ)

+ c2
δφ2 (Γ)

· φ ∈ a∗θ.

Then we have

δψ(Γ) =

(
c1

δφ1(Γ)
+

c2
δφ2(Γ)

)
δφ(Γ) and

∑
γ∈Γ

e−δ
ψ(Γ)ψ(κ(γ)) = +∞.

In addition, setting ψi := δφi(Γ) · φi, we have δψi(Γ) = 1 for i = 1, 2, and moreover

ψ ≥ tψ1 + (1− t)ψ2

where t :=
c1

δφ1 (Γ)
c1

δφ1 (Γ)
+

c2

δφ2 (Γ)

∈ (0, 1). Then applying Theorem 10.1 to ψ, ψ1, and ψ2

finishes the proof. �
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10.1. Proof of Theorem 10.1 in a special case. We first prove the theorem
with an extra assumption.

Extra Assumption: Γ is PΘ-contracting and strongly (Φα)α∈Θ-irreducible.

Notice that, if s > 0, then Hölder inequality implies that∑
γ∈Γ

e−sφ(κ(γ)) ≤ eCs
∑
γ∈Γ

e−stφ1(κ(γ))e−s(1−t)φ2(κ(γ))

≤ eCs
∑
γ∈Γ

e−sφ1(κ(γ))

t∑
γ∈Γ

e−sφ2(κ(γ))

1−t

.

So Equation (1) implies that

δφ(Γ) ≤ 1.

In addition, it is straightforward that supγ∈Γ |φ(κ(γ))− φi(κ(γ))| < +∞ for

i = 1, 2 implies δφ(Γ) = 1, and therefore the theorem reduces to the following.

Claim: If δφ(Γ) = 1, then supγ∈Γ |φ(κ(γ))− φi(κ(γ))| < +∞ for i = 1, 2.

Assume δφ(Γ) = 1. Let µ be the unique (Γ, φ, 1)-Patterson–Sullivan measure on
Λθ(Γ) (see Theorem 3.9) and let f : Λθ(Γ)→ FΘ denote the map in Theorem 8.1.
Then f∗µ is a (Γ, φ, 1)-Patterson–Sullivan measure on FΘ ⊂ ∂ΘX. Next for i = 1, 2
let µi be a (Γ, φi, 1)-Patterson–Sullivan measure on ∂ΘX (see Proposition 4.3).

By Theorems 4.5 and 8.1, the measures f∗µ, µ1, and µ2 are each part of a
Patterson–Sullivan system on ∂ΘX. In particular, these measures satisfy the Shadow
Lemma (Proposition 2.5). Then we have that for any large R > 0, there exists
C0 = C0(R) > 1 such that for all γ ∈ Γ and i = 1, 2,

(f∗µ)(OΘ
R(γ)) ≤ C0e

−φ(κ(γ)) and µi(OΘ
R(γ)) ≥ C−1

0 e−φi(κ(γ)).

Hence, it follows from φ(κ(γ)) ≥ tφ1(κ(γ)) + (1− t)φ2(κ(γ))−C that for all γ ∈ Γ,

(f∗µ)(OΘ
R(γ)) ≤ C2

0e
Cµ1(OΘ

R(γ))tµ2(OΘ
R(γ))1−t

≤ C2
0e
C
(
tµ1(OΘ

R(γ)) + (1− t)µ2(OΘ
R(γ))

)
≤ C2

0e
C(µ1 + µ2)(OΘ

R(γ))

where the weighted arithmetic-mean geometric-mean inequality is used in the sec-
ond inequality.

By Proposition 8.3, we then have

f∗µ� µ1 + µ2.

In particular, at least one of µ1 or µ2 is non-singular to f∗µ. After relabeling, we
can suppose that µ1 is non-singular to f∗µ. Then by Theorem 2.3, we have

sup
γ∈Γ
|φ(κ(γ))− φ1(κ(γ))| < +∞.

This implies that there there exists C ′ > 0 such that

φ(κ(γ)) ≥ φ2(κ(γ))− C ′

for all γ ∈ Γ. Then using the Shadow Lemma and Proposition 8.3 as above, we
have

f∗µ� µ2.
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Therefore by Theorem 2.3,

sup
γ∈Γ
|φ(κ(γ))− φ2(κ(γ))| < +∞.

This completes the proof. �

10.2. Proof of Theorem 10.1 in general. We now prove the theorem in full
generality. The idea is to replace G with a different group where Γ is contracting
and strongly irreducible.

We will freely use the notation in Section 3.3. For each α ∈ Θ, let Hα < SL(Vα)
denote the Zariski closure of Φα(Γ) < SL(Vα). Replacing Γ with a finite index
subgroup, we can assume that each Hα is connected.

Lemma 10.3. For each α ∈ Θ there exists an irreducible representation ρα : Hα →
SL(Wα) such that

(1) There exist Cα > 0 and rα ∈ N where

|ω1(κ(ρα(h)))− rαω1(κ(h))| ≤ Cα
for all h ∈ Hα.

(2) ρα(Hα) is Pα1
-contracting.

When α ∈ θ, we can assume that rα = 1 and Wα < Vα is an irreducible factor of
the Hα-action on Vα.

Remark 10.4. In the lemma, we assume that Wα is endowed with some inner
product (the properties do not depend on the choice).

Proof. Fix α ∈ Θ, let d = dimVα, and identify SL(Vα) with SL(d,R) using an
orthogonal basis of Vα. Conjugating Hα (this is what introduces the additive error),
we can assume that the Cartan subgroup Aα of Hα consists of positive diagonal
matrices and the maximal compact subgroup of Hα is a subgroup of SO(d).

Fix r ∈ N minimally so that αr(κ(a)) > 0 for some a ∈ Aα. Consider the

standard representation τ : SL(d,R) → SL(∧r Rd), and identify SL(∧r Rd) with

SL(
(
d
r

)
,R). Notice that if a ∈ Aα, then the r largest entries along the diagonal

in a are equal to eω1(κ(a)). Hence ω1(κ(τ(a))) = rω1(κ(a)). Thus ω1(κ(τ(h))) =
rω1(κ(h)) for all h ∈ Hα. Further, by the choice of r, there exists a ∈ Aα so that

α1(κ(τ(a))) = αr(κ(a)) > 0

and hence

α1(κ(τ(an)))→ +∞.
Finally, since Hα is semisimple, we can decompose ∧r Rd into τ |Hα -irreducible

factors and then pick the factor Wα ⊂ ∧r Rd where the associated representation
ρ : Hα → SL(Wα) satisfies

ω1(κ(ρ(h))) = ω1(κ(τ(h)))

for all h ∈ Hα. Then ρα := ρ and rα := r have the desired properties.
Notice that when α ∈ θ, then r = 1 by the divergence property of transverse

groups, from which the last claim follows. �

Let Ḡ :=
∏
α∈Θ SL(Wα) and ρ := (ρα ◦ Φα|Γ)α∈Θ : Γ → Ḡ using the representa-

tions in Lemma 10.3, and let

Γ̄ := ρ(Γ).
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We can assume that the simple roots of Ḡ are ∪α∈Θ{βαj }
dα−1
j=1 where βα1 , . . . , β

α
dα−1

are the standard simple roots of SL(Wα) = SL(dα,R) described in Section 3.3.
Notice that we can choose the irreducible representations Φβα1 for Ḡ to just be
projection onto the associated factor. Then let

Θ̄ := {βα1 }α∈Θ and θ̄ := {βα1 }α∈θ.

Lemma 10.5. The group Γ̄ is PΘ̄-contracting, strongly (Φβ)β∈Θ̄-irreducible, and

Γ̄ is Pθ̄-transverse.

Proof. First notice that the strong (Φβ)β∈Θ̄-irreducibility follows from the irre-
ducibility of ρα and that Hα is the Zariski closure of Φα(Γ). Moreover, since Hα
is the identity component of the Zariski closure of Φα(Γ), it follows from Lemma
10.3(2) and [BQ16, Lemma 6.23] that for each β ∈ Θ̄, there exists a sequence
{γn} ⊂ Γ satisfying

β(κ(ρ(γn)))→ +∞.
Now by [BQ16, Lemma 6.25], the sequence {γn} ⊂ Γ can be chosen independent of
the choice of β, i.e., there exists a sequence {γn} ⊂ Γ such that for each β ∈ Θ̄,

β(κ(ρ(γn)))→ +∞.

Hence, Γ̄ is PΘ̄-contracting.
It remains to prove that Γ̄ is Pθ̄-transverse. For α ∈ θ, note that Wα can be

chosen as an irreducible factor of the Hα-action on Vα and rα = 1 in Lemma 10.3.
We then have

β(κ(ρ(γn)))→ +∞
for all β ∈ θ̄ and an escaping sequence {γn} ⊂ Γ, since Γ is Pθ-transverse. In addi-
tion, we also have that Ḡ/Pθ̄ =

∏
α∈θ P(Wα), which is a subspace of

∏
α∈θ P(Vα).

Since the limit set of (Φα)α∈θ(Γ) <
∏
α∈θ SL(Vα) is transverse by Property (R3),

this implies that the limit set of Γ̄ in Ḡ/Pθ̄ is transverse as well. �

Since φ ∈ a∗θ = span{ωα}α∈θ, we can write φ =
∑
α∈θ cαωα. Let

φ̄ :=
∑
α∈θ

cα
rα
ωβα1 ∈ a∗θ̄.

Then there exists C > 0 such that∣∣φ(κ(γ))− φ̄(κ(ρ(γ)))
∣∣ ≤ C for all γ ∈ Γ.

Likewise, we can define φ̄1, φ̄2 ∈ a∗
Θ̄

corresponding to φ1, φ2, respectively. Then
after increasing C > 0 we can assume that∣∣φi(κ(γ))− φ̄i(κ(ρ(γ)))

∣∣ ≤ C for all γ ∈ Γ.

Finally, applying the special case of the theorem to Γ̄ and φ̄, φ̄1, φ̄2 finishes the
proof. �

11. Lipschitz limit sets

In this section, we prove the following entropy rigidity result for Anosov groups
with Lipschitz limit sets.
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Theorem 11.1. Suppose Γ < SL(d,R) is a P1-Anosov group acting strongly irre-

ducibly on Rd and on ∧p+1 Rd whose limit set Λ1(Γ) is a Lipschitz p-manifold, for
some p ≤ d− 2. Then

δφH(Γ) = p,

if and only if Γ is conjugate to a uniform lattice in SO(d− 1, 1) and p = d− 2.

We will freely use the notation in Section 3.3. In addition, notice that the Jordan
projection λ : SL(d,R)→ a+ is given by

λ(g) = diag(log λ1(g), . . . , log λd(g))

where

λ1(g) ≥ · · · ≥ λd(g)

are the absolute values of the eigenvalues of g. Also, we can choose the representa-
tion Φαj to be the standard irreducible representation SL(d,R)→ SL(∧j Rd).

In terms of the fundamental weights, the Hilbert functional φH ∈ a∗ satisfies

φH =
1

2
(ω1 + ωd−1).

Let φp := (p+1)ω1−ωp+1 and φ̄p := (p+1)ωd−1−ωd−p−1. Equation (5) implies
that

φ̄p(κ(g)) = φp(κ(g−1))

for all g ∈ SL(d,R), so we have

δφ̄p(Γ) = δφp(Γ)

for every subgroup Γ < SL(d,R).
We use the following result of Pozzetti–Sambarino–Wienhard.

Theorem 11.2 ([PSW23, Theorem A]). Suppose Γ < SL(d,R) is a P1-Anosov

group acting strongly irreducibly on Rd and on ∧p+1 Rd for some p ≤ d − 2. If
Λ1(Γ) is a Lipschitz p-manifold, then

δφp(Γ) = δφ̄p(Γ) = 1.

Remark 11.3. Theorem A in [PSW23] does not include the assumption that Γ

acts strongly irreducibly on ∧p+1 Rd, however the proof of [PSW23, Lemma 6.8]
uses [Lab06, Proposition 10.3] which appears to be false. Assuming this irreducib-
lity allows one to avoid this citation in the proof.

The functions φH, φp, and φ̄p have the following relation.

Lemma 11.4. If X = diag(t1, . . . , td) ∈ a+, then

pφH(X) ≥ 1

2
(φp + φ̄p)(X)

with equality if and only if t2 = · · · = td−1.

Proof. Note

1

2
(φp + φ̄p)(X) =

p+ 1

2
(t1 − td)−

1

2
(t1 + · · ·+ tp+1 − td−p − · · · − td)

=
p

2
(t1 − td)−

1

2
(t2 − td−1)− 1

2
(t3 − td−2)− · · · − 1

2
(tr − td−r+1)
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where r := min {bd/2c, p+ 1}. So

pφH(X) ≥ 1

2
(φp + φ̄p)(X)

with equality if and only if t2 = td−1, t3 = td−2 ,..., and tr = td−r+1. Since
t2 ≥ · · · ≥ td−1 the result follows. �

11.1. Proof of Theorem 11.1. Suppose Γ < SL(d,R) is a P1-Anosov group such

that Λ1(Γ) is a Lipschitz p-manifold and Γ acts strongly irreducibly on Rd and on

∧p+1 Rd. By [BCLS15, Corollary 2.20], Γ has semisimple Zariski closure, and hence
each Φα(Γ) has semisimple Zariski closure. This implies that Γ satisfies the first
line of Theorem 10.1 with

θ = {α1, αd−1} and Θ = {α1, αp+1, αd−p−1, αd−1}.

Further, φH ∈ a∗θ and φp, φ̄p ∈ a∗Θ.
Theorem 11.2 implies that

δφp(Γ) = δφ̄p(Γ) = 1.

Then Theorem 10.1 and Lemma 11.4 imply that

δφH(Γ) = pδpφH(Γ) ≤ p · 1 = p

with equality if and only if

(14) φp(λ(γ)) = φ̄p(λ(γ)) = pφH(λ(γ))

for all γ ∈ Γ.
The backward direction of the theorem is clear, so suppose for the rest of the

section that δφH(Γ) = p. Then Lemma 11.4 and Equation (14) imply that

(15) λ2(γ) = · · · = λd−1(γ)

for all γ ∈ Γ.

Lemma 11.5. λ2(γ) = · · · = λd−1(γ) = 1 for all γ ∈ Γ.

Proof. Fix γ ∈ Γ. Then Equations (14) and (15) imply that

p log λ1(γ)− p log λ2(γ) =
p

2
(log λ1(γ)− log λd(γ)).

So

log λ2(γ) =
1

2
(log λ1(γ) + log λd(γ)).

On the other hand

log λ1(γ) + (d− 2) log λ2(γ) + log λd(γ) = 0.

So
d

2
(log λ1(γ) + log λd(γ)) = 0,

which implies that λd(γ) = λ1(γ)−1 and hence

λ2(γ) = · · · = λd−1(γ) = 1. �

To finish the proof we use the following observation, which is a consequence of a
theorem of Benoist and the basic theory of irreducible representations of semisimple
Lie groups.
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Observation 11.6. If d ≥ 3, G < SL(d,R) is a strongly irreducible P1-contracting
subgroup, and

λ2(g) = · · · = λd−1(g) = 1

for all g ∈ G, then G is conjugate to a Zariski dense subgroup of SO0(d − 1, 1) or
SO(d− 1, 1).

Delaying the proof of the observation, we finish the proof of the theorem. Obser-
vation 11.6 implies that Γ is conjugate into SO(d− 1, 1). Next consider the Klein-

Beltrami model Hd−1 ⊂ P(Rd) of real hyperbolic (d−1)-space. Then SO(d−1, 1)→
Isom(Hd) is a finite cover and the limit set Λ1(Γ) ⊂ P(Rd) coincides with the hy-

perbolic limit set of the image of Γ in Isom(Hd). Then, since Λ1(Γ) is a Lipschitz
p-manifold, [Kap09, Theorem 1.3] implies that Γ preserves and acts cocompactly on

a totally geodesic copy of Hp+1 inside Hd−1. Since Γ is strongly irreducible, we must
have Hp+1 = Hd−1. Hence p = d− 2 and Γ is a uniform lattice in SO(d− 1, 1). �

11.2. Proof of Observation 11.6. Let G′ be the image of G in PSL(d,R), let
H denote the Zariski closure of G′ in PSL(d,R), and let H0 < H denote the con-
nected component of the identity. By [BCLS15, Lemma 2.18], H0 is a connected
semisimple Lie group with trivial center and no compact factors. By a theorem of
Benoist [Ben97],

λ2(h) = · · · = λd−1(h) = 1

for all h ∈ H0. Thus H0 is a rank one non-compact simple group. Let X be the
symmetric space associated to H0 and let ρ : H0 → Isom(X) be the induced map.
Since H0 has trivial center, ρ induces an isomorphism between H0 and Isom0(X),
the connected component of the identity in Isom(X). Further, X is a negatively
curved symmetric space, the geodesic boundary has an Isom(X)-invariant smooth

structure, and there exists a ρ−1-equivariant smooth embedding ξ : ∂X ↪→ P(Rd) of
the boundary of X (for details about the construction of ξ, see for instance [ZZ24b,
Section 4]).

Lemma 11.7. X = Hm is the real hyperbolic m-space, m = dimX.

Proof. Suppose γ ∈ Isom(X) is loxodromic, i.e. γ has no fixed points in X and has
two fixed points x± in ∂X. Then the eigenvalue condition implies that all eigen-
values of the derivative d(γ)x± : Tx±∂X → Tx±∂X have the same modulus. From
the description of the negatively curved symmetric spaces in [Mos73, Chapther 19],
this is only possible if X is a real hyperbolic space. �

Now we can identify Isom(X) with PO(m, 1) and view ρ−1 as an irreducible
representation of PO0(m, 1), the connected component of the identity in PO(m, 1).
It then follows from the eigenvalue condition and the theory of highest weights (see
for instance [ZZ24a, Lemma 10.4]) that m = d − 1 and H0 = ρ−1(PO0(d − 1, 1))
is conjugate to PO0(d − 1, 1). So, after conjugating, we can assume that H0 =
PO0(d− 1, 1).

Next let Ĥ be the normalizer of PO0(d − 1, 1) in PGL(d,R) and let τ : Ĥ →
Aut(PO0(d − 1, 1)) be the map induced by conjugation. By Schur’s lemma, τ is

injective. Further, τ |PO(d−1,1) is onto. Hence H < Ĥ = PO(d − 1, 1). This implies
that G is a Zariski dense subgroup of SO0(d− 1, 1) or SO(d− 1, 1). �
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12. Representations of mapping class groups and boundary maps

In this section, we apply our theory to representations of mapping class groups.
Let S be a connected orientable surface of finite type with negative Euler character-
istic. Its mapping class group Mod(S) is the group of isotopy classes of orientation-
preserving homoeomorphisms on S.

Let PML denote the projective space of measured laminations on S, on which
the mapping class group Mod(S) naturally acts. The space PML is homeomorphic
to a sphere and admits a Lebesgue measure class. We show that representations of
Mod(S) transfer this measure structure on PML to partial flag manifolds.

Theorem 12.1. Suppose ρ : Mod(S)→ G is a representation such that ρ(Mod(S))
is Pθ-contracting and strongly (Φα)α∈θ-irreducible. Then there exists a unique Leb-
a.e. defined ρ-equivariant map

f : PML → Fθ .
Moreover, f(x) ∈ Λconcon

θ (ρ(Mod(S))) for Leb-a.e. x ∈ PML.

Proof. We now deduce Theorem 12.1 from Theorem 6.1 and the universal amenabil-
ity of the Mod(S)-action on the boundary of the curve graph C(S) of S, shown by
Hamenstädt [Ham09a]. The curve graph C(S) is the simplicial graph whose vertices
are isotopy classes of essential simple closed curves on S, and two of them are con-
nected by an edge if they have disjoint representatives. There is a natural action of
Mod(S) on C(S) by isometries, and Masur and Minsky showed that C(S) is Gromov
hyperblic [MM99]. In particular, the Mod(S)-action on C(S) continuously extends
to the Gromov boundary ∂ C(S), and Hamenstädt proved that the Mod(S)-action
on ∂ C(S) is amenable with resepect to any quasi-invariant Borel measure.

We now relate the above discussion to PML. Klarreich [Kla22] and Hamenstädt
[Ham06] characterized ∂ C(S) as the space of (unmeasured) filling geodesic lami-
nations on S. Hence, denoting by FML ⊂ PML the projective space of filling
measured laminations on S, there exists a measure-forgetting map

π : FML → ∂ C(S)

which is continuous [Ham09b, Lemma 3.12]. In particular, on the space UE ⊂ PML
of uniquely ergodic measured laminations, whose elements have unique transverse
measures up to scaling, the map π is injective.

By Masur [Mas82] and Veech [Vee82], UE is Leb-conull. Therefore, the universal
amenability of the Mod(S)-action on ∂ C(S) implies that the amenabiilty of the
Mod(S)-action on (UE ,Leb).

In addition, UE ⊂ PML is also embedded in the Gardiner–Masur boundary
∂GM T (S) [GM91, Miy13] of the Teichmüller space T (S) of S. In our earlier work
[KZ25, Theorem 10.1], we showed that the Mod(S)-action on ∂GM T (S) equipped
with the pushforward of Leb under the embedding UE ↪→ ∂GM T (S) is a well-
behaved Patterson–Sullivan system whose conical limit set is conull. Therefore, we
can apply Theorem 6.1 and then Theorem 12.1 follows, except for the “moreover”
part.

To show the “moreover” part, we first note that the hierarchy involved in the
associated well-behaved PS-system is not trivial (see [KZ25, Section 10] for explicit
description of shadows and hierarchy), and hence the part (3) of Theorem 6.1
does not apply directly. Nevertheless, it was shown in [Cou24, Section 5.3] that
its shadows induced from the hierarchy satisfy the Kochen–Stone Lemma (Lemma
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6.7). Hence, in the proof of the part (3) of Theorem 6.1, one can replace shadows
with mixed shadows and deduce the desired property. �

13. Gromov hyperbolic spaces with exponentially bounded geometry

In this section, we apply our framework to a Gromov hyperbolic space when it
has exponentially bounded geometry.

Definition 13.1. A proper geodesic Gromov hyperbolic space (X,dX) is said to
have exponentially bounded geometry if there exist a, r > 0 such that for any x ∈ X
and R > 0, the radius R-ball BX(x,R) ⊂ X centered at x can contain at most aR

number of pairwise disjoint balls of radius r.

In the rest of this section, we fix a proper geodesic Gromov hyperbolic space
(X,dX) with exponentially bounded geometry, and a discrete subgroup Γ < Isom(X)
of isometries, i.e., the Γ-action on X is proper. In this case, the critical exponent
δX(Γ) of the Poincaré series

s 7→
∑
γ∈Γ

e−s dX(o,γo)

is finite [Kai04, Proposition 1.29], for any fixed basepoint o ∈ X.
We denote by ∂X the Gromov boundary of X and by Λ(Γ) ⊂ ∂X the limit set of

Γ, the set of accumulation points of Γo ⊂ X. We further assume that #Λ(Γ) ≥ 3,
that is, Γ is non-elementary. We then have

0 < δX(Γ) < +∞,

and that the Γ-action on Λ(Γ) ⊂ ∂X is a minimal convergence action.
The Busemann coarse-cocycle β : Γ× Λ(Γ)→ R is defined by

β(γ, x) := lim sup
p→x

dX(γ−1o, p)− dX(o, p).

In [Coo93], Coornaert constructed a coarse (Γ, β, δX(Γ))-Patterson–Sullivan mea-
sure in the sense of Equation (3).

As an application of our theory, we also show that representations of Γ admit
measurable boundary maps.

Theorem 13.2. Suppose (X,dX) and Γ are as above,
∑
γ∈Γ e

−δX(Γ) dX(o,γo) =

+∞, and µ is a coarse (Γ, β, δX(Γ))-PS measure. If ρ : Γ→ G is a representation
such that ρ(Γ) is Pθ-contracting and strongly (Φα)α∈θ-irreducible, then there exists
a unique µ-a.e. defined ρ-equivariant map

f : Λ(Γ)→ Fθ .

Moreover, f(x) ∈ Λconcon
θ (ρ(Γ)) for µ-a.e. x ∈ Λ(Γ).

Proof. It is easy to verify that this coarse PS-measure gives rise to a well-behaved
Patterson–Sullivan system with respect to the trivial hierarchy H(R) ≡ Γ, see [KZ25,
Section 8].

It is also a straightforward application of the Borel–Cantelli Lemma to verify
that the assumption

∑
γ∈Γ e

−δX(Γ) dX(o,γo) = +∞ implies that

µ(Λcon(H)) = 1,
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see for instance [BCZZ24, Proposition 7.1]. Moreover, Kaimanovich showed that the
Γ-action on Λ(Γ) is amenable with respect to any Γ-quasi-invariant Borel measure
[Kai04, Theorem 3.15]. Therefore, Theorem 6.1 applies.

�

14. Proving everything claimed in the introduction

In this last section, we explain why all of the the statements in the introduction
are true. We first note that Zariski dense subgroups of G are strongly (Φα)α∈∆-
irreducible (Remark 3.6) and P∆-contracting (see Section 6).

If Γ < G is a non-elementary Pθ-Anosov group, then Γ is Pθ-transverse. Moreover
in this case, Λθ(Γ) = Λcon

θ = Λconcon
θ (Γ). Hence, for any φ ∈ a∗θ with δφ(Γ) <

+∞, the existence of a (Γ, φ, δφ(Γ))-Patterson–Sullivan measure on Λθ(Γ) and the

Shadow Lemma imply
∑
γ∈Γ e

−δφ(Γ)φ(κ(γ)) = +∞ [Qui02, Sam24].

• Theorem 1.2 is a special case of Theorem 6.1.
• Theorem 1.4 follows from Theorem 8.1 and Proposition 4.4.
• Theorem 1.7 is a special case of Corollary 8.2.
• Theorem 1.8 is a special case of Theorem 9.1, together with Equation (13).
• Theorem 1.11 follows from Theorem 10.1.
• Theorem 1.12 is a special case of Corollary 10.2.
• Theorem 1.14 is proved as Theorem 11.1.
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