VECTOR-VALUED HOROFUNCTION BOUNDARIES AND
PATTERSON-SULLIVAN MEASURES

DONGRYUL M. KIM AND ANDREW ZIMMER

ABSTRACT. In higher rank, there is a well-studied theory of Patterson—Sullivan
measures supported on partial flag manifolds. However, establishing the exis-
tence and uniqueness of such measures is a difficult question. In this paper, we
develop a theory for Patterson—Sullivan measures supported on certain vector-
valued horofunction boundaries of the associated symmetric space, where ex-
istence is straightforward. We also introduce a notion of shadows for this
compactification and establish a shadow lemma. For transverse groups, we
prove uniqueness and ergodicity results.
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1. INTRODUCTION

Throughout this paper G will be a semisimple Lie group with finite center and
no compact factors. We fix a Cartan decomposition g = p + £ of the Lie algebra,
a Cartan subspace a C p, and a positive Weyl chamber a™ C a. Then let A C a*
denote the system of simple restricted roots corresponding to the choice of a™.

Given a subset 6 C A, let Py < G denote the associated parabolic subgroup and
let Fy := G /Py denote the associated partial flag manifold. There is a natural
vector-valued cocycle BéW : GX Fyg — ag called the (partial) Twasawa cocycle,
where ag C a is the partial Cartan subspace. This cocycle can be used to define
Patterson—Sullivan measures as follows.

Definition 1.1. Given a subgroup I' < G, # C A non-empty, a functional ¢ € ap,
and § > 0, a Borel probability measure p on Fy is a (I, ¢, 0)-Patterson—-Sullivan
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measure if for every v € I' the measures u, v, are absolutely continuous and

d’y*ﬂ(x) _ e—éqﬁBéW('y*l,w)
dp

When G has rank one, the above definition (with an appropriate choice of func-
tional) coincides with the classical Patterson—Sullivan measures introduced by Pat-
terson [Pat76] and Sullivan [Sul79]. In higher rank, the above definition is due to
Quint [Qui02].

For a € A, let w, denote the associated fundamental weight. The dual space
of the partial Cartan subspace ag C a can be identified with span {wq }acg. Then
given ¢ € aj = span {wq }aco, the ¢-critical exponent of a discrete subgroup I' < G
is the exponential growth rate

p-a.e.

(1) §%(T") := lim sup 1 log# {y €T :¢(k(v)) <T} €[0,+].
T—+o0 T

When G has rank one, A = {a} is a singleton and ¢“~(T") coincides with the clas-
sical symmetric space critical exponent. Further, there always exists a Patterson—
Sullivan measure with dimension §“=(I"). On the other hand, in higher rank, exis-
tence is much more subtle and for Zariski dense discrete subgroups the most general
criteria for existence is due to Quint [Qui02] and involves a not very easy condition
to check on the growth indicator function.

In this paper, we observe that the symmetric space X associated to G admits

a vector-valued compactification Ye and there is a natural notion of Patterson—
Sullivan measures on the boundary dy X of this compactification. Similar compact-
ifications, but using Finsler metrics, appear in [KLI8, [HSWW17, [LP23, [Lem23].

We further show that the partial flag manifold Fy naturally embeds into dy X and
under this embedding Patterson—Sullivan measures on Fy are sent to Patterson—
Sullivan measures on 9y X. The boundary 9y X is larger than Fy, but has the
advantage that existence of Patterson—Sullivan measures is straightforward to es-
tablish.

We further show that when T is sufficiently irreducible, these Patterson—Sullivan
measures are part of a “Patterson—Sullivan system,” an abstract notion introduced
in our earlier work [KZ25]. When I is transverse, we show that these Patterson—
Sullivan measures are part of a “well-behaved Patterson—Sullivan system.”

One of the motivations for this work appears in a companion paper [KZ26], where
we combine the theory developed here with our earlier work in [KZ25] to establish
new strict convexity results for variations of critical exponent and a new entropy
rigidity result.

1.1. Compactifications. We now state the results of this paper more precisely.
Let K < G denote the maximal compact subgroup with Lie algebra . Every element
g € G can be written as g = ke*(9)¢ for some k,¢ € K and a unique x(g) € at.
Then map ~ : G — at is called the Cartan projection.

Let X := G /K denote the symmetric space associated to G and fix the basepoint
0:=KeX. For x = go € X, define b, : X — a by

by (ho) = k(h™'g) — k(g).

We will verify that the set {b, : @ € X} is relatively compact in the space of
continuous maps X — a and hence we can compactify X by taking the closure in

this space, which we denote by YA. We also let OA X := YA ~ X.
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More generally, given § C A non-empty there is a natural projection 7y : a — ay
we can use it to define a f-boundary 9pX = {mpo & : £ € IoX}. We then show
that 0y X naturally compactifies X.

Proposition 1.2 (see Proposition M below). The space Ya = X U pX has a
topology which makes it a compactification of X, that is X 1is a compact metrizable
space and the inclusion X — X is a topological embedding with open dense image.

1.2. Patterson—Sullivan measures. There is a well-known definition of Patterson—
Sullivan measures on the horofunction boundary of a metric space, see e.g. [LW10].
In the case of a vector-valued horofunction boundary, a choice of functional leads
to a natural notion of Patterson—Sullivan measure in this compactification.

Definition 1.3. Given a subgroup I' < G, # C A non-empty, a functional ¢ € aj,
and § > 0, a Borel probability measure g on 99X is a (T, ¢, §)-Patterson—Sullivan
measure if for every « € T" the measures p, v, are absolutely continuous and

Ay 5o

=700 ae.
o (€) Iz

Using the horofunction-like definition of these compactifications, it is possible to
use Patterson’s original construction to build Patterson—Sullivan measures.

Proposition 1.4 (see Proposition below). Suppose I' < G is discrete. If ¢ € aj
and 6®(T') < +oo, then there exists a (T, ¢,8%(T))-Patterson—Sullivan measure on
0pX.

We further show that Patterson—Sullivan measures on Fy are a special case of
those on 9y X.

Proposition 1.5 (see Proposition below). There is a topological embedding
t: Fg = 09X which satisfies

u(z)(go) = Bs" (97", )
for all x € Fy and all g € G. Hence the pushforward of any Patterson—Sullivan
measure on Fg (in the sense of Deﬁnition is a Patterson—Sullivan measure on

0p X (in the sense of Definition .

We further show that these measures are parts of “Patterson—Sullivan systems”
(see Section [2), which were introduced in our previous work [KZ25]. This allows
us to use the theory of such systems developed there and in particular implies that
these Patterson—Sullivan measures satisfy a version of the shadow lemma.

In a companion paper [KZ26], we use the fact that these measures are parts of
“Patterson—Sullivan systems” to apply a version of Tukia’s measurable boundary
rigidity theorem for such systems (established in [KZ25]).

1.3. Transverse groups. Building on work in [CZZ24], we further establish unique-
ness and ergodicity results for the class of transverse groups. Fix a non-empty
0 C A. For simplicity in the introduction, we assume that 6 is invariant under
the opposition involution (see Equation ), and we only consider Zariski dense
subgroups. Our results in fact hold for any 8 C A and under weaker irreducibility
assumptions than Zariski density (see Theorem below).

For a Zariski dense subgroup I' < G, there exists a unique closed I'-minimal set
Ag(T") C Fy called the limit set of ' [Ben97]. Then the group T is Pg-transverse if
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e for any escaping {7,} C T and « € 6,
a(k(yn)) = +00

and
e any distinct z,y € Ag(T") are transverse, i.e., the diagonal G-orbit G -(x,y) C
Fo X Fg is open.
The notion of transverse groups is a higher rank generalization of rank one discrete
subgroups, and all Anosov and relatively Anosov groups are transverse groups.
Transverse groups are sometimes called regular antipodal groups.

An important property of a Pyg-transverse group I' < G is that the natural I'-
action on the limit set Ag(I") is a convergence action, see [KLP17, Theorem 4.16]
or [CZZ26, Proposition 3.3]. Hence, the notion of conical limit set A§>"(I') C Ag(T")
is naturally defined.

In [CZZ24], Canary, Zhang, and the second author established a higher rank
generalization of the classical Hopf-Tsuji-Sullivan dichotomy for transverse groups
which implies uniqueness of Patterson—Sullivan measure when the associated Poincaré
series diverges. Furthermore, they also showed that such a unique measure is sup-
ported on the conical limit set. For Zariski dense groups, uniqueness was extended
to measures on Fp by the first author, Oh, and Wang [KOW25b).

Using this previous work and our realization of 0y X as a part of Patterson—
Sullivan system, we further extend the uniqueness of Patterson—Sullivan measure
to the boundary 0y X.

Theorem 1.6 (see Theorem below). Suppose 6 C A and T' < G is a Zariski
dense Py-transverse group. If ¢ € aj, 6%(T) < 400, and

3 e M) = 4o,
yel’

then there is a unique (T, ¢,0%(T"))-Patterson—Sullivan measure . on 99X, the T-
action on (0 X, ) is ergodic, and

u(Ag™(T) =1
(in particular, u is supported on Fy).

1.4. Outline of Paper. The first two sections of the paper are expository. In
Section[2] we recall the definition and some properties of abstract Patterson-Sullivan
systems, which were introduced in our earlier work [KZ25]. In Section [3] we fix the
notation involving semisimple Lie groups that we will use throughout the paper.

In Section [4) we precisely define the compactifications Ya and establish some
basic properties. In Section [5] we define shadows in these compactifications and
use them to introduce the contracting conical limit set of a discrete subgroup. In
Section [6} we show that Patterson-Sullivan measures on these compactifications
satisfy the axioms of abstract Patterson—Sullivan systems and prove Theorem
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research fellowship and grants DMS-2105580 and DMS-2452068 from the National
Science Foundation. This material is based upon work supported by the National
Science Foundation under Grant No. DMS-2424139, while the authors were in resi-
dence at the Simons Laufer Mathematical Sciences Institute in Berkeley, California,
during the Spring 2026 semester.
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2. PATTERSON—SULLIVAN SYSTEMS

In this section, we recall the definition and some properties of abstract Patterson—
Sullivan systems, which were introduced in our earlier work [KZ25]. The main
idea in this previous work was to identify the key features of a group action on
a probability space that allows one to extend the theory of Patterson—Sullivan
measures. We note that a different framework for abstract Patterson—Sullivan-like
measures was given in [BCZZ24b].

Given a compact metric space M, a subgroup I' < Homeo(M), and k > 0, a
function o : I' x M — R is called a k-coarse-cocycle if

lo(M172, ) — (0(71,722) + (72, 2))| < K

for any v1,72 € I' and € M. Given such a coarse-cocycle and § > 0, a Borel
probability measure p on M is called coarse (T',o,0)-Patterson—Sullivan measure
if there exists C' > 1 such that for any v € I' the measures u,vy,.pu are absolutely
continuous and

_ dv, _
(2) Clem0o(r ) < g H(x) < Ce 70 for p-a.e. v € M.
"
When C' = 1 and hence equality holds in Equation , we call p a (o, d)-Patterson—
Sullivan measure.
Now we recall the definition of Patterson—Sullivan systems.

Definition 2.1. A Patterson—Sullivan-system (PS-system) of dimension § > 0
consists of

a coarse-cocycle o : I' x M — R,

a coarse (o, d)-Patterson—Sullivan measure (PS-measure) p,

for each v € T, a number |||, € R called the o-magnitude of v, and

for each v € T and R > 0, a non-empty open set Or(y) C M called the
R-shadow of v

such that:

(PS1) For any v € T, there exists ¢ = ¢(7y) > 0 such that |0 (v, z)| < ¢(7) for u-a.e.
x e M.
(PS2) For every R > 0 there is a constant C' = C(R) > 0 such that

Vll, =C <olv,2) < lvll, +C

for all ¥ € T and p-a.e. x € v~ Og(y).

(PS3) If {y,} C T, R, — +00, Z C M is compact, and [M ~\ v, Og, (7)) — Z
with respect to the Hausdorff distance, then for any = € Z, there exists
g € I" such that

gxr ¢ Z.
We call the PS-system well-behaved with respect to a collection
H:={H(R)CT:R>0}
of non-increasing subsets of I if the following additional properties hold:
(PS4) T is countable and for any 7' > 0, the set {y € 3(0) : ||7]|, < T’} is finite.



6 KIM AND ZIMMER

(PS5) If {y,} C T, R, — +00, Z C M is compact, and [M ~\ v, Og, (v.)] — Z
with respect to the Hausdorff distance, then for any hy,...,h, € I' and
x € Z, there exists g € I' such that

gz ¢ U hiZ.
i=1
(PS6) If Ry < Ry and v € H(0), then Og, (v) C Ogr, (7).
(PS7) For any R > 0 there exist C > 0 and R’ > 0 such that: if o, 8 € H(R),
ladll, < (18], and Or(e) VOR(B) # 0, then

Ogr(B) C Og/(a)
and
1815 = (el +[la™*8]],)] < C.
(PS8) For every R > 0, there exists a set M’ C M of full y-measure such that

nll}rf_l@ diam Og(y,) =0

whenever {y,} C H(R) is an escaping sequence and

zeM N () Orlm).

n>1

We call the collection H the hierarchy of the Patterson—Sullivan system.

The axioms above are meant to identify the key features of shadows in hyper-
bolic geometry. The notion of hierarchy is designed to include examples where I"
acts on a metric space by isometries with “contracting” elements, but not every
element is “contracting.” For instance, for the mapping class group action on the
Teichmiiller space, pseudo-Anosov mapping classes are precisely “contracting” el-
ements by Minsky’s Contraction Theorem [Min96]. In this case, the space M on
which Patterson—Sullivan measures are defined is the Gardiner—-Masur boundary of
the Teichmiiller space. See [KZ25| Section 10].

PS-systems always satisfy a natural analogue of the Shadow Lemma.

Proposition 2.2 (Shadow Lemma, [KZ25| Proposition 3.1]). Let (M,T,o,u) be
a PS-system of dimension § > 0. For any R > 0 sufficiently large there exists
C =C(R) > 1 such that

ée—éuwug < 1(On(y)) < Ce=*Il
for ally €T.

Recall that in hyperbolic geometry, z € OH" is a conical limit point of a discrete
subgroup I' < Isom(H") if there exist R > 0 and an escaping sequence {y,} C T
such that = is contained in the R-shadow of each ~,. Further, the set of conical
limit point has full measure if and only if the Poincaré series diverges, i.e.

Z e~ 0mn (D) d(oy0) — | o
yer
by the classical Hopf-Tsuji-Sullivan dichotomy [Tsu59, [Hop71},[Sul79, [AS84] [Rob03].
In a similar fashion, for well-behaved PS-systems with respect to the trivial
hierarchy, divergence of the “Poincaré series” at the critical exponent implies that
the set of “conical limit points” has positive measure.
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Theorem 2.3 ([KZ25, Theorem 4.1]). Let (M,T, 0, ) be a PS-system of dimension
0>0. If (M,T,0,u) is well-behaved with respect to the trivial hierarchy H(R) =T

and
E eI, — +00,
~€T

then the set

E:=<xzeM:I{y,} CT escaping and R > 0 such that x € ﬂ Or(vn)

n>1
has positive p-measure.

Remark 2.4. In many particular examples, one can prove that if g € I' and R > 0,
then there exists R’ > 0 such that

gOr(y) C Ori(97)

for all v € T'. In this case, the set E is Theorem is I-invariant and further
has full g-measure. Indeed, if p(E) < 1, then the I'-invariance implies that g/ :=
mu(- N(M \ E)) is also a PS-measure, but then applying Theoremto this
measure shows that p/(E) > 0 which is impossible.

3. NOTATIONS FOR SEMISIMPLE LIE GROUPS

In this section we fix the notation involving semisimple Lie groups that we will
use throughout the paper. Of particular importance for our arguments are the
linear representations fixed in Section [3.4]

Recall from the introduction that G is a semisimple Lie group with finite center
and no compact factors, g = p+t is a fixed Cartan decomposition of the Lie algebra,
a C p is a fixed Cartan subspace, and a* C a is a fixed positive Weyl chamber.
We use ¥ C a* to denote the set of restricted roots and use A C a* to denote the
system of simple restricted roots corresponding to the choice of at. Then

9=200® P va

acd

where
0o ={X €g:[H,X]|=a(H)X for all H € a}.

Let X7 (resp. ¥7) denote the restricted roots which are non-negative (respectively
non-positive) linear combinations of elements of A.

Recall that x : G — at denotes the Cartan projection. We fix a representative
wo € K of the longest Weyl element which is of order 2. Let i:= —Ady, :a = a
denote the opposition involution. This map has the property that

(3) k(g™') =ik(g) forall geG.

The adjoint i* of the opposite involution preserves the set of simple roots and for a
subset 0 C A, we define

i0:={i*a: a € 0}.



8 KIM AND ZIMMER

3.1. Parabolic subgroups and flag manifolds. Given a non-empty 6 C A, the
associated parabolic subgroup Py is the stabilizer under the adjoint action of the

Lie algebra

uy = @ Ja

aEZ;
where ¥ := ¥F \ span(A \ 0). We also set A := expa and AT := expa*t, and
denote by N < Pa the unipotent radical of Pa.
The Furstenberg boundary and general 8-boundary are the quotient spaces
]:AZZG/PA and ]:QZ:G/PQ.
Two elements x € Fy and y € Fig are transverse if there exists g € G such that
r=gPy and y=gwoPi-p,

equivalently (z,y) is contained in the unique open G-orbit in Fy X Fixg.
3.2. Projection to the flag manifold. For g € G with min,ecg a(k(g)) > 0, we

define
Ug(g) = k‘Pg € Fo
where g has Cartan decomposition g = kal € KATK (the condition on the roots
implies that Uy(g) is well-defined).
Observation 3.1. If g € G has Cartan decomposition ¢ = kaf € KATK and
mingeg a(k(g)) > 0, then mingei-g a(k(g™1)) > 0 and
Ui*g(gil) = Eilwo Pi*O .

Proof. Notice that g—! has Cartan decomposition g=! = ¢~ 1w (woawe)wok=t. O

These projection maps have the following dynamical behavior (for a proof see
for instance [KLP17), Section 4] or [CZZ24, Proposition 2.3]).

Proposition 3.2. If {g,} C G, 27 € Fy, and = € Fixg, then the following are
equivalent:

(1) gnx — xt for all x € Fy transverse to x~ and the convergence is uniform
on compact subsets.
(2) minae@ a(’%(gn)) — +00, UG(gn) — .Z‘+, and Ui*@(ggl) -z

3.3. The partial Iwasawa cocycle. The Iwasawa cocycle BiW :GXFaA—ais
defined as follows: for g € G and z € Fa, B{W(g,z) € a is the unique element such
that
gk € K(exp B (g, z))N
for k € K such that kPa =z in Fa.
For general 6 C A, let

ag:={H €a:a(H)=0forall a ¢ 0}.

For o € A, let w, denote the (restricted) fundamental weight associated to «. Then
{wWalap }aco is a basis for aj and so there exists a unique projection

Tp:a— ag
satisfying
(4) waTo(H) = wa(H)
for all H € a and a € 6.
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The partial Iwasawa cocycle BéW : G x Fg — ag is defined as
(5) By (g,x) :=moBL" (9, %)

for any € Fa that projects to z € Fy under the canonical projection Fa — Fy.
The above definition is independent of the choice of Z and defines a cocycle [Qui02]
Lemma 6.1].

Recall from the introduction that the partial Iwasawa cocycle can be used to
define a notion of Patterson—Sullivan measures on the partial flag manifold Fy (see

Definition .

3.4. Linear Representations. Given a d-dimensional vector space V endowed
with an inner product and g € SL(V'), we let

o1(g) = -+ > 0a(9)

denote the singular values of g with respect to the inner product and let ||g|| = 01(g)
denote the operator norm.

Throughout the paper, for each a € A we fix an irreducible representation
®, : G — SL(V,) and a @, (K)-invariant inner product on V,, with the following
properties:

(R1) There exists N, € N such that if g € G, then

0 (@ule)
2 (@alg)) )

(R2) There exists a @, (A)-invariant orthogonal splitting V,, = V.5 @&V, such
that dim V- = 1. Moreover, if H € a and v € V", then

®, (e = eNawa(H)y,

(R3) There exist ®,-equivariant boundary maps (, : Fo — P(V,) and ¢ :
Fira = Graimv, —1(Va) such that:
(8) Ca(Pa) = Vi and Ci(uwo Piea) = Vi
(b) z € F, and y € Fi-, are transverse if and only if {,(x) and (*(y) are
transverse.

Remark 3.3. Such representations exist due to Tits [Tit71, Theorem 7.2]. Indeed,
Tits proved the first claim in Property For a proof of the second assertion
in Property and Property see for instance [Smil8, Lemma 2.13] and
[BQ16, Sections 6.8, 6.9]. For a proof of Property see for instance [GGKWI17,
Section 3].

log [[®a(9)[| = Nawa(r(g)) and log

Remark 3.4. We abuse notation and when a € 6, also often use (, to also denote
the map Fy — P(V,,) obtained by precomposing (, : Fo — P(V,,) with the natural
projection Fy — F,. Likewise, we also use (., to denote the analogous map
defined on Fi«g.

The following lemma relates the projections to the flag manifolds introduced in
Section [3.2] to these representations.

Lemma 3.5. Fiz o € A and assume {g,} C G is such that a(k(gn)) — +o0,
Ua(gn) = @, and Ui-o(g,t) — y. Then any limit point of

1 .
mfba (9n) in End(V,)

has image (. (x) and kernel (% (y).
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Proof. Suppose that m@a(gn) — T. Fix a Cartan decomposition g, =

knantl, € KATK. Passing to subsequences we can suppose that k, — k, £, — £,
and mfba(an) — S. Then = kP, and T = &, (k)SP,(¢). Further, Obser-

vation implies that y = ¢~ 'wg Pjq.
By Properties and S has image V' and kernel V. Then by Prop-
erty [(R3)} T has image
(pa(k)vfj = ga(k Poz) = Ca(x)
and kernel
0a(0) "Wy =G wo Pira) = G(y)- O

3.5. Irreducible actions. A subgroup H < SL(V) is called irreducible if there is
no non-trivial and proper subspace of V invariant under H, and is called strongly
irreducible if any finite index subgroup of H is irreducible. We transfer these notions
to G using the @, ’s.

Definition 3.6. A subgroup I' < G is (®y)aco-irreducible if ®,(T") < SL(Vy)
is irreducible for all « € 6, and strongly (P, )aco-irreducible if any finite index
subgroup of T is (P, )aecp-irreducible.

Remark 3.7. Notice that a Zariski dense subgroup is strongly (@ )aea-irreducible.
We will use the following observation several times.

Lemma 3.8. Suppose I' < G is strongly (Py)aco-irreducible. If

® ay,...,q, are (possibly non-distinct) elements of 0,
o v, €V, ~{0} fori=1,...,m, and
o W, C Vg, is a proper linear subspace fori=1,...,m,

then there exists v € I' with
Do, (V)vi € Wi
fori=1,... m.
Proof. Let H < G be the Zariski closure of ' in G and let H® < H be the identity

component. Since I' is strongly (@, )aco-irreducible, H? is (®,,)qep-irreducible as
well. Then for each 1 < i < m, the set

O; = {h S HO . ‘bal(h)vz ¢ Wz}

is non-empty and Zariski open. Since I' N HY is Zariski dense in H?, there exists

m
VEFﬂﬂOi,
i=1

which satisfies the desired properties. [

3.6. Limit sets and transverse groups. In this section we recall the definition
a transverse group.

Given a discrete subgroup I' < G, a point = € Fy is a limit point of I if
there exists an escaping sequence {v,} C I' with minyeg a(k(vy,)) — +oo and
Ug(yn) — x. The limit set of T', denoted by

Ag(r) C ]:9,
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is the set of all limit points of I'. Proposition implies that the points in Ay (T)
are exactly the points 27 € Fy where there exists a sequence {7,} C I" and a non-
empty open set U C Fy such that v,z — x™ for all z € U, uniformly on compact
subsets.

A discrete subgroup I' < G is Pg-transverse if min,ep a(k(7,)) — +oo for any
sequence {y,} C T of distinct elements and any two distinct points in Agui<o(T)
are transverse.

Sometimes the definition of transverse group includes the assumption that 6 is
symmetric (i.e., § = i*0). However, as the next observation demonstrates, this
results in no loss of generality.

Observation 3.9. I' < G is Py-transverse if and only if I' is Pyyjg-transverse.
Moreover, in this case the the projection Fy =9 — Fp induces a homeomorphism
Aguira(T) — Ag(D).

A Py-transverse group is called non-elementary if #Ay(T") > 3, in which case the
natural T'-action on Ay(T") is a minimal convergence action and #Ay(T") = 400, see
[KLP17, Theorem 4.16] or [CZZ26, Proposition 3.3].

Two well-studied classes of transverse groups are Anosov groups and relatively
Anosov groups. A Pp-transverse group is Pg-Anosov if the T'-action on Ay(T') is a
uniform convergence action, equivalently I' is word hyperbolic as an abstract group
and there exists an equivariant homeomorphism from the Gromov boundary to the
limit set Ap(T") [Bow98|. Likewise, a Pg-transverse group is Py-relatively Anosov if
the T-action on Ag(T") is geometrically finite, equivalently if I" has the structure of
a relatively hyperbolic group and there exists an equivariant homeomorphism from
the associated Bowditch boundary to the limit set Ap(T') [Yam04].

4. COMPACTIFICATIONS AND PATTERSON—SULLIVAN MEASURES

In this section, we introduce vector-valued horofunction compactifications of the
symmetric space X = G /K associated to G, using Cartan projections. It turns out
that they contain partial flag manifolds, and we also consider Patterson—Sullivan
measures there.

Fix the basepoint o0 := K € X. The symmetric space distance is given by

dx(go, ho) = ||f$(g_1h)H
where ||-|| is some norm on a. For 2 = go, define b, : X — a by
bz(ho) = K(h™"g) — k(g).
Lemma 4.1. The maps {b, : © € X} are uniformly Lipschitz.
Proof. Fix x = go € X. Let hio,ho0 € X. Then for each o € A, it follows from

Property that
Nawa (bz(h10) — bz (h20)) = log Hq)a(hl_lg)u — log H(I)a(hz_lg)H
< log ’|‘I)a(hflh2)’| = Nowa(r(h7 " ha)).
And similarly,
Wa (bz(h20) — by (h10)) < wa(k(hy 'he)).
This implies

D [wa (be(h20) = ba(h10))] <2 |wal(k(ha " h))] .

acA aEA
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Since »,ca [wa(+)] is @ norm on a and
dx (h10, ha0) = ||k(hy 'ha)| ,

this finishes the proof. (I

For non-empty 6 C A, let mg : a — ag be the projection satisfying Equation
and then let Jg X be the set of functions £ : X — ay where there exists an escaping
sequence {x,} C X with mgpb, — & in the compact-open topology. Lemma
together with the separability of X, implies that dy X is compact in the compact-
open topology. Further, G acts on 9y X by

g-&=¢tog t —&(g ).
The next proposition shows that dypX can be used to compactify X.

ere <0 . .
Proposition 4.2. The space X := X U 09X has a topology which makes it a
compactification of X, that is X is a compact metrizable space and the inclusion

<0 . . . . . .
X — X is a topological embedding with open dense image. Moreover with respect
to this topology:

(1) {xn} C X converges to & € 0pX if and only if dx(o,z,) — +oo and
moby, — £ in the compact-open topology.

(2) The G-action on X’ is continuous.

(8) The function By : G «xX' Sa defined by

o= {20 YeeX
18 continuous.
Remark 4.3. Notice that the function By is a linear cocycle:
By(g192, %) = Bo(91, 92%) + Bo(g2, x)
for all g1,92 € Gand z € x’.

Proof. For two Lipschitz functions &1,&5 : G — ag define

do(€1,6) =Y = max_[&(2) — &()]

n>1 2 zEBx (o,n)

where Bx(o,n) C X is the n-ball centered at o. Also define h : X — (0,+00) by

h(z) := m. Then define a metric d on X by

d(z,y) := min{dx(z,y), h(z) + h(y)} + do(bs; by) if @,y € X,
d(z,8) == h(z) +do(bs,8) if z€X, € X,
d(§1,82) :=do(§1,82) if &6 € 9pX.
Following [Man89, Section 3], together with the fact that |h(z) — h(y)| < dx(z,y)

for z,y € X, one can check that d(-,-) is indeed a metric on YG, and the topology
induced by this metric has all the desired properties. ([

Patterson—Sullivan measures on Jyp X can naturally be defined as follows.
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Definition 4.4. Given a subgroup I' < G, # C A non-empty, a functional ¢ € ap,
and 0 > 0, a Borel probability measure p on 9pX is a coarse (T, ¢, d)-Patterson—
Sullivan measure if there exists C' > 1 such that for every v € I' the measures p,
.4 are absolutely continuous and

dy«
C—le9%6(10) < %ﬂ“(@ < Cem3%600) i ae.
We call v a (T, ¢, d)-Patterson—Sullivan measure if C' = 1.

Using Patterson’s original construction for Fuchsian groups, we can prove the
following existence result.

Proposition 4.5. IfT' < G is discrete, ¢ € a};, and §*(I') < +oo, then there exists
a (T, ¢,8%(T))-Patterson—Sullivan measure on 9pX .

Proof. For ~v €T fixed, the function f, := ¢By(v,-) : X’ = R is continuous. Hence
we can follow Patterson’s original argument for constructing Patterson—Sullivan
measures for Fuchsian groups. In particular, by [Pat76, Lemma 3.1], there exists a
continuous non-decreasing function s : R — R™ such that:
(1) The series > p h(p(k(7)))e () diverges at s = §%(T") and converges
for s > §%(T).
(2) For any € > 0 there exists tg > 0 such that if ¢ > to and s > 1, then
h(st) < s°h(t).
(In the case when } . e=9" (M) = J00, we can take h = 1.)
For s > §¢(I"), consider the probability measure

- : (7)))e—s95(0)
e S AR e 2 M) D,

<0 . .
on X , where D,, is the Dirac mass at yo. Next, fix s, \, (') such that
s, converges to a probability measure p in the weak-* topology. Then using the

continuity of By(y~1,) on X itis straightforward to show that p is a (T, ¢, 6%(T))-
Patterson—Sullivan measure. (]

Next we provide a formula for elements in 9ypX in terms of the linear represen-
tations introduced in Section [3.4]

Lemma 4.6. If g,0 — & in X’ and nggg:;‘l — T in End(Vy,) for all a € 0, then

Nowa&(ho) =log || ®a(h™)T,||
for all h € G and all a € 0. In particular,
wal(h™10) < war(h)

forallh € G and all a € 0.

Proof. Let g € G and recall that by,(ho) = k(h™1g)—r(g). For each a € 6, Property
(R1)|implies that

Nawaﬁ(h_lg) = log H@a(h_lg)H and  Nowak(g) = log||[Pa(9)] -
Hence,

Nowabgo(ho) = log

-0 |
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The first claim then follows. For the “in particular” part, since ||T,| = 1,

1 1 _
wak(h) = o~ log||@a(h)]| 2 5~ log[|a(h)Tall = wat(h Lo). 0

Recall that BOIW : Gx Fyg — ag denotes the partial Iwasawa cocyle. Using this
cocycle, we show that Fy embeds into 9y X.

Proposition 4.7. There is a topological embedding v : Fg — 09X that satisfies
(6) uz)(ho) = By (h™",z)
forallx € Fy and h € G.
Moreover:
(1) If a sequence {gn} C G satisfies mingep a(k(gn)) = +o0 and Ug(gn) — =,
then
gno — u(z) in x’.
(2) Fora €, ifx € Fy, a €0, and vy € V,, is a unit vector with (o (x) = [va],
then
Nowat(x)(ho) = log || ®a(h™ )val| -
(8) If p is a (coarse, resp.) (T, ¢, d)-Patterson—Sullivan measure on Fg in the

sense of Definition then vy is a (coarse, resp.) (I, ¢,0)-Patterson—
Sullivan measure on 09X in the sense of Definition [[.)

Proof. By [Qui02, Lemma 6.6], if a sequence {g,} C G satisfies minyep a(k(gn)) —
+oo and Uy(gn) — x, then

ngr—&r-loo Tobg, 0(ho) = ngr-&l-loo Tﬁgli(h_lgn) — mok(gn) = Béw(h_l,x) = (z)(ho)

for all h € G. This shows that Equation @ defines a continuous map ¢ : Fg — 0p X
and also establishes the first “moreover” part. Notice that the second “moreover”
part is a consequence of the first, Lemma[3.5] and Lemma[4.6] The third “moreover”
part is an immediate consequence of the definition of ¢.

To finish the proof we need to show that ¢ is a topological embedding. Since ¢ is
continuous and Fy is compact, it suffices to show that ¢ is injective. Suppose that
t(x) = (y). Let © = k1 Py and y = ko Py where kq, ks € K.

Fix o € 0 and fix a unit vector u, in V. Property implies that (,(x) =
[P0 (k1)ua] and (o (y) = [®a(ka)ua]. Thus by part (2) of the moreover part of this
proposition,

H(I)a(h_l)q)a(kl)uan — eNawaL(w)(ho) — eNawaL(y)(ho) — ||(I)a(h_1)q)a(k2)ua||

for all h € G. Fix H € at with minyep «(H) > 0. Then the above equation with
h := koe H implies that

|®a(eM)Palky  kr)ua | = || Paleuall-

H
By Properties [(R1)| and [(R2)| the map v € V,, \ {0} — w

only on V; < {0}. So we must have ®, (ky 'k1)uq = +u,. Then

Ca(x) = [(I)a(kl)uoz] = [(I)a(k2)uoz] = Ca(y)'
Since this holds for all a € 6, we have xz = y. O

is maximized
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5. SHADOWS AND CONTRACTING CONICAL LIMIT SETS

In this section, we define shadows on 0y X and use them to introduce the con-
tracting conical limit set of a discrete subgroup.
Recall, from Lemma [£.6] that if £ € 9pX and g € G, then

wa(g™"0) < wak(g)
for all € 6. Given g € G, we introduce shadows in 99X by considering the set of

functionals ¢ that are close to maximizing the expression w,&(g~to) for all o € 6.
More precisely, for ¢ € G and R > 0, define the associated shadow by

O%(g) =g - {6 € DX : wal(g™ 0) > wak(g) — R for all « € 6}.
In what follows we use mp to denote both the projection a — ap satisfying

Equation and the map 0o X — 0y X obtained by the postcomposition with this
projection. Since wy€ = wamgé for all @ € § and € € Ip X, we have

m9 OR(g9) C O%(g).

We also use Proposition to view Fg as a subset of 99 X. Then Equation and
Proposition imply that 79|z, coincides with the natural projection Fa — Fo
given by g Pa — g Py.

Given a subgroup I' < G, we define its conical limit set in 99 X by

(7) AFMT):={&€dpX :IR >0, escaping {yn} CTs.t. € [ Olm) ¢,

n>1

following the classical definition of conical limit sets in rank one settings.

When G is of higher rank, the intersection (1, 0% (v,) may not be a singleton,
even after intersecting with the partial flag manifold F4. Moreover, the conical
limit set A§°"(T'), after intersecting with Fg, may not be a subset of the limit set
Ap(T). See Example below for detailed descriptions of them. Hence, in view of
Lemma [5.6 below, we define the following smaller subset of conical limit set, which
only involves shrinking shadows.

Definition 5.1. Given a subgroup I' < G, we call £ € 0y X a contracting conical
limit point of T if there exist R > 0 and a sequence {~,} C I' such that

. . . )
S pgp el = oo and €€ (] Ok

We denote by A§om°™(T") the contracting conical limit set of T', which is defined as
the set of all contracting conical limit points of T'.

For general groups, these limit sets have the following properties.

Proposition 5.2. IfI' < G is a subgroup, then both A§*°™(T') and A (T) are
T-invariant subsets. Moreover, A5P"°™(T") is a subset of the limit set Ag(T') C Fo
introduced in Section [3.0

For transverse groups, one can say more.

Proposition 5.3. IfI" < G is a non-elementary Pg-transverse group, then:
(1) Ageree™(T') = AgP™(T'). Hence AP () is a subset of the limit set Ap(T") C
Fo introduced in Section[3.6
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(2) Ag™(T) coincides with the conical limit set in the convergence group sense
(recall that T' acts on Ag(T') as a convergence group).

In the next two subsections we establish some properties of these shadows and
relate them to symmetric space shadows. Then in Section [5.3] we prove Proposi-

tions [£.2] and 5.3

5.1. Properties of shadows. We record some properties of shadows.

Lemma 5.4. For any g € G and R > 0, there exists R' = R'(g, R) > 0 such that:
if h € G, then
g O%(h) C O% (gh).
In particular, AZ™(T') and A§P°™(T") are I'-invariant.
Proof. Fix £ € 09X with h€ € O%(h). Then for each a € 6,
wal(h™t0) > war(h) — R.
Then by Lemma [4.1] and Property [[R1)] there exists C' = C(g) > 0 such that
lwal(h™10) —wal(h g 0)| < C and  |wak(h) — wak(gh)| < C.

Hence, we have

wal(h™tg70) > war(gh) — R —2C.
Setting R’ = R + 2C, this implies gh& € 0%/ (gh), as desired. O

”

The next lemma shows that a shadow contains the “endpoint” of the associated

group element, hence motivating the terminology.

Lemma 5.5. For g € G with min,eg a(k(g)) > 0, we have
Us(g) € O%(9)

for all R > 0.

Proof. Fix a Cartan decomposition g = kal € KATK. Then Uy(g) = k Py.
Fix any sequence {H,} C a*t such that a(H,) — 4oo for all @« € A. Then
viewing k Pa as an element of o X, Proposition [£.7] implies that

(kPa)(ho) = lim byerno(ho) = lim k(h ™ kef) — k(kefn)
for all h € G. If a = e where H € a™, then
g7t (kPa) (g™ 0) = (kPa)(99™"0) — (kPa)(g0)

=0— lim w({ e Tk kelln) — k(kefl)

n— oo
= _ngrfooH" — H—-H, = H =k(a) = k(g).

So kPa € O%(g), which implies that
Us(g) = mo(kPa) € O%(g)- U

. . 0
For the next result, we fix any metric generating the topology on X .
Lemma 5.6. For a sequence {gn} C G, if minyep a(k(gn)) = +00, then

diam O%(gn) — 0.
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Proof. Fix R > 0 and a sequence {g,, } C G such that a(k(g,)) — +oo for all « € 6.
It suffices to consider the case where g0 — & € 9y X.

Suppose the lemma fails. Then, after possibly passing to a subsequence of {g,},
we can find a sequence {,} C 9pX such that

Inén € O%(gn) forallmneN and g, = n#E.

After passing to a subsequence, we can suppose that o Eg T~ Se in End(V,)
for all @ € . Then by Lemma

Nowa&(ho) =log || ®a(h™")Sa||

for all h € G and « € 0. Further, Lemma implies that each S, has rank one.
For each n and « € 0, using Lemmawe can fix T¢" € End(V,) with HTén H =1
such that
Nawagnén(ho) = Nowabn(gy, ho) awagn(gn 0)

£n
~ log || (h- )&
H(p TS

for all h € G. Passing to a subsequence, we can suppose that T5» — T, in End(V,,)
for all a € 6.
Since gn&, € O%(gn), we have that

- 1
Wabn(gy ' 0) > watki(gn) — R = 5~ log [ @algn)l| - R

—NaR

)

9n)

T&n
H [[Pa gn)H
which implies that S,T, # 0. Then, since g,&, — 1, we then have

SaTh

Nowan(ho) = log @a(hfl)

for all @ € 8 and h € G. Notice that T S T 0 has rank one, operator norm one, and
SoTa

the same image as S,. Since ||S,|| = 1 as well, we have ST = = S,U for some
orthogonal matrix U € SL(V,,) (recall that V,, has a fixed inner product). Thus

Nawan(ho) = log H(I)a(h_l)SaH = Nawag(ho)
for all @« € 8 and h € G. Thus n = £ and we have a contradiction. O

5.2. Shadows from symmetric spaces. On Fy, another natural definition of
shadows involves balls and flats in the symmetric space. As before, let X = G /K
denote the symmetric space associated to G endowed with a symmetric metric and
let o =K € X.

For R > 0 and g € G, the symmetric space shadow O%(o,go) C Fg of the ball
Bx(go,R) C X of radius R > 0 and center go is defined by

O%(0,g0) := {kPg € Fg : k € K and kAToN Bx(go,R) # 0} .

Notice that O%(o,go) is an open subset of Fy while ©%(g) is an open subset
of a larger space, namely dg X. The following proposition relates the two shadows
and part (2) implies that the contracting conical limit set could be defined using
symmetric space shadows.
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Proposition 5.7.
(1) For any R > 0, there exists r > 0 such that

0%(0,g0) € O%g) forall geG.
(2) For any R > 0, there exists r > 0 such that if {gn} C G is a sequence with
mingep a(k(gn)) = +00 and (5 O%(gn) # 0, then
) O%(gn) = [ Ol(o,gn0)  for some N.

n>0 n=>No
Proof. We first prove the part (1). Fix R > 0. Then there exists C' > 0 such that
1B5" (9,97 ) = mor(9)|| < C

for all g € G and = € 0%(0,g0) ([LO23, Lemma 5.7], [KOW25b, Lemma 5.10]).
Hence, there exists r > 0 such that for each « € 6,

waBy" (9,9~ x) > wak(g) =7
for all g € G and = € 0%(0, go). By Proposition this implies
0% (0,90) C O} (9)-
We now prove the part (2). We start by proving the following weaker claim:

Claim: For any R > 0, there exists > 0 such that if {g,} C G is a sequence with
mingep a(k(gn)) — +o00 and (), 0% (gn) # 0, then

ﬂ O%(gn) C ﬂ 0%(0, gn0)  for some Np.
’H,ZO nZNO

Proof of Claim: Suppose not. Then for each k € N, there exist a sequence {gx} C
G with mingep a(k(gr,n)) — +00 as n — 400 and {zx} = [,cn 0% (gr.n) while
zr ¢ OY(0,grn0) for infinitely many n € N. Lemmas and imply that
i € Fo.

Then for each k € N, we can choose ny € N so that z; ¢ OZ(O, Gk n,y0) and
mingep ®(k(gk,n,)) > k for all k € N. Setting g := gk n, for simplicity, we have

g 'z ¢ g, Of(0,gro) for all k € N.

After passing to a subsequence, we may assume that gk_lxk — z € Fp and
Uo(gy ') — y € Fig. By [KOW25a, Proposition 3.4], we have that y and 2
are not transverse.

On the other hand, since xj € O%(gk), Proposition implies that for each
a €0,

waB3" (gr: g5 2x) = wa (g - 21) (g5, '0)) > waki(gr) — R.

For a € 0 and k € N, fix a unit vector v, € V, with Ca(gk_lxk) = [Ua,k]- By
Proposition (.7}

B 1
waBg" 9k 91 o) = 57108 [ a9k ) Vo il -

Hence by Property

> e Nalt,

H Do (gr) Vo
[@a (gl
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Taking the limit k¥ — 400, we may assume that v, — vo € V,, and % —
T, € End(V,,). Then we have
(| Tovall > e Nalt,

In particular, (4 (2) = [va] & ker T, = (% (y) by Lemma Since this holds for
all & € 0, y and z are transverse by Property |(R3)(b). This is a contradiction,
finishing the proof of the claim. <

Now suppose {g,} satisfies the hypothesis of part (2). By part (1) we can fix
R’ > R such that 0%(0, go) C O%(g) for all g € G. Then

() O%(gn) C [ OL(0,gn0) C [) O%i(gn) = () OR(gn);
n>0 n>Ny n>0 n>0

where the last equality uses Lemma [5.6) O

Example 5.8. Consider G = PSL(2,R) x PSL(2,R). Then
e the associated symmetric space is H? x H? with the symmetric space dis-

tance d((z1,z2), (y1,42)) = v/duz(21,91)? + dge (22, 92)?,

o A ={a1,as}, where a1 and «y are simple roots for the first and the second
PSL(2, R)-components respectively, and

e the Furstenberg boundary is  H? x9 H?>.

Setting

=Ty x{id} <G
where 'y < PSL(2,R) is a cocompact lattice, we compute its limit set and conical
limit set.
First, since all elements of I have identity on their second component, we have

AA(T) = 0.

Fix a basepoint o = (01,03) € H? x H?. Then for R > 0 and v = (vo,id) € T,
the symmetric space shadow is

Or(0,70) = {(w y) € OH? xOH? : 3 geodesic ray from o; to z in H2}
R b - 3 :

intersecting Byz (7901, R)

In particular, Og(0,70) = Og(01,7001) x OH?. Hence for any escaping {y,} C T
and R > 0, (>, Or(0,7,0) is not a singleton as long as it is non-empty. In
addition, by Proposition [5.7] and the fact that I'y is a cocompact lattice, the above
observation implies that

ARY(T) = OH? xOH? .

5.3. Proofs of Propositions and

Proof of Proposition[5.4 Lemma implies that A§e"°™(T") and A§**(T") are I'-
invariant. Lemmas [5.5 and [5.6| imply that A§P"<*(I") C Ag(T). O

Proof of Proposition[5.3 The first assertion in part (1) follows from the definition
of a transverse group and the “hence” part follows from Proposition and the
first assertion.

For part (2), first suppose that € AP (I') = A"°"(I'). Then there exist
R > 0 and a sequence {v,} C I such that a(k(v,)) = 400 for all @ € § and z €
Nyy>1 O%(n). Then Lemmas and E imply that Ug(vy,) — x. Then it follows
from Proposition (2) that € N,,>; O%(0,v,0) for some r > 0. By [KOW25D,
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Lemma 5.8], for any y € Fj«y transverse to x, the sequence v, !(x,y) converges
to a transverse pair in Fy X Fi+g. Since any two distinct points in Agui+o(T) are
transverse and the projections Agui+p(I') — Ap(T) and Agui=o(I') — Ajp(T) are
I-equivariant homeomorphisms (Observation , this implies that x is a conical
limit point in the sense of the convergence action of ' on Ag(T).

Conversely, suppose that x € Ay(T") is a conical limit point in the sense of
the convergence action of I' on Ag(T"). Then there exist a,b € Ay(T") distinct
and an escaping sequence {7,} C T such that v,z — a and v, 'y — b for all
y € Ag(T) ~ {z}. Then Proposition implies that Up(y,) — =. Further, since
the projections Aguivg(T) — Ag(T") and Agui<g(T) — Aip(T') are T-equivariant
homeomorphisms, ~, !(z,y) converges to a transverse pair in Fy X Fi+p for any
y € Ajp(T') which is transverse to x. By [KOW25bl Lemma 5.8], this implies
that € (0,>; O%(0,7,0) for some R > 0. Then by Proposition 1), z €
Agoncon(r)' -

6. VERIFYING THE PS-SYSTEM AXIOMS

In this section, we consider a discrete subgroup I' < G and verify the axioms of
R
PS-systems for the boundaries X .

Theorem 6.1. Suppose § C A and ¢ € aj. IfT" < G is strongly (Po)aco-irreducible
and p is a coarse (T, ¢, 8)-Patterson—Sullivan measure on 09X, then (0o X,T, ¢ o
By, p) is a PS-system, with magnitude [|7v|, := ¢(k(7)) and the R-shadows 0% (%)

for each v € I'. Moreover, |(PS5) holds.

For transverse groups, we can show that the system is well-behaved.

Theorem 6.2. Suppose§ C A, ¢ € a}, andT' < G is a strongly (Do) aeco-irreducible
Pg-transverse group. Let p be a coarse (T, ¢,0)-Patterson—Sullivan measure on
0pX. Then the PS-system (09X, T, o By, ) in Theorem is well-behaved with
respect to the trivial hierarchy H(R) =T

Using work in [CZZ24] we will show that for transverse groups, divergence of the
Poincaré series implies that there is a unique PS-measure.

Theorem 6.3. Suppose 6 C A and T' < G is a strongly (Py)acy-irreducible Pg-
transverse group. If ¢ € a3, 6%(T) < 400, and

S MO LICICh
~el’

then there is a unique (T, ¢,3%(T"))-Patterson—Sullivan measure p on 99X, the T'-
action on (Op X, ) is ergodic, and

p(ASN(T)) = 1
(in particular, p is supported on Fg).

Remark 6.4. Previously, Canary, Zhang, and the second author proved in [CZZ24]
uniqueness for measures supported on the limit set Ag(I') C Fyp. When I' < G
is Zariski dense, the first author, Oh, and Wang previously proved uniqueness for
measures supported on Fy in [KOW25D]. Since a Zariski dense subgroup is strongly
(P4 )aco-irreducible, the above theorem generalizes this uniqueness result.
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In the arguments that follow it will be helpful to have the following terminology.
Given & € 9pX, we say that (T5)aco € [1,c End(Va) represents € if
o Nowa&(go) = log ||®a (g7 ) TS| for all g € G and all « € 6,
e cach T¢ is a limit of elements of the form m@a(g).
Lemma implies that every element £ € 9y X is represented by such a list, but

the representation is not unique. For instance, one can always right-multiply by
elements in @, (K).

6.1. Proof of Theorem We verify Property |(PS1)] Property [(PS2)] and
Property [(PS5)l Since Property [(PS5)|implies Property [(PS3) this completes the
proof of the theorem.

Property Recall that for g € G and & € 99X, Bg(g,&) = £(g~ o). Since

&(o) =0 for all £ € 9pX, Lemma implies Property [(PS1)|
Property |(PS2)f By Lemma for any £ € 09X, g € G, and « € 0 we have

waBo(9,€) = wal(9™"0) < wak(g).
Further, for £ € g=' ©%(g), we have
wa"{(g) -R< wag(gila) = WQBO(gvf)'

Since ¢ € aj is a linear combination of the {w, : a € 8}, this implies Property

(P52)
Property [(PS5)} Let {7,} C T and R,, > 0 be sequences such that R, — +00
and

90X N3t O, ()] 2

with respect to the Hausdorff distance.

Then
0o X ’Y;l O?%n (Yn) = U {f € 0 X : wag(ry;lo) < Wak(Yn) — Rn}
acl
Q. ('Yn)TE _N.R for all T%
= X: R a alln . o )
gg {f <o H |Pa(y)ll ] — representing &

After passing to a subsequence, we can suppose that % — So € End(V,,) for
each a € 6. Then

Zc U{geaexzsa:rg:o

for all T§ }
ach

representing &
Now fix hy,...,h, € ' and € € Z. Fix a representative (75)aco of £&. Using

Lemma [3.5] and Lemma [3.8] we can fix v € T" such that

_1 3

Sa®a(hy TG #0
for all @ € § and all 1 < j < m. We claim that
e (n

j=1

Notice that
(hy '7€)(go) = £(v~ " higo) — &(v " hjo)
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and so
1
(Th’ ”’5> = | e ®alh; TE
0 ., (h; o
e H ( J ’Y) ach
is a representative of hj_lfyf . Further,
ST 2
foralla € f and all 1 < 57 < m. So
-1
h’j K¢ Z
for all 1 < j < m. Hence
¥ ¢ mz
j=1
Thus Property m (PS5)| holds. O

6.2. Proof of Theorem [6.2} From Theorem 6.1| we know that Properties [(PS1)]

[(PS2)] [(PS3)} and [(PS5)| hold. Property follows from the definition of shad-
ows. Property |(PS8)| follows from Lemma and the definition of a transverse

group. It remains to verify Properties (PS4 and (PS7)|
We first verify Property |(PS4)}

Lemma 6.5. For any T > 0, the set {y € T : ¢(k(y)) < T} is finite.

Proof. For Patterson—Sullivan measures supported on Ay(T") this was verified in
[BCZZ24al, Proposition 10.1] and we will reduce to this case.

Suppose for a contradiction that there exists T' > 0 and an infinite sequence of
distinct elements {v,} C T with ¢(k(v,)) < T for all n. Passing to a subsequence
we can suppose that Up(y,) — . Then € Ag(T"). Fix R > 0 large enough to
satisfy the Shadow Lemma (Proposition . Then there exists € > 0 such that

WOR(m)) > €
for all n > 1. Further, for any open set U containing = in dyX, Lemma and

Lemma [5.6] imply that
O%(a) CU

for all n sufficiently large. So u(U) > €. Since U is an arbitrary open set containing
x, we must have u({z}) > e. Then

I L 1 z .
W) = e )

defines a coarse (T, ¢, §)-Patterson—Sullivan measure supported on Ay(T"). Now by
BCZZ24al, Proposition 10.1], the set {y € T' : ¢(k(vy)) < T} is finite, which is a
contradiction. (I

We establish two lemmas before proving Property |(PS7)l The following is a
special case of [BCZZ24bl Proposition 3.3(7)].

Lemma 6.6. For any {gn}, {hn} CT such that ¢(k(gn)) < ¢(k(hy)) for alln >1
and {g hy,} is escaping, we have

A(Us(h;"),Us(h; gn)) = 0 as n — 400

where d is any metric on Fg compatible to the standard topology on Fy.
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Remark 6.7. If {g,;'h,} is escaping and ¢(k(gn)) < @(k(hy)) for all n > 1, then
Lemma implies that {h,} is escaping. Then by the definition of transverse
groups,

: —1 _ _ : —1
i a(e(h,h) = +oo = Tim_a(s(; gn))

for all @ € 6. Thus Uy(h,,') and Uy(h,1g,) are both well-defined for n sufficiently
large.

Proof. Suppose not. Then we can find {g,},{hn} C T such that ¢(k(g,)) <
#(k(hy)) for all n > 1, {g; 'h,} is escaping, and

. . —1 —1
lim inf d(Us(h;, "), Us(hyy " gn)) > 0.

Passing to a subsequence we can suppose that Ug(h, ') — = and Up(h, 'g,) — ¥
with x # y. Since z,y € Ag(I'), we may assume that 6 is symmetric by replacing
0 with 6 U i*0 (see Observation , and hence we must have that z and y are
transverse due to the Py-transversality of I'.

Fix a € #. Passing to a subsequence we can suppose that % — T,

-1

and miﬁlz"; — S, in End(V,,). Lemma implies that ker T, = (%(z) and
im S, = (.(y). Since z is transverse to y, Property [(R3)| implies that T,S, # 0.
Thus

0 < [|TaSall < 1.

Then by Property
. _ . |(I)a(hn)¢’a(hr_119n)”
lim Nowq (6(gn) — K(hn) — (hy; tgn)) = lim log | -
n—too ( ) n—+too [@a(hn)ll H(I)Oz(hn 19n)||
= log HTaSoeH

which is finite. Since a € 6 was arbitrary and {wq }aco is a basis for ajj, there exists
C > 0 such that

-C<9g (H(gn) - "i(hn) - ’i(hglgn)) <C

for all n > 1.
Since the map v € ' — ¢(x(7)) € R is proper by Lemma[6.5]

. _ _ : 1, ) —
0> Tim_6(s(9.) ~ 0(s(ha)) > ~C+ lim_ls(hy gu)) = +oo
and we have a contradiction. O

Lemma 6.8. For every R > 0 there exists R' > 0 such that: if v1,72 € T,
O%(m) N OR(12) # 0, and d(k(1)) < ¢(k(72)), then

71t OR(2) € O (71 12).

Proof. Suppose not. Then for every n > 1 we can fix g,, h, € I and &, € 99X such
that O%(gn) N O%(hn) #0, ¢(k(gn)) < é(k(hy)), and

En € hyt OR(hn) N 0 9 O (7 ).
After passing to a subsequence, we can fix a € 6 such that
Wabn(hyto) > wak(hy) — R and  waén (b, 9,0) < wakl(g, thn) —n
for all n > 1.
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For each n, fix (Tg")geg representing &,. Then by Property [(R1)

cba(grjlhn) En

7Nan'
[®algn )|

<e

D, (hy)
7T§n
H [@a(ha)|

Passing to a subsequence, we can assume

(I)a(hn) ¢a(9;1hn)

TN Sa7 M= 7/ —11 NI
[®a(hn)ll Hq)a(gnlhn)H
in End(V,,). Then we have

SoTy #0 and S.T, =0.

‘zeN“R and |

— 8, and TS — T,

The second equality implies that S’, ¢ SL(V,) and hence {g,, 1 h,, } must be escaping.
Then by Lemmas and applied to 8 Ui*8, we have

d(Uguiza(hy, '), Upui=o(hy, ' gn)) — 0.
Then Lemmaimplies that ker S, = ker S, but this is impossible since S, T, # 0
and S/, T, = 0. O
We verify the two parts of Property |(PS7)| separately.

Lemma 6.9. For every R > 0 there emists R' > 0 such that: if v1,72 € T,
O%(1) N O%(12) # 0, and ¢(k()) < (k(12)), then

O%(32) € O (m).
Proof. Suppose not. Then for every n € N we can find g,,h, € I such that
$(k(gn)) < d(k(hn)), OR(gn) N O (hn) # B, and

O%(hn) & O (gn)-

Case 1: Assume that {g, 'h,} is finite. Then, passing to a subsequence, we can
suppose that v := g 1h,, for all n.
For each n € N, fix

€n € g7  O%(hy) ~ g7 O%(gn).

Passing to a subsequence, there exist a € 6 such that

Way Hn (17195 10) > wak(gay) — R and  waén(gy, '0) < wak(gn) —n
for all n € N. Noting that y~1&, (v tg, o) = &€.(g;, 1 0) — &.(70), the two sequences

Y (v g, o) —€n(gy o) and  k(gny) — K(gn)

are uniformly bounded by Lemma |4.1| and Property [(R1)l This yields a contradic-
tion.

Case 2: Assume that {g,'h,} is escaping. By Lemma and Lemma we
have

d(Us(hy "), Us(hsy ' gn)) — 0.
By Lemma [6.8] we can fix R’ > 0 such that

9t O (hn) € O%i (g5 )
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for all n € N. Since 0% (gn) N O%(h,) # 0 by the hypothesis, we also have
O (g7 hn) N gt O%(gn) # 0 for all large n € N. Note that diam O%, (g hy,) — 0
as n — +oo by Lemma This implies that for any small » > 0,

9 O%(hn) C O%i(g7 h) € No(g5," O(gn))
for all large n € N, where N,.(-) denotes the r-neighborhood in 9y X.
Claim: There exists r > 0 such that
No(git O%gn)) C g7t O%(g,) for all large n € N.

Proof of Claim: Suppose not. Then after passing to a subsequence, we have for all
n € N that

Nl/n(ggl O%(gn)) ¢ ggl Ofl(gn)
This implies that after passing to a subsequence there exist a € 6 and sequences
{&n},{&,} C 09X such that & :=lim, o0 & = lim, 100 &), and for all n € N,
wafn(g;lo) < wak(gn) —n  and wagil(gglo) > wak(gn) — R.
For each n € N, let {p, r},{p;, 1} C G be sequences such that p, o — &, and
Phx0 = &, in X as k — +o0. Then by Lemma and Property |(R1), we have

D, (p!
N [ i s | ELET N [ i Ep7’k) et
H a pn,k)”
Hence, for each n € N, we can choose p, := pnx, and p;, = pp, for some
kn, k!, € N so that p,o — £ and p/,o — € in Ye, and
Pa(gn)  Pal(pn)

=0 and lim
n—-+oo

n—-+o0o

1o (gn)l [|a(pn)ll
After passing to a subsequence, we may assume

(pa n @OL n ¢(¥ .
() o (Pn)  p o and (pjl)

[[®a(gn)ll [[@a(pn) [P (27
Then it follows from SP = 0 that {g,} is escaping, and hence a(x(gn)) — +oo.
For a sequence {/,,} C K with g,, € KAT/, for all n € N, we can assume /,, — £ € K
by passing to a subsequence. Then by Lemma and Property [(R3), we have
®,(¢~1)V, =ker S and hence

imP C &,V and imP ¢ &, HV, .
Since ||P|| <1 and im P C ®,(¢~1)V,7, we have for any a € AT that
[®o(al)P|| < e(Nawa—a)(r(a))

by Properties and Since im P’ ¢ ®,(¢~1)V,, there exists a unit v € V,
such that ®,(¢)P'v = u + w for some u € V" and w € V; with u # 0. Hence, we
similarly have for any a € AT that

1@ (al)P'|| = eNowe ) ||| — eNawa=) ) |y

1®a(gn)I] | Pa (1) 2

Qu(gn)  Palpy) e NaFt
|

— P' in End(V,).

On the other hand, since {p,o}, {pj0} C X’ converges to the same limit &, it
follows from Lemma that for any a € AT,

[®a(at)P|| = | ®@a(al) P,
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and therefore
eNawa=a)(5(@) > Nawa(5(@) ||y || — ¢(Nawa=a)(5(@) |||
This implies
e (1t [|w]) = u -

Since this holds for any a € AT and ||u|| > 0, this is a contradiction and the claim
follows. <«

Now by the claim, we have
9771 O?%(hn) c 0f ’(gglhn) - Nr(9;1 O%(gn)) - 9;1 OZ(gn)

for n large, which is a contradiction. This finishes the proof. U

Now we complete the proof of Property |(PS7), and hence of Theorem by
showing the following.

Lemma 6.10. For every R > 0 there exists C > 0 such that: if v1,72 € T,
O% (1) N OR(r2) # 0, and $(k(m)) < d(x(y2)), then

|6 (5(72)) = (¢ (K(1)) + ¢ (k(v1 "2)))| < C.

Proof. Suppose not. Then for every n € N we can find g,,h, € T such that
0(5(gn)) < ¢(k(hn)). O (gn) N O (ha) # 0, and

|6(k(hn)) = (¢(5(gn)) + S(k(gy ")) | > .

First, it is easy to see that {g,} and {g,,'h,} are escaping sequences. Then we
have ¢(k(hy)) > ¢(k(gn)) — +oo by Lemmal6.5] In particular, {h,} is an escaping
sequence.

For each n € N, fix £, € 0%(gn) N O%(hy). Then by Lemma there exists
R’ > 0 such that &, € g, O% (g, 'hy), and hence

ho'en € (7 h) T O (g ).
Therefore, together with Lemma [£.6] we have for each a € 6 that

Wak(gn) > wagglgn(gglo) > Wak(gn) — R
Wak(hn) > wahy, (b to) > wak(hy) — R
Woz“(nglhn) > wahglfn((grzlhn)_lo) > Wa”(gglhn) - R.

Notice that

hy &0 (g7 hn) 71 0) = Py (B 9n0) = &n (T Py 9n0) = &n (o)
= hy €n(hy o) = 9, (g, 0).
Hence for each a € 9,
—R— R <wak(hy) — wak(gn) — war(g, hn) < R.

Since ¢ is a linear combination of {w, : o € 0}, this is a contradiction. O
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6.3. Proof of Theorem For Patterson—Sullivan-measures supported on Ay (T),
uniqueness and hence ergodicity was established in [CZZ24l Corollaries 12.1, 12.2].
Using this result and Proposition it suffices to fix a (I, ¢,d%(T'))-Patterson—
Sullivan measure £ on JpX and show that p(A§™(I")) = 1.

Theorem implies that p(A§"(I)) > 0 and Proposition implies that
A§°™(T') is T-invariant. Suppose for a contradiction that p(A§°"(T")) < 1. Then

W) !

T (09X ~ Agon(r))/‘( N9 X \ A (T)))

is a (T, ¢, 0% (I"))-Patterson-Sullivan measure y on 9pX. So Theorem applied
to p/ implies that p/(A§°"(I")) > 0 which is impossible. Thus p(A§°*(I")) = 1 and
hence uniqueness and ergodicity follow from [CZZ24, Corollaries 12.1, 12.2]. The

“in particular” part is due to Proposition [5.3 (I
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