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Abstract. In this paper, we prove two main theorems: conformal
measure rigidity and ergodicity of horospherical foliations, especially in
higher rank. Both theorems are new even for relatively Anosov groups.

First, we establish a higher rank extension of rigidity theorems of Sul-
livan, Tukia, Yue, and Kim-Oh for representations of rank one discrete
subgroups of divergence type, in terms of the push-forwards of confor-
mal measures via boundary maps. We consider a certain class of higher
rank discrete subgroups, which we call hypertransverse subgroups. It
includes all rank one discrete subgroups, Anosov subgroups, relatively
Anosov subgroups, and their subgroups. Our proof of the rigidity the-
orem generalizes the idea of Kim-Oh to self-joinings of higher rank hy-
pertransverse subgroups, overcoming the lack of CAT(−1) geometry on
symmetric spaces. In contrast to the work of Sullivan, Tukia, and Yue,
our argument is closely related to the study of horospherical foliations.

We also show the ergodicity of horospherical foliations with respect to
Burger-Roblin measures. This generalizes the classical work of Hedlund,
Burger, and Roblin in rank one and of Lee-Oh for Borel Ansov subgroups
in higher rank. Moreover, we describe the ergodic decomposition of
Burger-Roblin measures and Bowen-Margulis-Sullivan measures when a
given parabolic subgroup is minimal.
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1. Introduction

The celebrated rigidity theorem of Mostow [35] (see also Prasad [36,
Theorem B] for non-uniform lattices) states that if Γ is a lattice of G =
Isom+(Hn), n ≥ 3, then any discrete faithful representation ρ : Γ → G
extends to a Lie group isomorphism G → G. The crucial part of Mostow’s
proof is that there exists a ρ-equivariant homeomorphism f : Sn−1 → Sn−1

which is quasiconformal.
Sullivan showed a rigidity theorem for discrete faithful representations of

a general discrete subgroup of G, extending Mostow’s rigidity theorem. Let
Γ < G be a discrete subgroup and denote its limit set by ΛΓ ⊂ Sn−1. We
also denote the critical exponent of Γ by δΓ, which is defined as the abscissa
of convergence of the Poincaré series

∑
γ∈Γ e

−sd(o,γo), o ∈ Hn. We say that
Γ is of divergence type if the Poincaré series diverges at s = δΓ. In this case,
there exists a unique δΓ-dimensional Γ-conformal measure νΓ on Sn−1 and
it charges the full mass on the conical limit set, in particular νΓ(ΛΓ) = 1
[41]. Sullivan’s conformal measure rigidity theorem is as follows:

Theorem 1.1 (Sullivan, [42, Theorem 5]). Let Γ < G be a discrete subgroup
of divergence type and ρ : Γ → G a discrete faithful representation such that
δρ(Γ) = δΓ. If ρ admits an equivariant continuous embedding f : ΛΓ → Sn−1

and1

νρ(Γ) ≪ f∗νΓ

for some δρ(Γ)-dimensional ρ(Γ)-conformal measure νρ(Γ), then ρ extends to
a Lie group isomorphism G→ G.

Later, Tukia [43, Theorem 3C] showed that the condition δρ(Γ) = δΓ is not
necessary in Theorem 1.1. Since a quasiconformal homeomorphism preserves
the Lebesgue measure class on Sn−1, Mostow’s rigidity theorem also follows
from Theorem 1.1. Push-forwards of conformal measures via boundary maps
were also used in the rigidity theorem of Besson-Courtois-Gallot ([4], [5]).

Sullivan and Tukia’s proofs use the ergodicity of the geodesic flow with
respect to the Bowen-Margulis-Sullivan measure on the unit tangent bundle
of Γ\Hn to deduce the conformality of the boundary map f relying on the
negatively curved geometry of the real hyperbolic space. Generalizing this
idea, Yue extended Theorem 1.1 to general rank one spaces [45, Theorem
A].

In our recent series of work with Oh ([24], [26], [25]), we introduced a
new approach in the study of rigidity problems on a representation ρ of
a discrete subgroup (possibly with infinite-covolume), that is, considering
the self-joining of Γ via ρ and relating to the higher rank dynamics of the
self-joining subgroup. Especially in [26], the conformal measure rigidity was
studied for representations of a rank one discrete subgroup into a simple
real algebraic group of general rank, whose orbit maps are extended to

1The notation ν1 ≪ ν2 means that ν1 is absolutely continuous with respect to ν2.
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Furstenberg boundaries. It recovers Theorem 1.1 as well as the work of
Tukia and Yue.

Conformal measure rigidity in general rank. In this paper, we estab-
lish the conformal measure rigidity theorem for representations of discrete
subgroups of a general-rank simple real algebraic group. We consider a cer-
tain class of discrete subgroups, which we call hypertransverse subgroups.
This includes rank one discrete subgroups, Anosov subgroups, relatively
Anosov subgroups, and their subgroups.

We first introduce some terminologies and notations that we use through-
out the paper. Let G be a connected semisimple real algebraic group. Let
P < G be a minimal parabolic subgroup with a fixed Langlands decom-
position P = MAN where A is a maximal real split torus of G, M is the
maximal compact subgroup of P commuting with A and N is the unipotent
radical of P . Let g = LieG and a = LieA. Fix a positive Weyl chamber
a+ < a and set A+ = exp a+. We fix a maximal compact subgroup K < G
such that the Cartan decomposition G = KA+K holds. We use the nota-
tion µ : G → a+ for the Cartan projection, defined by the condition that
g ∈ K expµ(g)K for g ∈ G. We have the associated Riemannian symmetric
space X = G/K and write o = [K] ∈ X.

Let Π denote the set of all simple roots for (g, a+). As usual, the Weyl
group is the quotient of the normalizer of A in K by the centralizer of A in
K. We also denote the opposition involution by i : a → a. It induces an
involution on Π which we denote by the same notation i. Throughout the
paper, we fix a non-empty subset

θ ⊂ Π.

Let aθ =
⋂
α∈Π−θ kerα and let pθ : a → aθ be the unique projection, invari-

ant under all Weyl elements fixing aθ pointwise. We write µθ := pθ ◦ µ. Let
Pθ be the standard parabolic subgroup corresponding to θ (our convention
is that P = PΠ) and consider the θ-boundary:

Fθ = G/Pθ.

We say that ξ ∈ Fθ and η ∈ Fi(θ) are in general position if the pair (ξ, η)
belongs to the unique open G-orbit in Fθ × Fi(θ) under the diagonal action
of G.

Conformal measures. Denote by a∗θ = Hom(aθ,R) the space of all linear
forms on aθ. For ψ ∈ a∗θ and a closed subgroup ∆ < G, a Borel probability
measure ν on Fθ is called a (∆, ψ)-conformal measure (with respect to o ∈
X) if

dg∗ν

dν
(ξ) = eψ(β

θ
ξ (o,go)) for all g ∈ ∆ and ξ ∈ Fθ

where g∗ν(D) = ν(g−1D) for any Borel subset D ⊂ Fθ and βθξ denotes the

aθ-valued Busemann map (Definition 3.1). By a ∆-conformal measure, we
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mean a (∆, ψ)-conformal measure for some ψ ∈ a∗θ. The linear form ψ plays
a role of dimension of ν.

We say that a (∆, ψ)-conformal measure ν on Fθ is of divergence type

if ψ is (∆, θ)-proper2 and
∑

g∈∆ e
−ψ(µθ(g)) = ∞. The (∆, θ)-properness

hypothesis guarantees that the abscissa of convergence of the Poincaré series∑
g∈∆ e

−sψ(µθ(g)), which we denote by δψ, is well-defined.

Hypertransverse subgroups. Let Γ < G be a Zariski dense discrete sub-
group. We denote by Λθ := ΛθΓ ⊂ Fθ the limit set of Γ in Fθ, which is the
unique Γ-minimal subset of Fθ (Definition 2.8). A discrete subgroup Γ is
called θ-transverse if

• Γ is θ-regular, i.e., lim infγ∈Γ α(µθ(γ)) = ∞ for all α ∈ θ; and

• Γ is θ-antipodal, i.e., any two distinct ξ, η ∈ Λθ∪i(θ) are in general
position.

Most of the known examples of transverse subgroups come with nice actions
on Gromov hyperbolic spaces. In this regard, we consider the following
subclass:

Definition 1.2. A θ-transverse subgroup Γ < G is called θ-hypertransverse
if there exists a proper geodesic Gromov hyperbolic space Z such that

• Γ acts on Z properly discontinuously by isometries;
• there exists a Γ-equivariant homeomorphsim

ΛZ → Λθ

where ΛZ is the limit set of Γ in the Gromov boundary ∂Z.

Example 1.3. As mentioned before, any subgroup of an Anosov or a rela-
tively Anosov group (Definition 1.7) is hypertransverse. Indeed, when Γ is
a subgroup of an Anosov group Γ0, we can take Z to be the Cayley graph
of Γ0. For a subgroup Γ of a relatively Anosov group Γ0, we can set Z to
be the Groves-Manning cusp space of Γ0.

It seems that most transverse subgroups are hypertransverse. We do not
know of an example of a transverse subgroup which is not hypertransverse.

Rigidity theorems. Let G1, G2 be connected simple real algebraic groups.
Let θ1 and θ2 be non-empty subsets of the set of simple roots of G1 and G2

respectively. Here is our main rigidity theorem:

Theorem 1.4 (Conformal measure rigidity). Let Γ < G1 be a Zariski dense
θ1-hypertransverse subgroup. Let ρ : Γ → G2 be a Zariski dense θ2-regular

3

faithful representation with a pair of ρ-equivariant continuous embeddings

2a linear form ψ ∈ a∗θ is called (∆, θ)-proper if ψ ◦ µθ : ∆ → [−ε,∞) is a proper map
for some ε > 0.

3i.e. ρ(Γ) is θ2-regular
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f : Λθ1 → Fθ2 and fi : Λ
i(θ1) → Fi(θ2). If there exists a Γ-conformal measure

νΓ of divergence type such that

νρ(Γ) ≪ f∗νΓ

for some ρ(Γ)-conformal measure νρ(Γ), then ρ extends to a Lie group iso-
morphism G1 → G2.

Remark 1.5. We emphasize that there is no additional assumption on the
conformal measure νρ(Γ) and its associated linear form, such as (ρ(Γ), θ2)-
properness. Moreover, we do not assume that the image ρ(Γ) is transverse.

We note that if a ρ-equivariant map Λθ1 → Fθ2 exists, then it is unique
(Lemma 4.3). We also note that if ψ ∈ a∗θ1 is (Γ, θ1)-proper and the asso-
ciated Poincaré series diverges at δψ, then there exists a unique (Γ, δψψ)-

conformal measure on Fθ1 and has support Λθ1 ([12], [27]).
When rankG1 = 1, a Γ-conformal measure ν is of divergence type if

and only if Γ is of divergence type and ν is the δΓ-dimensional Γ-conformal
measure. Hence Theorem 1.4 generalizes Theorem 1.1 as well as the work
of Tukia [43] and Yue [45] in the case that rankG2 = 1, and the work of
Kim-Oh [26] for general G2.

We also show the following:

Theorem 1.6 (Singularity between conformal measures). Let G be a semisim-
ple real algebraic group and Γ < G be a Zariski dense θ-hypertransverse
subgroup. Let ν be a (Γ, ψ)-conformal measure of divergence type. Then for
any (Γ, ψ′)-conformal measure ν ′ with ψ′ ̸= ψ, we have

ν ′ ̸≪ ν.

In particular, if ν ′ is further assumed to be of divergence type, then

ν ′ ⊥ ν.

Theorem 1.6 also follows from the work of Lee-Oh [33] and of Sambarino
[39] when Γ is θ-Anosov. Recently, Blayac-Canary-Zhu-Zimmer [6] showed
a related result on singularity/absolute continuity between two Patterson-
Sullivan measures in a more abstract setting, assuming that they are sup-
ported on the limit set.

Relatively Anosov subgroups. Theorem 1.4 and Theorem 1.6 apply to
any Zariski dense subgroup Γ of a relatively Anosov subgroup ∆ (see Ex-
ample 1.3). The notion of relatively Anosov subgroups (resp. Anosov sub-
groups) was introduced as a higher rank extension of geometrically finite
subgroups (resp. convex cocompact subgroups); see ([30], [19], [23], [18],
[13], [46]).

Definition 1.7. Let ∆ < G be a θ-transverse subgroup and P a finite
collection of subgroups in Γ. We say that ∆ < G is θ-Anosov relative to P
if ∆ is a hyperbolic group relative to P, and there exists a ∆-equivariant
homeomorphism from the Bowditch boundary ∂(∆,P) to Λθ∆. When P = ∅,
∆ is called θ-Anosov.
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Rigidity of transverse representations. We also consider a conjugate
between two transverse representations, which can be regarded as a defor-
mation between them. Let (Z, dZ) be a proper geodesic Gromov hyperbolic
space. Let ∆ < Isom(Z) be a subgroup of isometries of Z acting properly
discontinuously on Z. We denote by ΛZ∆ ⊂ ∂Z its limit set in the Gromov
boundary.

For i = 1, 2, let Gi be a simiple real algebraic group and ρi : ∆ → Gi
a Zariski dense θi-transverse representation, in the sense that ρi(∆) < Gi
is a θi-transverse subgroup and that there exists a ρi-equivariant homeo-
morphism fi : Λ

Z
∆ → Λθiρi(∆). We set Γi := ρi(∆). Then the isomorphism

ρ := ρ2 ◦ ρ1|−1
Γ1

conjugates two representations ρ1 and ρ2:

Γ1

∆

Γ2

ρ

ρ1

ρ2

The following is an immediate consequence of Theorem 1.4 where f is the
ρ-boundary map:

Theorem 1.8. Let ρ : Γ1 → Γ2 be a conjugate between two Zariski dense
transverse representations ρ1 : ∆ → Γ1 and ρ2 : ∆ → Γ2. Suppose that ρ
does not extend to a Lie group isomorphism G1 → G2. For any Γ1-conformal
measure ν1 of divergence type and Γ2-conformal measure ν2,

ν2 ̸≪ f∗ν1.

In particular, if ν2 is further assumed to be of divergence type, then

ν2 ⊥ f∗ν1.

In other words, we have the following rigidity theorem for transverse rep-
resentations:

Theorem 1.9. If there exist a Γ1-conformal measure ν1 of divergence type
such that

ν2 ≪ f∗ν1

for some Γ2-conformal measure ν2, then ρ extends to a Lie group isomor-
phism G1 → G2.

Ergodicity of horospherical foliations. The horospherical foliation H of
the unit tangent bundle T1(H2) is a collection of horospheres stable under
the geodesic flow. This can be identified as follows:

H = ∂H2 × R = PSL2(R)/N

where N =

ßÅ
1 s
0 1

ã
: s ∈ R

™
. Hedlund showed that when Γ is a lattice in

PSL2(R), the Γ-action on H is ergodic with respect to the Haar measure
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[21]. Later, Burger [10] proved that any convex cocompact Γ < PSL2(R)
with δΓ > 1/2 acts ergodically on H with respect to the measure

eδΓtdνΓdt

where dνΓ is the unique δΓ-dimensional Γ-conformal measure on ∂H2 and
dt is a Lebesgue measure on R. This measure on H = ∂H2 ×R is called the
Burger-Roblin measure which we denote by mBR

Γ . Roblin extended these
results to a more general setting:

Theorem 1.10. [38, Corollary 2.3] Let (X, d) be a proper CAT(−1)-space

and Γ < Isom(X) a discrete subgroup. Suppose that
∑

γ∈Γ e
−δΓd(o,γo) = ∞

and the length spectrum of Γ is non-arithmetic4. Then the Γ-action on the
horospherical foliation of X with respect to mBR

Γ is ergodic.

When X is a rank one symmetric space, the length spectrum of any non-
elementary discrete subgroup Γ < Isom(X) is non-arithmetic [29]. Hence
Theorem 1.10 implies that any discrete subgroup Γ < Isom(X) of divergence
type acts ergodically on the horospherical foliation of T1(X) with respect
to the Burger-Roblin measure.

We extend Theorem 1.10 to higher rank settings. In the rest of the in-
troduction, let G be a connected semisimple real algebraic group and fix a
non-empty θ ⊂ Π. We then have the Langlands decomposition Pθ = NθSθAθ
where Aθ = exp aθ, Sθ is an almost direct product of a semisimple algebraic
group and a compact central torus, and Nθ is the unipotent radical of Pθ.
The θ-horospherical foliation is defined as

Hθ := Fθ × aθ = G/NθSθ

analogous to the rank one setting. Since Aθ normalizes NθSθ, it acts on Hθ

on the right by multiplication (see (10.1)).
Let Γ < G be a discrete subgroup and ν a (Γ, ψ)-conformal measure

on Fθ. The Burger-Roblin measure associated to ν is a Γ-invariant Radon
measure on Hθ defined as

dmBR
ν (ξ, u) := eψ(u)dν(ξ)du

where du is the Lebesgue measure on aθ. Note that

suppmBR
ν = {(ξ, u) ∈ Hθ : ξ ∈ supp ν}.

Here is a higher rank version of Theorem 1.10 relating the ergodicity of
(Hθ,Γ, ν

BR
ν ) with the divergence of the ψ-Poincaré series:

Theorem 1.11. Let Γ < G be a Zariski dense θ-hypertransverse subgroup.
For any Γ-conformal measure ν of divergence type,

the Γ-action on the horospherical foliation (Hθ,m
BR
ν ) is ergodic.

4The non-arithmeticity of the length spectrum means that the set of all lengths of
closed geodesics in Γ\X generates a dense subgroup of (R,+).
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Horospherical actions on Γ\G. Considering the case θ = Π, we have
NΠ = N and SΠ =M , and hence

HΠ = G/NM.

By the Iwasawa decompositionG = KAN = KP , the Furstenberg boundary
F is identified withK/M . For a (Γ, ψ)-conformal measure ν on F , we denote
by ν̂ theM -invariant lift of ν to K. We then define the following Γ-invariant
measure on G: for g = k(expu)n ∈ KAN ,

(1.1) dm̂BR
ν (g) := eψ(u)dν̂(k)dudn

where dn is the Haar measure on N . The measure m̂BR
ν is the NM -invariant

lift of mBR
ν to G, and induces the measure on Γ\G which we also call the

Burger-Roblin measure and denote by m̂BR
ν , abusing notations.

We consider the horospherical action on (Γ\G, m̂BR
ν ), given as the right

multiplication by NM . Since any conformal measure of divergence type is
supported on the limit set [27, Theorem 1.5], Theorem 1.11 can be rephrased
as follows in this case:

Theorem 1.12. Let Γ < G be a Zariski dense Π-hypertransverse subgroup.
For any Γ-conformal measure ν on F of divergence type,

the NM -action on (Γ\G, m̂BR
ν ) is ergodic.

In particular, for m̂BR
ν -a.e. x ∈ Γ\G, we have

xNM = {[g] ∈ Γ\G : gP ∈ ΛΠ}.

Theorem 1.12 applies to the images of cusped Hitchin representations,
which are well-known examples of relatively Π-Anosov subgroups (see [8]
and [11]).

Theorem 1.11 and Theorem 1.12 extend the work of Lee-Oh [33] on Π-
Anosov subgroups. See also [31] for a certain unique ergodicity result of
Burger-Roblin measures for special types of Π-Anosov subgroups.

Ergodic decomposition. Lee-Oh described the ergodic decomposition of
the Burger-Roblin and Bowen-Margulis-Sullivan measures on Γ\G for a
Zariski dense Π-Anosov subgroup Γ < G [34]. In view of Theorem 1.12,
their argument applies to Π-hypertransverse subgroups, and hence yields
similar ergodic decomposition theorems.

For a Γ-conformal measure ν on F of divergence type, denote by m̂BMS
ν

the associated Bowen-Margulis-Sullivan measure on Γ\G (see (10.3) for the
precise definition). To state the ergodic decompositions of m̂BR

ν and m̂BMS
ν ,

let DΓ be the (finite) collection of all P ◦-minimal subsets of Γ\G where P ◦

is the identity component of P .

Theorem 1.13. Let Γ < G be a Zariski dense Π-hypertransverse subgroup.
Let ν be a Γ-conformal measure on F of divergence type. Then

(1) m̂BR
ν =

∑
E∈DΓ

m̂BR
ν |E is an N -ergodic decomposition;

(2) m̂BMS
ν =

∑
E∈DΓ

m̂BMS
ν |E is an A-ergodic decomposition.
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In particular, the number of N -ergodic components of m̂BR
ν and the number

of A-ergodic components of m̂BMS
ν are given by #DΓ = [P : PΓ], where

PΓ := {p ∈ P : E0p = E0} for any E0 ∈ DΓ.

As in Theorem 1.12, the above ergodic decomposition implies density
of almost every N -orbit and A-orbit in each E ∈ DΓ. Moreover, together
with the Hopf-Tsuji-Sullivan dichotomy for transverse subgroups by Canary-
Zhang-Zimmer [12] and by Kim-Oh-Wang [27], we deduce the following from
Theorem 1.13.

Theorem 1.14. Let Γ < G be a Zariski dense Π-hypertransverse subgroup.
Let ν be a Γ-conformal measure on F of divergence type. Then for any
E ∈ DΓ and m̂BMS

ν -a.e. x ∈ E,
xA+ = supp m̂BMS

ν |E .
In particular, if P is connected, then for m̂BMS

ν -a.e. x ∈ Γ\G,
xA+ = {[g] ∈ Γ\G : gP, gw0P ∈ ΛΠ}

where w0 ∈ NK(A) is the longest Weyl element.

When Γ is Π-Anosov, density of almost every A+M -orbit was proved by
Lee-Oh [33, Corollary 8.12]. In this case, using their ergodic decomposition
[34], density of almost every A+-orbit as in Theorem 1.14 also follows (see
Remark 10.6).

On the proofs. As mentioned before, Theorem 1.4 was proved by Kim-Oh
[26] when Γ is a rank one discrete subgroup and ρ is a certain representation
into a higher rank simple group. The major point of this paper is to extend
the proof of [26] to higher rank. Under the rank one assumption on Γ, the
symmetric space is CAT(−1), and hence Busemann functions and Gromov
products behave nicely enough. However, when Γ is of higher rank, the
symmetric space is neither negatively curved nor CAT(−1), and hence it
requires additional ideas to prove Theorem 1.4 in this generality. Even
under the hypertransverse hypothesis on Γ, it only admits an action on a
Gromov hyperbolic space, and the coarse nature of the geometry of Gromov
hyperbolic spaces still presents several non-trivial difficulties in extending
previous works on the conformal measure rigidity [26] and the ergodicity of
horospherical foliations ([38], [33]).

In contrast to the proof of Sullivan, Tukia, and Yue, we consider the
self-joining of Γ via ρ : Γ → G2 to prove Theorem 1.4:

Γρ := (id×ρ)(Γ) = {(γ, ρ(γ)) : γ ∈ Γ},
a discrete subgroup of G := G1 ×G2. As G1 and G2 are simple, ρ extends
to a Lie group isomorphism G1 → G2 if and only if Γρ is not Zariski dense
(Lemma 4.2). Hence we translate the rigidity question on ρ to the Zariski
density question on the self-joining Γρ. The idea relating dynamics of self-
joinings to rigidity problems in terms of boundary maps originates from the
work of Kim-Oh ([24], [25], [26]).
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As in [26], we let A := A1 ×A2 and A+ := A+
1 ×A+

2 so that a := LieA =
a1⊕a2 and a+ = a+1 ⊕a+2 . Denote by Π = Π1∪Π2 the set of all simple roots
for (LieG, a+) and θ = θ1 ∪ θ2. We have the θ-boundary Fθ = Fθ1 × Fθ2
and aθ = aθ1 ⊕ aθ2 .

For a (Γ, ψ)-conformal measure ν of divergence type for ψ ∈ a∗θ1 , recall the
graph-conformal measure defined by Kim-Oh [26] which is the push-forward

νρ := (id×f)∗ν.

As observed in [26], νρ is (Γρ, σψ)-conformal where σψ ∈ a∗θ is defined by
σψ(u1, u2) = ψ(u1) for (u1, u2) ∈ aθ1 ⊕ aθ2 .

The main technical ingredient of the proof is to show that if Γρ is Zariski

dense, the essential subgroup Eθνρ(Γρ) is the whole aθ (Theorem 7.1). The

essential subgroup Eθνρ(Γρ) ⊂ aθ is defined as the set of u ∈ aθ such that for

any ε > 0 and a Borel subset B ⊂ Fθ with νρ(B) > 0, the subset

B ∩ γB ∩ {ξ ∈ Fθ : ∥βθξ (e, γ)− u∥ < ε}

has a positive νρ-measure for some γ ∈ Γρ. That Eθνρ(Γρ) = aθ implies the
singularity of νρ among conformal measures of Γρ, and hence the singularity
of f∗ν between ρ(Γ)-conformal measures (Proposition 3.8). Therefore, the
non-singularity between f∗ν and a ρ(Γ)-conformal measure forbids Γρ from
being Zariski dense and hence ρ extends to a Lie group isomorphism G1 →
G2.

To show Eθνρ(Γρ) = aθ, we first prove that the Myrberg limit sets of Γ

and of the self-joining Γρ have full ν and νρ-measures respectively (Theorem
5.3), only assuming that Γ is a transverse subgroup. This is based on the
ergodicity of an appropriate one-dimensional flow obtained in [27, Theorem
10.2] and is new even for a transverse subgroup Γ.

We then deduce Eθνρ(Γρ) = aθ from the full νρ-mass of the Myrberg limit
set of Γρ under the additional hypothesis that Γ is hypertransverse. The
idea of this deduction is influenced by Roblin [38] in the CAT(−1) setting,
by Kim-Oh [26] for self-joinings of rank one discrete subgroups, and by Lee-
Oh [33] dealing with Anosov subgroups with respect to minimal parabolic
subgroups. The fact that the visual metrics behave nicely in the CAT(−1)
setting was crucial in ([38], [26]). And the higher rank Morse Lemma was
heavily used in [33] to show that the visual metric defined in terms of the
higher rank Gromov product has the desired properties.

On the other hand, the coarse feature of a Gromov hyperbolic space does
not make visual metrics as good as in the CAT(−1) setting, and the higher
rank Morse lemma is not available in the generality of our setting. To
overcome this difficulty, we conduct a detailed investigation of the coarse
geometry in Gromov hyperbolic spaces to make the visual metric defined
on the Gromov boundary work in higher rank settings, together with a
simultaneous sharp-control on the other Busemann function on the higher
rank symmetric space (see Remark 7.3).
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Finally, we deduce the ergodicity of the horospherical foliation for hyper-
transverse subgroups with respect to Burger-Roblin measures based on our
investigation on the essential subgroup.

Organization. In Section 2, we review basic notions and properties of
semisimple real algebraic groups and their boundaries. In Section 3 we
introduce the notion of essential subgroups for conformal measures and dis-
cuss how the essential subgroup of a given conformal measure detects its
singularity among conformal measures. In Section 4, we define self-joining
subgroups and graph-conformal measures, and describe their key role in
studying rigidity questions. We introduce the notion of Myrberg limit set
in higher rank in Section 5. We prove that the Myrberg limit set of a
self-joining has full mass with respect to the graph-conformal measure. Sec-
tion 6 is devoted to the discussion on quantitative aspects of the geometry
of Gromov hyperbolic spaces. In Section 7, we show that the essential sub-
group for a graph-conformal measure is the whole aθ under the Zariski dense
hypothesis on the self-joining. In Section 8, we establish the singularity of
graph-conformal measures among conformal measures, and provide the proof
of Theorem 1.4. In Section 9, we prove more stronger rigidity statements
(Theorem 1.8, Theorem 1.9) for deformations of transverse representations.
The ergodicity of horospherical foliations and ergodic decomposition results
are proved in Section 10.

Acknowledgements. I would like to thank my advisor Professor Hee Oh
for her encouragement and many helpful conversations.

2. Preliminaries

Let G be a connected semisimple real algebraic group. We use the no-
tations and terminology introduced in the introduction. We denote by
W = NK(A)/CK(A) the Weyl group, where NK(A) and CK(A) are the
normalizer and centralizer of A in K respectively. Fixing a left G-invariant
and right K-invariant Riemannian metric on G induces a W-invariant norm
on a, which we denote by ∥ · ∥. We also denote by d the induced left G-
invariant metric on the symmetric space X := G/K and by o ∈ X the point
corresponding to the coset [K].

Recall that we choose a closed positive Weyl chamber a+ of a and set
A+ = exp a+. The Cartan projection µ : G→ a+ is defined to be such that
g ∈ K exp(µ(g))K for all g ∈ G.

Lemma 2.1. [2, Lemma 4.6] For any compact subset Q ⊂ G, there exists
C = C(Q) > 0 such that for all g ∈ G,

sup
q1,q2∈Q

∥µ(q1gq2)− µ(g)∥ ≤ C.
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Let Φ+ be the set of all positive roots and Π ⊂ Φ+ the set of all simple
roots for (g, a+). We fix an element

w0 ∈ NK(A)

representing the longest Weyl element. This induces an involution

i := −Adw0 : a → a

preserving a+, called the opposition involution. This also induces a map
Φ → Φ preserving Π, for which we use the same notation i. We have

(2.1) µ(g−1) = i(µ(g)) for all g ∈ G .

In the rest of the section, fix a non-empty subset θ ⊂ Π. Let Pθ denote a
standard parabolic subgroup of G corresponding to θ; that is, Pθ is generated
byMA and all root subgroups Uα, α ∈ Φ+∪[Π−θ] where [Π−θ] denotes the
set of all roots in Φ which are Z-linear combinations of Π−θ. Hence PΠ = P .
The subgroup Pθ is equal to its own normalizer; for g ∈ G, gPθg

−1 = Pθ if
and only if g ∈ Pθ. Let

aθ =
⋂

α∈Π−θ
kerα, a+θ = aθ ∩ a+,

Aθ = exp aθ, and A+
θ = exp a+θ .

Let

pθ : a → aθ

denote the projection invariant under w ∈ W fixing aθ pointwise. We also
write µθ := pθ ◦ µ. We denote by a∗θ = Hom(aθ,R) the dual space of aθ. It
can be identified with the subspace of a∗ which is pθ-invariant: a∗θ = {ψ ∈
a∗ : ψ ◦ pθ = ψ}; so for θ ⊂ θ′, we have a∗θ ⊂ a∗θ′ .

Let Lθ be the centralizer of Aθ; it is a Levi subgroup of Pθ and Pθ = LθNθ

whereNθ = Ru(Pθ) is the unipotent radical of Pθ. We setMθ = K∩Pθ ⊂ Lθ.
We may then write Lθ = AθSθ where Sθ is an almost direct product of a
connected semisimple real algebraic subgroup and a compact subgroup. We
omit the subscript when θ = Π.

The θ-boundary Fθ. The Furstenberg boundary is defined as the quotient
F = G/P = G/PΠ. The θ-boundary is defined similarly:

Fθ = G/Pθ.

Let

πθ : F → Fθ
denote the canonical projection map given by gP 7→ gPθ, g ∈ G. We set

ξθ = [Pθ] ∈ Fθ.
By the Iwasawa decomposition G = KP = KAN , the subgroup K acts
transitively on Fθ, and hence

Fθ ≃ K/Mθ.
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Points in general position. Let P+
θ be the standard parabolic subgroup

of G opposite to Pθ such that Pθ ∩ P+
θ = Lθ. We have P+

θ = w0Pi(θ)w
−1
0

and hence
Fi(θ) = G/P+

θ .

In particular, if θ is symmetric in the sense that θ = i(θ), then Fθ = G/P+
θ .

The G-orbit of (Pθ, P
+
θ ) is the unique open G-orbit in G/Pθ ×G/P+

θ under
the diagonal G-action.

Definition 2.2. Two elements ξ ∈ Fθ and η ∈ Fi(θ) are said to be in

general position if (ξ, η) ∈ G · (Pθ, w0Pi(θ)) = G · (Pθ, P+
θ ), i.e., ξ = gPθ and

η = gw0Pi(θ) for some g ∈ G.

We set

F (2)
θ = {(ξ, η) ∈ Fθ ×Fi(θ) : ξ, η are in general position},

which is the unique open G-orbit in Fθ ×Fi(θ).

Jordan projection. An element g ∈ G is loxodromic if

g = hamh−1

for some a ∈ intA+, m ∈ M and h ∈ G. The Jordan projection of g is
defined to be

λ(g) := log a ∈ int a+.

The attracting fixed point of g in F is given by

yg := hP ∈ F ;

for any ξ ∈ F in general position with yg−1 , the sequence gℓξ converges to
yg as ℓ→ ∞. We also set

λθ(g) := pθ(λ(g)) ∈ int a+θ and yθg := πθ(yg) ∈ Fθ.

Since g−1 = (hw0)(w
−1
0 a−1w0)(w

−1
0 m−1w0)(hw0)

−1 and w−1
0 aw0 ∈ int a+

and w−1
0 mw0 ∈M as well, it follows that yθg and y

i(θ)
g−1 are in general position.

Let ∆ < G be a discrete subgroup. We write λ(∆) for the set of all
Jordan projections of loxodromic elements of ∆. The following result is due
to Benoist [3].

Theorem 2.3. If ∆ < G is Zariski dense, then λ(∆) generates a dense
subgroup of a. In particular, λθ(∆) generates a dense subgroup of aθ.

Convergence in G ∪Fθ. We consider the following notion of convergence
of a sequence in G to an element of Fθ. We say that for a sequence gi ∈ G,
gi → ∞ (or gio→ ∞) θ-regularly if minα∈θ α(µ(gi)) → ∞ as i→ ∞.

Definition 2.4. For a sequence gi ∈ G and ξ ∈ Fθ, we write limi→∞ gi =
limi→∞ gio = ξ and say gi (or gio ∈ X) converges to ξ if

• gi → ∞ θ-regularly; and
• limi→∞ κgiPθ = ξ in Fθ for some κgi ∈ K such that gi ∈ κgiA

+K.
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We recall the lemma that we will use in later sections.

Lemma 2.5. [27, Lemma 2.4] Consider a sequence gi = kiaih
−1
i where

ki ∈ K, ai ∈ A+, and hi ∈ G. Suppose that ki → k0 ∈ K, hi → h0 ∈ G, and
minα∈θ α(log ai) → ∞, as i → ∞. Then for any ξ in general position with
h0P

+
θ , we have

lim
i→∞

giξ = k0ξθ.

Let p, q ∈ X and R > 0. The shadow of the ball

B(q,R) = {z ∈ X : d(z, q) < R}

viewed from p is defined as follows:

OθR(p, q) := {gPθ ∈ Fθ : gA+o ∩B(q, r) ̸= ∅}

where g ∈ G satisfies p = go. The shadow of B(q,R) viewed from η ∈ Fi(θ)

can also be defined:

OθR(η, q) := {hPθ ∈ Fθ : hw0Pi(θ) = η, ho ∈ B(q, r)}.

We say that a sequence gi ∈ G (or gio ∈ X) converges to ξ ∈ Fθ conically
if gi → ξ in the sense of Definition 2.4 and there exists R > 0 such that
ξ ∈ OθR(o, gio) for all i ≥ 1.

Lemma 2.6 ([23, Lemma 5.35] (see also [27, Lemma 9.8])). Let gi ∈ G be
a sequence such that gi → ξ ∈ Fθ. Then the following are equivalent:

(1) The convergence gi → ξ is conical.

(2) For any η ∈ Fi(θ) such that (ξ, η) ∈ F (2)
θ , the sequence g−1

i (ξ, η) is

precompact in F (2)
θ .

(3) For some η ∈ Fi(θ) such that (ξ, η) ∈ F (2)
θ , the sequence g−1

i (ξ, η) is

precompact in F (2)
θ .

The shadows vary continuously:

Lemma 2.7. [28, Lemma 3.3] Let p ∈ X, qi ∈ X a sequence converging to
η ∈ Fi(θ) and r > 0. Then for any p ∈ X and 0 < ε < r, we have for all
large enough i that

Oθr−ε(qi, p) ⊂ Oθr(η, p) ⊂ Oθr+ε(qi, p).

Limit set. For a discrete subgroup ∆ < G, its limit set is defined as follows:

Definition 2.8 (Limit set). The limit set Λθ∆ ⊂ Fθ is defined as the set of
all accumulation points of ∆(o) in Fθ, that is,

Λθ∆ = { lim
i→∞

gio ∈ Fθ : gi ∈ ∆}.

This may be an empty set for a general discrete subgroup. However, we
have the following result of Benoist for Zariski dense subgroups ([2, Section
3.6], [33, Lemma 2.15]):
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Theorem 2.9. If ∆ < G is Zariski dense, then Λθ∆ is the unique ∆-minimal
subset of Fθ and the set of all attracting fixed points of loxodromic elements
of ∆ is dense in Λθ∆.

3. Busemann maps, conformal measures and essential subgroups

Let G be a connected semisimple real algebraic group and fix a non-empty
subset θ ⊂ Π. We continue notations from Section 2. In this section, we
introduce conformal measures and essential subgroups, and see how they are
related.

Busemann maps. For g ∈ G and ξ = [k] ∈ K/M = F , the Iwasawa
cocycle H(g, ξ) is defined as the a-component of the Iwasawa decomposition
of gk so that

gk ∈ K exp(H(g, ξ))N.

The higher rank Busemann maps are defined as follows:

Definition 3.1 (Busemann map). The a-valued Busemann map β : F ×
G×G→ a is now defined as follows: for ξ ∈ F and g, h ∈ G,

βξ(g, h) := H(g−1, ξ)−H(h−1, ξ).

The aθ-valued Busemann map βθ : Fθ × G × G → aθ is defined as follows:
for ξ ∈ Fθ and g, h ∈ G,

βθξ (g, h) := pθ(βξ̃(g, h))

where ξ̃ ∈ π−1
θ (ξ) ∈ F . This is well-defined [37, Section 6].

Observe that the Busemann map is continuous in all three variables. For
ξ ∈ F , g ∈ G and k ∈ K, we have H((gk)−1, ξ) = H(g−1, ξ). Hence we can
also define the Busemann map βθ : Fθ ×X ×X → a as

βθξ (go, ho) := βθξ (g, h) for ξ ∈ Fθ, g, h ∈ G.

The following was proved in [33] for θ = Π. Since the aθ-valued Busemann
map is defined as the pθ-image of the a-valued Busemann map, the same is
true for general θ:

Lemma 3.2. [33, Lemma 3.5] For a loxodromic g ∈ G, we have

βθyθg
(p, gp) = λθ(g) for all p ∈ X.

Busemann maps are compatible to Cartan projections in shadows:

Lemma 3.3. [33, Lemma 5.7] There exists κ > 0 such that for any g, h ∈ G
and r > 0, we have

sup
ξ∈Oθr (go,ho)

∥βθξ (go, ho)− µθ(g
−1h)∥ ≤ κr.
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Corollary 3.4. Let gi ∈ G be a sequence such that gio → η ∈ Fi(θ). For
any p ∈ X and r, ε > 0, we have

sup
ξ,ξ′∈Oθr (η,p)

∥βθξ (gio, p)− βθξ′(gio, p)∥ ≤ 2κ(r + ε) for all large i

where κ is given by Lemma 3.3.

Proof. By Lemma 2.7, we have Oθr(η, p) ⊂ Oθr+ε(gio, p) for all large i. Letting

h ∈ G be such that p = ho, we have that for any ξ′ ∈ Oθr(η, p), both
∥βθξ (gio, p)−µθ(g

−1
i h)∥ and ∥βθξ′(gio, p)−µθ(g

−1
i h)∥ are bounded by κ(r+ε)

by Lemma 3.3. Now the claim follows from the triangle inequality. □

Conformal measures. Let ∆ < G be a discrete subgroup. The notion
of higher rank conformal measures for ∆ is defined in terms of aθ-valued
Busemann maps and linear forms on aθ.

Definition 3.5 (Conformal measures). A Borel probability measure νo on
Fθ is called a ∆-conformal measure (with respect to o) if there exists a linear
form ψ ∈ a∗θ such that for all η ∈ Fθ and g ∈ ∆,

dg∗νo
dνo

(η) = eψ(β
θ
η(o,go)).

In this case, we say νo is a (∆, ψ)-conformal measure. For p ∈ X, dνp(η) =

eψ(β
θ
η(o,p))dνo(η) is a (∆, ψ)-conformal measure with respect to p.

The set of values {βθη(o, go) ∈ aθ : g ∈ ∆, η ∈ supp νo} may not be large
enough to distinguish ∆-conformal measure classes by determining the linear
form to which νo is associated; in general, there may be multiple linear forms
associated to the same conformal measure class.

Definition 3.6 (Divergence type). We say that a (∆, ψ)-conformal measure

ν is of divergence type if ψ ∈ a∗θ is (Γ, θ)-proper and
∑

g∈∆ e
−ψ(µθ(g)) = ∞.

Essential subgroups and Singularity of conformal measures. The
notion of essential subgroups was introduced by Schmidt [40] (see also [38])
in order to study the ergodic properties of horospherical actions. Its higher
rank analogue, when θ = Π, was studied in [33] to show the ergodicity
of horospherical foliations for Anosov subgroups with respect to a minimal
parabolic subgroup. We consider essential subgroups for general θ, and also
use them as tools to detect the singularity between two conformal measures.

Definition 3.7 (Essential subgroup for ν). For a ∆-conformal measure ν on
Fθ with respect to o, we define the subset Eθν(∆) ⊂ aθ as follows: u ∈ Eθν(∆)
if for any Borel subset B ⊂ Fθ with ν(B) > 0 and any ε > 0, there exists
g ∈ ∆ such that

ν(B ∩ gB ∩ {ξ ∈ Fθ : ∥βθξ (o, go)− u∥ < ε}) > 0.

It is easy to see that Eθν(∆) is a closed subgroup of aθ. We call Eθν(∆) the
essential subgroup for ν.
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The following proposition is one of key ingredients of this paper. Although
it was proved in [33, Lemma 10.21] (see also [26, Proposition 3.6]) for θ = Π,
the same proof works for general θ:

Proposition 3.8. For i = 1, 2, let νi be a (∆, ψi)-conformal measure on Fθ
for some ψi ∈ a∗θ. If ν2 ≪ ν1, then

ψ1(w) = ψ2(w) for all w ∈ Eθν1(∆).

In particular, if Eθν1(∆) = aθ, then ν2 ≪ ν1 implies ψ1 = ψ2.

4. Graph-conformal measures for self-joinings

In this section, we review the notion of self-joinings and graph-conformal
measures, introduced by Kim-Oh ([24], [25], [26]), which play key roles in
studying rigidity problems. For i = 1, 2, let Gi be a connected semisim-
ple real algebraic group with the associated Riemannian symmetric space
(Xi, di), and write gi := LieGi. Let (X, d) be the Riemannian product

(X1 ×X2,
»
d21 + d22). Set

G = G1 ×G2

so that its Lie algebra is g := g1 ⊕ g2. Then G acts by isometries on X.
For i = 1, 2, we use the same notations for Gi as we did for G but with
a subscript i. For □ ∈ {A,M,N, P,K, o}, we consider the corresponding
objects for G by setting

□ = □1 ×□2.

In particular, A = A1 × A2. Let A+ = A+
1 × A+

2 . Let a denote the Lie
algebra of A, and a+ = logA+. We note that

a = a1 ⊕ a2 and a+ = a+1 ⊕ a+2 ,

where ai = LieAi and a+i = LieA+
i for i = 1, 2.

For each i = 1, 2, let Πi be the set of all simple roots for (gi, a
+
i ) and fix

a non-empty subset θi ⊂ Πi in the rest of the paper. We set Π := Π1 ∪ Π2

which is the set of all simple roots for (g, a+) and

θ := θ1 ∪ θ2.
Then we have

aθ = aθ1 ⊕ aθ2 , Pθ = Pθ1 × Pθ2 and Fθ = Fθ1 ×Fθ2 .
Let Γ < G1 be a Zariski dense discrete subgroup with the limit set Λθ1 ⊂

Fθ1 . Let ρ : Γ → G2 be a discrete faithful Zariski dense representation.

Definition 4.1 (Self-joining). We define the self-joining of Γ via ρ as

Γρ := (id×ρ)(Γ) = {(g, ρ(g)) ∈ G : g ∈ Γ},
which is a discrete subgroup of G.

One key feature of a self-joining subgroup is that the rigidity question on
ρ can be translated to a Zariski density question on the self-joining.
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Lemma 4.2. [17] Suppose that G1 and G2 are simple. Then the self-joining
Γρ < G is not Zariski dense if and only if ρ extends to a Lie group isomor-
phism G1 → G2.

Boundary map. In the rest of this section, we assume that there exists a
ρ-equivariant continuous map

f : Λθ1 → Fθ2 .
We will not assume that f is injective, mentioned otherwise. When it is
injective, we call it a ρ-boundary map.

A ρ-boundary map is unique when it exists. First observe that, since Λθ1

(resp. Λθ2ρ(Γ)) is the unique Γ (resp. ρ(Γ)) minimal subset of Fθ1 (resp. Fθ2)
(Theorem 2.9), it follows from the equivariance of f that

f(Λθ1) = Λθ2ρ(Γ).

The uniqueness of a boundary map was proved in [26, Lemma 4.5] for θ = Π
and the same proof works for general θ.

Lemma 4.3 (Uniqueness). If g ∈ Γ and ρ(g) are both loxodromic, then

f(yθ1g ) = yθ2ρ(g).

In particular, when G1 and G2 are simple, f is the unique ρ-equivariant
continuous map Λθ1 → Fθ2.

In terms of the boundary map, the limit set of the self-joining Γρ in Fθ
is as follows:

Λθρ := (id×f)(Λθ1) = {(ξ, f(ξ)) ∈ Fθ : ξ ∈ Λθ1}.

Graph-conformal measures. Recall that for each i = 1, 2,

pθi : a → aθi

is the projection invariant under all Weyl elements fixing aθi pointwise. Re-
stricting on aθ, we may regard pθi as the projection from aθ as well. Abusing
notations, we also denote the restriction aθ → aθi by pθi for i = 1, 2. For a
linear form ψi on a∗θi , we define a linear form σψi ∈ a∗θ by

σψi := ψi ◦ pθi ;
in other words, σψi(u1, u2) = ψi(ui) for all (u1, u2) ∈ aθ1 ⊕ aθ2 . Recall that
oi = [Ki] ∈ Xi for i = 1, 2 and o = (o1, o2) ∈ X.

The following is a key observation on the relation between Γ-conformal
measures and Γρ-conformal measures. It was proved in [26, Proposition 4.6,
Corollary 4.7, Lemma 4.10] for θ = Π; the same proof works for general θ:

Proposition 4.4. Let ψi ∈ a∗θi for i = 1, 2.

(1) If νψ1 is a (Γ, ψ1)-conformal measure on Λθ1 with respect to o1, then

(id×f)∗νψ1 is a (Γρ, σψ1)-conformal measure on Λθρ with respect to
o.
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(2) Any (Γρ, σψ1)-conformal measure on Λθρ with respect to o is of the

form (id×f)∗νψ1 for some (Γ, ψ1)-conformal measure νψ1 on Λθ1.

(3) If νψ1 is the unique (Γ, ψ1)-conformal measure on Λθ1, then (id×f)∗νψ1

is the unique (Γρ, σψ1)-conformal measure on Λθρ with respect to o;
in particular, (id×f)∗νψ1 is Γρ-ergodic.

(4) Let νψ1 and νψ2 be Γ-conformal and ρ(Γ)-conformal measures on

Λθ1 and Λθ2ρ(Γ) respectively. If f is injective, then (f−1 × id)∗νψ2 is a

(Γρ, σψ2)-conformal measure, and we have

(f−1 × id)∗νψ2 ≪ (id×f)∗νψ1 if and only if νψ2 ≪ f∗νψ1 .

The notion of graph-conformal measure was first introduced in our earlier
work with Oh [26]:

Definition 4.5 (Graph-conformal measures). By a graph-conformal mea-
sure of Γρ, we mean a (conformal) measure of the form

νρ := (id×f)∗ν

for some Γ-conformal measure ν on Λθ1 .

Note that we used the notation νgraph for the graph-conformal measure
in [26]. Using this terminology, Proposition 4.4(1)-(2) can be reformulated
as follows:

Proposition 4.6. Let σ ∈ a∗θ be a linear form which factors through aθ1. A

(Γρ, σ)-conformal measure on Λθρ is a graph-conformal measure of Γρ, and
conversely, any graph-conformal measure of Γρ is of such a form.

5. Myrberg limit sets

Let G be a connected semisimple real algebraic group and X = G/K the
associated symmetric space. Recall the choice of the basepoint o = [K] ∈ X.
For a discrete subgroup ∆ < G, the Myrberg limit set is defined as follows:

Definition 5.1 (Myrberg limit set). We say that ξ ∈ Λθ∆ is a Myrberg limit

point of ∆ if for any ξ0 ∈ Λθ∆ and η0 ∈ Λ
i(θ)
∆ in general position, there exists

a sequence gi ∈ ∆ such that giξ → ξ0 and gio→ η0 as i→ ∞.
We call the set of all Myrberg limit points of ∆ the Myrberg limit set of

∆ and denote by Λθ∆,M ⊂ Fθ.

In this section, we show that the Myrberg limit sets of transverse sub-
groups and their self-joinings have full measures with respect to conformal
measures of divergence type and their associated graph-conformal measures.

Definition 5.2. A discrete subgroup ∆ < G is called θ-transverse if

• it is θ-regular, i.e., lim infg∈∆ α(µ(g)) = ∞ for all α ∈ θ; and

• it is θ-antipodal, i.e., any two distinct ξ, η ∈ Λθ∪i(θ) are in general
position.
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Since µ(g−1) = i(µ(g)) for all g ∈ G, the θ-regularity is equivalent to
the i(θ)-regularity, and hence ∆ is θ-regular if and only if it is θ ∪ i(θ)-
regular. Moreover, by [27, Lemma 9.5], the θ-antipodality implies that the

canonical projections Λ
θ∪i(θ)
∆ → Λθ∆ and Λ

θ∪i(θ)
∆ → Λ

i(θ)
∆ are ∆-equivariant

homeomorphisms.

Myrberg limit sets of transverse subgroups and their self-joinings.
For i = 1, 2, let Gi be a connected semisimple real algebraic group and Xi

the associated symmetric space and fix a non-empty subset θi ⊂ Πi. Let

Γ < G1

be a Zariski dense θ1-transverse subgroup with limit set

Λθ1 := Λθ1Γ ⊂ Fθ1 .

Let

ρ : Γ → G2

be a Zariski dense θ2-regular faithful representation with a pair of ρ-equivariant

continuous maps f : Λθ1 → Λθ2ρ(Γ) and fi : Λ
i(θ1) → Λ

i(θ2)
ρ(Γ) .

Set

G = G1 ×G2, X = X1 ×X2, and θ = θ1 ∪ θ2.
We keep the notations introduced in Section 4. We denote by

Λθρ ⊂ Fθ
the limit set of the self-joining Γρ. We simply write

Λθ1M := Λθ1Γ,M ⊂ Fθ1 and Λθρ,M := ΛθΓρ,M ⊂ Fθ
for the Myrberg limit sets of Γ and Γρ respectively. The main goal of this
section is to prove the following:

Theorem 5.3. Let ν be a Γ-conformal measure on Fθ1 of divergence type,
and νρ = (id×f)∗ν the associated graph-conformal measure for Γρ on Fθ.
Then

ν(Λθ1M ) = 1 and νρ(Λ
θ
ρ,M ) = 1.

Remark 5.4. The claim ν(Λθ1M ) = 1 was proved by Tukia [44, Theorem 4A]
when rankG1 = 1, and by Lee-Oh [33] when Γ is Π-Anosov.

Ergodic properties of divergence-type conformal measures. To prove
Theorem 5.3, we use the ergodic properties of conformal measures of diver-
gence type. Recall that a linear form ψ ∈ a∗θ1 is called (Γ, θ1)-proper if the
map ψ ◦ µθ1 |Γ : Γ → [−ε,∞) is proper for some ε > 0. For a (Γ, θ1)-proper
ψ ∈ a∗θ1 , the abscissa of convergence δψ ∈ (0,∞] of the ψ-Poincaré series∑

g∈Γ e
−sψ(µθ1 (g)) is well-defined [27, Lemma 4.2]. Moreover, if there exists

a (Γ, ψ)-conformal measure, then δψ ≤ 1 [27, Theorem 1.5]. Whether or not
the ψ-Poincaré series converges or diverges at s = 1 plays a crucial role:
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Theorem 5.5. [27, Theorem 1.5] Let ψ ∈ a∗θ1 be a (Γ, θ1)-proper form.

If δψ ≤ 1 and
∑

g∈Γ e
−ψ(µθ1 (g)) = ∞, then there exists a unique (Γ, ψ)-

conformal measure on Fθ1. Moreover, the unique (Γ, ψ)-conformal measure
has the support Λθ1. In particular, any Γ-conformal measure of divergence
type is Γ-ergodic.

Under the additional assumption on the support, the above statement
was also proved in [12].

Recall that F (2)
θ1

⊂ Fθ1 × Fi(θ1) is the set of all pairs in general position.

Fixing a (Γ, θ1)-proper form φ ∈ a∗θ1 , we consider the G1-action

(5.1) g · (ξ, η, s) = (gξ, gη, s+ φ(βθ1ξ (g−1, e)))

for all g ∈ G1 and (ξ, η, s) ∈ F (2)
θ1

× R. Setting

Λ(2) := (Λθ1 × Λi(θ1)) ∩ F (2)
θ1
,

the subspace Λ(2) × R ⊂ F (2)
θ1

× R is invariant under the Γ-action.

Theorem 5.6. [27, Theorem 9.2] The action Γ on Λ(2) × R given by (5.1)
is properly discontinuous and hence

Ωφ := Γ\Λ(2) × R
is a locally compact second-countable Hausdorff space.

Let ψ ∈ a∗θ1 . For a pair of a (Γ, ψ)-conformal measure ν on Λθ1 and a

(Γ, ψ ◦ i)-conformal measure νi on Λi(θ1), we define a Radon measure m̃φ
ν,νi

on Λ(2) × R as follows:

dm̃φ
ν,νi

(ξ, η, t) = e
ψ
(
β
θ1
ξ (e,g)+i(β

i(θ1)
η (e,g))

)
dν(ξ)dνi(η)dt

where g ∈ G1 is such that (ξ, η) = (gPθ1 , gw0Pi(θ1)) and dt is the Lebesgue

measure on R. This is well-defined [27, Lemma 9.13]. The measure dm̃φ
ν,νi is

left Γ-invariant and invariant under the translation on R. Hence it descends
to the R-invariant Radon measure

mφ
ν,νi

on Ωφ, which we call the Bowen-Margulis-Sullivan measure associated to
the pair (ν, νi).

Let Mθ1
ψ (resp. Mi(θ1)

ψ◦i ) be the set of all (Γ, ψ)-conformal measures on

Fθ1 (resp. (Γ, ψ ◦ i)-conformal measures on Fi(θ1)). The following is the
Hopf-Tsuji-Sullivan dichotomy for transverse subgroups: we also denote by
Λθ1c ⊂ Fθ1 the conical set of Γ.

Theorem 5.7 ([27, Theorem 10.2], see also [12] and [41]). Let Γ < G1 be a
Zariski dense θ1-transverse subgroup. The following are equivalent to each
other.

(1)
∑

g∈Γ e
−ψ(µθ1 (g)) = ∞ (resp.

∑
g∈Γ e

−ψ(µθ1 (g)) <∞);
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(2) ν(Λθ1c ) = 1 (resp. ν(Λθ1c ) = 0);

(3) For any (ν, νi) ∈ Mθ1
ψ ×Mi(θ1)

ψ◦i and any (Γ, θ1)-proper φ ∈ a∗θ1, the

R-action on (Ωφ,m
φ
ν,νi) is completely conservative and ergodic (resp.

completely dissipative and non-ergodic).

Indeed, Theorem 5.3 adds one more item ν(Λθ1M ) = 1 (resp. ν(Λθ1M ) = 0)

to the above dichotomy, since Λθ1M ⊂ Λθ1c (Lemma 2.6).

Proof of Theorem 5.3. Note that we can regard ψ as a linear form
on aθ1∪i(θ1) by precomposing with the projection aθ1∪i(θ1) → aθ1 , which is
(Γ, θ1 ∪ i(θ1))-proper since ψ(µθ1(g)) = ψ(µθ1∪i(θ1)(g)) for all g ∈ Γ. By

Theorem 5.7, ν is supported on the conical set of Γ, in particular, on Λθ1 .
The canonical projection Λθ1∪i(θ1) → Λθ1 is a Γ-equivariant homeomorphism
[27, Lemma 9.5] and hence we can pull-back ν to Λθ1∪i(θ1) so that ν can be

considered as a (Γ, ψ)-conformal measure on Λθ1∪i(θ1). Since θ1-transverse
subgroups are θ1∪i(θ1)-transverse, we may assume without loss of generality
that θ1 = i(θ) by replacing θ1 with θ1 ∪ i(θ1).

Myrberg limit set of Γ is ν-full. By [27, Theorem 1.5], it follows from

the existence of ν that δψ ≤ 1. Since
∑

g∈Γ e
−ψ(µθ1 (g)) = ∞, we have δψ = 1.

Hence ν is the unique (Γ, ψ)-conformal measure on Fθ1 by Theorem 5.5,
and is supported on Λθ1 as mentioned above. Moreover, since µθ1(g

−1) =

i(µθ1(g
−1)), ψ◦i is also (Γ, θ1)-proper, δψ◦i = 1 and

∑
g∈Γ e

−(ψ◦i)(µθ1 (g)) = ∞.

Hence by Theorem 5.5 and Theorem 5.7, there exists a unique (Γ, ψ ◦ i)-
conformal measure νi on Fθ1 and is supported on Λθ1 as well.

Now we are able to consider the measure space (Ωφ,m
φ
ν,νi) by fixing a

(Γ, θ1)-proper φ ∈ a∗θ1 . By Theorem 5.7, the R-action on (Ωφ,m
φ
ν,νi) is

completely conservative and ergodic, and hence mφ
ν,νi-a.e. R+-orbit is dense.

In other words, for ν⊗νi⊗dt-a.e. (ξ, η, t) ∈ Λ(2)×R, its R+-orbit is dense

in Ωφ. Fix one such element (ξ, η, t) ∈ Λ(2)×R. Hence for any (ξ0, η0) ∈ Λ(2),
there exist sequences gi ∈ Γ and ti → +∞ such that

gi(ξ, η, t+ ti) → (ξ0, η0, 0) as i→ ∞.

In particular, we have

(5.2) gi(ξ, η) → (ξ0, η0) and φ(βθ1ξ (g−1
i , e)) → −∞.

Since the action of Γ on Λθ1 is a convergence group action [23, Theorem
4.16], after passing to a subsequence, there exist a, b ∈ Λθ1 such that as
i→ ∞,

gi|Λθ1−{b} → a uniformly on compact subsets.

That is, for any compact subsets Ca ⊂ Λθ1 − {a} and Cb ⊂ Λθ1 − {b},

#{gi : giCb ∩ Ca ̸= ∅} <∞,
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or equivalently #{g−1
i : g−1

i Ca ∩ Cb ̸= ∅} < ∞. Therefore we have, as
i→ ∞,

g−1
i |Λθ1−{a} → b uniformly on compact subsets.

Since gi(ξ, η) → (ξ0, η0), we have either

(5.3) (a, b) = (ξ0, η) or (a, b) = (η0, ξ).

By the θ1-regularity of Γ, we may assume by passing to a subsequence that
the sequence gio1 (resp. g−1

i o1) converges to some point, say z ∈ Λθ1 (resp.

z′ ∈ Λθ1). We claim that z = a and z′ = b. Write gi = kibiℓ
−1
i ∈ KA+K

using the Cartan decomposition. By passing to a subsequence, we may
assume that ki → k0 ∈ K and ℓi → ℓ0 ∈ K. Choose x ∈ Λθ1 − {ξ, η, ξ0, η0}
which is in general position with ℓ0w0Pθ1 and k0Pθ1 ; this is possible by the
Zariski density of Γ. Since Γ is θ1-regular, we have minα∈θ1 α(log bi) → ∞.
Hence, by Lemma 2.5, we have

gix→ k0Pθ1 = z.

Since x ̸= b, we must have z = a.
Similarly, the Cartan decomposition g−1

i = (ℓiw0)(w
−1
0 b−1

i w0)(w
−1
0 k−1

i ) ∈
KA+K and the θ1-regularity of Γ imply minα∈θ1 α(log(w

−1
0 b−1

i w0)) → ∞.
Hence it follows from Lemma 2.5 that

g−1
i x→ ℓ0w0Pθ1 = z′.

Since x ̸= a, we must have z′ = b, which shows the claim.
Therefore, it suffices to show that (a, b) = (η0, ξ) since we already know

that giξ → ξ0 and gio1 → a. Suppose not. Then by (5.3), (a, b) = (ξ0, η),

and hence g−1
i o1 → η. Since gi(ξ, η) → (ξ0, η0) in Λ(2), we have g−1

i o1 → η
conically by Lemma 2.6.

Choose g ∈ G1 so that ξ = gPθ1 and η = gw0Pθ1 , noting that we are
assuming that θ1 = i(θ1). That g

−1
i conically converges to η means that there

exist a sequence ki ∈ K and a sequence ai → ∞ in A+ such that η = kiPθ1
for all i and the sequence gikiai is bounded. Since η = gw0Pθ1 = kiPθ1 ,
we have for each i, gw0m

′
ipi = ki for some m′

i ∈ Mθ1 and pi ∈ P , using
Pθ1 = Mθ1P . Since both ki and m′

i are bounded sequences, the sequence

pi ∈ P is bounded as well. It implies that the sequence a−1
i piai is bounded

since ai ∈ A+. Hence it follows from the boundedness of the sequence
gikiai = gigw0m

′
ipiai = gigw0m

′
iai(a

−1
i piai) that

the sequence hi := gigw0m
′
iai is bounded.

For each i, set mi = w0m
′
iw

−1
0 ∈Mθ1 . Then

η = gw0Pθ1 = gw0m
′
iPθ1 = gmiw0Pθ1 , ξ = gPθ1 = gmiPθ1

and

hi = gigw0m
′
iai = gigmiw0ai.
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Using ξ = gmiPθ1 , we have

βθ1ξ (g−1
i , e) = βθ1giξ(e, gi) = βθ1giξ(e, hi) + βθ1giξ(hi, gi)

= βθ1giξ(e, hi) + βθ1ξ (gmiw0ai, e)

= βθ1giξ(e, hi) + βθ1Pθ1
(w0ai, e) + βθ1Pθ1

(e,m−1
i g−1).

Since hi is a bounded sequence, the sequence βθ1giξ(e, hi) is bounded by

[33, Lemma 5.1]. Similarly, βθ1Pθ1
(e,m−1

i g−1) is bounded. Hence it suffices

to show that as i→ ∞,

(5.4) φ(βθ1Pθ1
(w0ai, e)) → ∞,

which yields a contradiction to (5.2). Note that

βP (w0ai, e) = βP (w0aiw
−1
0 , e) = i(log ai).

Since hi = gigmiw0ai is bounded and g−1
i hi = gmiw0ai, we have ∥µ(g−1

i )−
log ai∥ = ∥µ(gi) − i(log ai)∥ is uniformly bounded by Lemma 2.1 and the
identity (2.1). Therefore

sup
i

|φ(µθ1(gi)− pθ1(i(log ai)))| <∞.

By the θ1-regularity of Γ and the (Γ, θ1)-properness of φ, φ(µθ1(gi)) → ∞
and hence φ(pθ1(i(log ai))) → ∞ as i → ∞, which implies (5.4). Hence

φ(βθ1ξ (g−1
i , e)) → ∞, yielding the desired contradiction to (5.2). This shows

that (a, b) = (η0, ξ).

Consequently, we have ξ ∈ Λθ1M . Since this holds for ν ⊗ νi ⊗ dt-a.e.

(ξ, η, t) ∈ Λ(2) × R, we have ν(Λθ1M ) = 1.

Myrberg limit set of Γρ is νρ-full. Note that we have ρ-equivariant

continuous maps f : Λθ1 → Λθ2ρ(Γ) and fi : Λ
i(θ1) → Λ

i(θ2)
ρ(Γ) . As in the previous

argument, take (ξ, η, t) ∈ Λ(2) × R with a dense R+-orbit in Ωφ. Setting

Λ
(2)
ρ := (Λθρ×Λ

i(θ)
ρ )∩F (2)

θ , every element of Λ
(2)
ρ is a pair of (ξ0, f(ξ0)) ∈ Λθρ

and (η0, fi(η0)) ∈ Λ
i(θ)
ρ in general position for some ξ0, η0 ∈ Λθ1 . Take such

elements ξ0, η0 ∈ Λθ1 ; then (ξ0, η0) ∈ Λ(2) and hence we again have sequences
gi ∈ Γ and ti → ∞ such that gi(ξ, η, t+ ti) → (ξ0, η0, 0) as i→ ∞ as above.
As we have shown, it follows that

gi|Λθ1−{ξ} → η0 and gio1 → η0 as i→ ∞.

For each i, we denote by γi = (gi, ρ(gi)) ∈ Γρ. As f and fi are ρ-
equivariant continuous maps, we have

γi(ξ, f(ξ)) → (ξ0, f(ξ0)) and ρ(gi)|Λi(θ2)

ρ(Γ)
−{fi(ξ)}

→ fi(η0).

Hence it remains to show that ρ(gi)o2 → fi(η0) as this, together with gio1 →
η0, implies γio→ (η0, fi(η0)).
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Since ρ(Γ) is θ2-regular, it is i(θ2)-regular. Write the Cartan decompo-

sition ρ(gi) = k̃iãiℓ̃
−1
i ∈ KA+K. By passing to a subsequence, we may

assume that k̃i → k̃0 and ℓ̃i → ℓ̃0. Since ρ(Γ) is Zariski dense, we can choose

x̃ ∈ Λ
i(θ2)
ρ(Γ) − {fi(ξ)} which is in general position with ℓ̃0w0Pi(θ2). The i(θ2)-

regularity of ρ(Γ) implies that minα∈i(θ2) α(log ãi) → ∞. Hence it follows by
Lemma 2.5 that

ρ(gi)x̃→ k̃0Pi(θ2) = lim ρ(gi)o2.

Since x̃ ̸= fi(ξ), we have lim ρ(gi)o2 = fi(η0), as desired.
Therefore, we have (ξ, f(ξ)) ∈ Λθρ,M . Since it holds for ν ⊗ νi ⊗ dt-a.e.

(ξ, η, t) ∈ Λ(2) × R and νρ = (id×f)∗ν, we have νρ(Λ
θ
ρ,M ) = 1, finishing the

proof. □

6. δ-hyperbolic spaces

In this section, we present certain results on geometric properties of a
δ-hyperbolic space; while the qualitative statements in this section is known
to experts, it is important for us to express every constant purely in terms
of δ. We refer to ([9, Part III], [7], [22], [16, Chapter 1]) for comprehensive
expositions.

Let (Z, dZ) be a proper geodesic metric space. The Gromov product of
y, z ∈ Z with respect to x ∈ Z is defined as follows:

⟨y, z⟩x :=
1

2
(dZ(x, y) + dZ(x, z)− dZ(y, z)) .

It is straightforward to see that for all x, y, z ∈ Z,

⟨y, z⟩x = ⟨z, y⟩x and 0 ≤ ⟨y, z⟩x ≤ dZ(x, y).

For δ ≥ 0, we call that Z is δ-hyperbolic if

⟨w, z⟩x ≥ min{⟨w, y⟩x, ⟨y, z⟩x} − δ

for all w, x, y, z ∈ Z. The metric space Z is called Gromov hyperbolic if it
is δ-hyperbolic for some δ ≥ 0.

In the rest of this section, let Z be a proper geodesic δ-hyperbolic space
for δ ≥ 0. We fix the constant δ and keep track of other constants in terms
of δ in the following discussion.

Basic geometry. We first discuss some basic geometry of Z. The following
standard lemma says that the Gromov product gives the length of the initial
segments of two geodesics from a common point with uniformly bounded
Hausdorff distance:

Lemma 6.1. Let x, y, z ∈ Z and fix geodesic segments [x, y], [x, z] ⊂ Z
between x and y, and x and z, respectively. If y′ ∈ [x, y] and z′ ∈ [x, z] are
such that dZ(x, y

′) = dZ(x, z
′) ≤ ⟨y, z⟩x, then dZ(y′, z′) ≤ 4δ.
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Proof. Since Z is δ-hyperbolic, we have

⟨y′, z′⟩x ≥ min{⟨y′, z⟩x, ⟨z, z′⟩x} − δ

≥ min{min{⟨y′, y⟩x, ⟨y, z⟩x} − δ, ⟨z, z′⟩x} − δ

= min{min{dZ(x, y′), ⟨y, z⟩x} − δ, dZ(x, z
′)} − δ

= dZ(x, y
′)− 2δ.

On the other hand, ⟨y′, z′⟩x = dZ(x, y
′)− 1

2dZ(y
′, z′), from which the claim

follows. □

As a corollary, we deduce that every geodesic triangle in Z is uniformly
thin:

Corollary 6.2. Let x, y, z ∈ Z and fix geodesic segments [x, y], [y, z], [x, z] ⊂
Z between x and y, y and z, and x and z, respectively. Then [x, y] is
contained in the 4δ-neighborhood of [x, z] ∪ [y, z].

We also obtain the interpretation that the Gromov product roughly mea-
sures a distance between a point and a geodesic segment.

Corollary 6.3. Let x, y, z ∈ Z and fix a geodesic segment [y, z] ⊂ Z between
y and z. Then

dZ(x, [y, z])− 4δ ≤ ⟨y, z⟩x ≤ dZ(x, [y, z]).

Proof. Let w ∈ [y, z] be such that dZ(x,w) = dZ(x, [y, z]). Then

⟨y, z⟩x =
1

2
(dZ(x, y) + dZ(x, z)− dZ(y, z))

=
1

2
(dZ(x, y)− dZ(y, w)) +

1

2
(dZ(x, z)− dZ(w, z))

≤ dZ(x,w) = dZ(x, [y, z]).

To see the lower bound, fix a geodesic segment [x, y] ⊂ Z between x and y
and let y′ ∈ [x, y] be the point such that dZ(x, y

′) = ⟨y, z⟩x. Since dZ(x, y) =
⟨y, z⟩x+ ⟨x, z⟩y, we have dZ(y, y′) = ⟨x, z⟩y. Let z′ ∈ [y, z] be the point such
that dZ(y, z

′) = ⟨x, z⟩y. By Lemma 6.1, dZ(y
′, z′) ≤ 4δ, and hence

dZ(x, z
′) ≤ dZ(x, y

′) + dZ(y
′, z′) ≤ ⟨y, z⟩x + 4δ.

Since dZ(x, [y, z]) ≤ dZ(x, z
′), this finishes the proof. □

Note that in Corollary 6.3, the choice of a geodesic segment was made
while the Gromov product does not involve any choice of a geodesic segment.
Indeed, geodesics between two points are stable:

Corollary 6.4. Let y, z ∈ Z. Then two geodesic segments in Z between y
and z have Hausdorff distance at most 4δ.

Proof. Let σ1, σ2 ⊂ Z be two geodesics between y and z. Fix any x ∈ σ1.
Then ⟨y, z⟩x = 0. By Corollary 6.3, this implies dZ(x, σ1) ≤ 4δ. Since x is
arbitrary, σ2 is contained in the 4δ-neighborhood of σ1. The same argument
switching σ1 and σ2 finishes the proof. □
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The following will be a useful observation:

Corollary 6.5. Let x ∈ Z and σ be a geodesic segment in Z. Let y ∈ σ be
such that dZ(x, y) = dZ(x, σ). Then for any z ∈ σ, we have

dZ(x, y) + dZ(y, z)− 8δ ≤ dZ(x, z) ≤ dZ(x, y) + dZ(y, z).

Proof. The upper bound is straightforward. By Corollary 6.3, we have

dZ(x, y) ≤ ⟨y, z⟩x + 4δ

=
1

2
(dZ(x, y) + dZ(x, z)− dZ(y, z)) + 4δ.

This implies the lower bound. □

Gromov boundary. An isometric embedding σ : [0,∞) → Z, or its image
in Z, is called a geodesic ray in Z. The Gromov boundary of Z is defined
as the set of all equivalence classes of geodesic rays in Z:

∂Z := {σ : [0,∞) → Z, a geodesic ray}/ ∼

where σ ∼ σ′ if the Hausdorff distance between two geodesic rays σ([0,∞))
and σ′([0,∞)) is finite. We denote by σ(∞) ∈ ∂Z the equivalence class of
the geodesic ray σ : [0,∞) → Z. Fixing a basepoint in Z, the Gromov
boundary ∂Z is visible from the basepoint:

Lemma 6.6. [9, Lemma III.3.1] Let x ∈ Z and ξ ∈ ∂Z. Then there exists
a geodesic ray σ : [0,∞) → Z such that σ(0) = x and σ(∞) = ξ.

Moreover, this visualization is stable under the choice of the basepoint:

Lemma 6.7. [9, Lemma III.3.3] Let σ1, σ2 : [0,∞) → Z be geodesic rays
with σ1(∞) = σ2(∞).

(1) If σ1(0) = σ2(0), then dZ(σ1(t), σ2(t)) ≤ 8δ for all t ≥ 0.
(2) In general, there exist T1, T2 ≥ 0 such that dZ(σ1(t+T1), σ2(t+T2)) ≤

20δ for all t ≥ 0.

Hence, fixing a basepoint x ∈ Z, we can identify the Gromov boundary
of Z with the set of all equivalence classes of geodesic rays in Z based at x:

∂Z = {σ : [0,∞) → Z, a geodesic ray with σ(0) = x}/ ∼

where σ ∼ σ′ if σ(t) ∼ σ′(t) ≤ 8δ for all t ≥ 0. Under this identification, a
natural topology on ∂Z is given as follows: for ξ ∈ ∂Z and r ≥ 0, we set

V (ξ, r) :=

η ∈ ∂Z :
for some geodesic rays σ, σ′ from x
with σ(∞) = ξ and σ′(∞) = η,

we have lim inft→∞⟨σ(t), σ(t′)⟩x ≥ r


which consists of the geodesic rays from x that are 8δ-close to σ for a long
time. We topologize ∂Z by setting {V (ξ, r) : ξ ∈ ∂Z, r ≥ 0} to be the basis.

We now consider Z̄ = Z ∪ ∂Z and give it a natural topology. We say
that a sequence (xi) converges to infinity if lim infi,j→∞⟨xi, xj⟩x = ∞. To
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topologize Z̄, it is useful to associate a geodesic ray σ : [0,∞) → Z with a
sequence (σ(i))i∈N which converges to infinity. This gives a map

∂Z → {(xi) ⊂ Z, a sequence converging to infinity}/ ∼

where (xi) ∼ (yi) if lim infi,j→∞⟨xi, yj⟩x = ∞. The above map is indeed
a bijection, and hence we identify them as well. We denote by [(xi)] the
equivalence class of the sequence (xi). Similar to the above, for ξ ∈ ∂Z and
r ≥ 0, we set

U(ξ, r) :=

η ∈ ∂Z :
for some sequences (xi), (yi)
with [(xi)] = ξ and [(yi)] = η,

we have lim infi,j→∞⟨xi, yj⟩x ≥ r

 .

The topology on ∂Z given by setting {U(ξ, r) : ξ ∈ ∂Z, r ≥ 0} as a basis is
equivalent to the one defined in terms of V (ξ, r). To obtain a basis for Z̄,
we also consider for ξ ∈ ∂Z and r ≥ 0

U ′(ξ, r) := U(ξ, r) ∪
ß
y ∈ Z :

for some sequence (xi) with [(xi)] = ξ,
we have lim infi→∞⟨xi, y⟩x ≥ r

™
.

Then setting {U ′(ξ, r) : ξ ∈ ∂Z, r ≥ 0} and metric balls in Z to be the
basis, Z̄ is equipped with the topology. In this topology, a sequence xi in Z
converges to ξ ∈ ∂Z if and only if ξ = [(xi)]. The spaces ∂Z and Z̄ equipped
with these topologies are compact, and the topologies do not depend on the
choice of the basepoint x. We refer to ([9], [22]) for details.

Extended Gromov product. We extend the notion of the Gromov prod-
uct to Z̄: for y, z ∈ Z̄ and x ∈ Z, the Gromov product of y and z with
respect to x is defined as

⟨y, z⟩x := sup lim inf
i,j→∞

⟨yi, zj⟩x

where the supremum is taken over all sequences (yi) and (zj) in Z such that
y = limi yi and z = limj zj . We note the following properties of the extended
Gromov product:

Lemma 6.8. [9, Remark III.3.17] Fix x ∈ Z.

(1) For y, z ∈ ∂Z, ⟨y, z⟩x = ∞ if and only if y = z.
(2) For w, y, z ∈ Z̄, we have

⟨w, z⟩x ≥ min{⟨w, y⟩x, ⟨y, z⟩x} − 2δ.

(3) For y, z ∈ Z̄ and sequences (yi), (zj) in Z with limi yi = y and
limj zj = z, we have

⟨y, z⟩x − 2δ ≤ lim inf
i,j

⟨yi, zj⟩x ≤ ⟨y, z⟩x.

(4) For z ∈ ∂Z and a sequence (zi) in ∂Z, zi → z as i→ ∞ if and only
if ⟨z, zi⟩x → ∞ as i→ ∞.
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Given two distinct points y, z ∈ ∂Z, there exists a bi-infinite geodesic
σ : R → Z connecting y and z, i.e., σ(−∞) = y and σ(∞) = z [9, Lemma
III.3.2]. Hence in general we can consider a geodesic between two points in
Z̄. The extended Gromov product ⟨y, z⟩x also measures the crude distance
from x to a geodesic between y, z ∈ Z̄.

Corollary 6.9. Let x ∈ Z and y, z ∈ Z̄ be distinct points. Let [y, z] be a
geodesic connecting y and z. Then we have

dZ(x, [y, z])− 4δ ≤ ⟨y, z⟩x ≤ dZ(x, [y, z]) + 2δ.

Proof. Let w ∈ [y, z] be such that dZ(x,w) = dZ(x, [y, z]). Let (yi) and (zj)
be sequences of points on [y, z] such that limi yi = y and limj zj = z. For
each i and j, let [yi, zj ] ⊂ [y, z] be the segment between yi and zj . Then for
large enough i and j, we have w ∈ [yi, zj ] and hence by Corollary 6.3,

dZ(x, [y, z])− 4δ ≤ ⟨yi, zj⟩x ≤ dZ(x, [y, z])

since dZ(x, [yi, zj ]) = dZ(x, [y, z]). Applying Lemma 6.8(3) finishes the
proof. □

As in Corollary 6.4, we also obtain the stability of geodesics between two
points in Z̄.

Corollary 6.10. Let y, z ∈ Z̄. Then two geodesics between y and z have
Hausdorff distance at most 6δ.

Proof. Suppose first that y, z ∈ ∂Z. Let σ1, σ2 : R → Z be two bi-infinite
geodesics between y and z. Let x ∈ σ1(R). Then by Corollary 6.9, we have

dZ(x, σ2(R)) ≤ ⟨y, z⟩x + 4δ.

On the other hand, 0 = lim inft→∞⟨σ1(−t), σ1(t)⟩x ≥ ⟨y, z⟩x−2δ by Lemma
6.8(3). Therefore we have

dZ(x, σ2(R)) ≤ 6δ.

Since x is arbitrary, this finishes the proof in this case. The case when one
of y and z is in Z can be handled similarly. □

Visual metric. Indeed, ∂Z can be equipped with a natural metric-like
function. From the above observation, it is natural to consider the following
function which plays a role of metric on ∂Z, which we call the visual metric
on ∂Z, although it may not satisfy the triangle inequality in general:

Definition 6.11. Let x ∈ Z. We define a function dx : ∂Z × ∂Z → R as

dx(y, z) := e−2⟨y,z⟩x .

For y ∈ ∂Z and r > 0 we consider the dx-ball

Bx(y, r) := {z ∈ ∂Z : dx(y, z) < r}.
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Usually the visual metric is defined without the multiplication by 2. How-
ever, we defined it as above in order to simplify the later computation. The
visual metric is compatible to a genuine metric on ∂Z after taking a suitable
power:

Proposition 6.12. [9, Proposition III.3.21] Let x ∈ Z. For any small
enough ε > 0, there exists a constant cε and a metric dε on ∂Z such that

dε(y, z) ≤ dx(y, z)
ε ≤ cεdε(y, z)

for all y, z ∈ ∂Z.

It follows from Lemma 6.8(2) that for any w, y, z ∈ ∂Z, we have

(6.1) dx(w, z) ≤ e4δ(dx(w, y) + dx(y, z))

From this we deduce the following Vitali-type covering lemma:

Lemma 6.13. Let x ∈ Z and Bx(y1, r1), · · · , Bx(yn, rn) a finite collection
of dx-balls for yi ∈ ∂Z and ri > 0. Then there a subcollection of disjoint
balls Bx(yi1 , ri1), · · · , Bx(yik , rik) such that

n⋃
i=1

Bx(yi, ri) ⊂
k⋃
j=1

Bx(yij , 3e
8δrij ).

Proof. Given a finite collection Bx(y1, r1), · · · , Bx(yn, rn) of dx-balls, we re-
arrange them so that we may assume r1 ≥ · · · ≥ rn. Let i1 = 1 and for each

j ≥ 2, we set ij = min{i > ij−1 : Bx(yi, ri) ∩
⋃ij−1

ℓ=1 Bx(yℓ, rℓ) = ∅}. Then
we obtain a subcollection Bx(yi1 , ri1), · · · , Bx(yik , rik) consisting of disjoint
balls.

For each i, Bx(yi, ri) intersects Bx(yij , rij ) for some j such that rij ≥ ri.
Choosing a point y ∈ Bx(yi, ri) ∩ Bx(yij , rij ), it follows from (6.1) that for
any z ∈ Bx(yi, ri),

dx(z, yij ) ≤ e4δ(dx(z, yi) + dx(yi, yij ))

≤ e4δ(ri + e4δ(dx(yi, y) + dx(y, yij )))

≤ e4δ(ri + e4δ(ri + rij )) ≤ 3e8δrij .

Hence Bx(yi, ri) ⊂ Bx(yij , 3e
8δrij ). This finishes the proof. □

Busemann functions. Let σ : [0,∞) → Z be a geodesic ray and y, z ∈ Z.
Then the following limit is well-defined and satisfies the following inequality:

(6.2) −dZ(y, z) ≤ lim
t→∞

dZ(y, σ(t))− dZ(z, σ(t)) ≤ dZ(y, z).

Therefore, we define the Busemann function as follows:

βσ(y, z) := lim
t→∞

dZ(y, σ(t))− dZ(z, σ(t)).

Observe that: for w, y, z ∈ Z,

(1) we have |βσ(y, z)| ≤ dZ(y, z);
(2) we have βσ(y, z) = −βσ(z, y);
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(3) we have βσ(w, z) = βσ(w, y) + βσ(y, z).

The Busemann function depends only on the endpoint at ∂Z, independent
of a choice of a geodesic ray, up to a uniform error.

Lemma 6.14. Let σ, σ′ : [0,∞) → Z be geodesic rays such that σ(∞) =
σ′(∞). Then for any y, z ∈ Z, we have

|βσ(y, z)− βσ′(y, z)| ≤ 40δ.

Proof. By Lemma 6.7, there exists T, T ′ > 0 such that

dZ(σ(t+ T ), σ′(t+ T ′)) ≤ 20δ

for all t ≥ 0. This implies the desired inequality. □

Moreover, the Busemann function is stable under the change of the end-
point.

Lemma 6.15. Let x ∈ Z and r > 0. Let y, z ∈ Z be such that dZ(x, y) <
r − 10δ and dZ(x, z) < r − 10δ. Let σ, σ′ : [0,∞) → Z be geodesic rays with
⟨σ(∞), σ′(∞)⟩x > r. If σ(0) = σ′(0) = x, then

|βσ(y, z)− βσ′(y, z)| ≤ 72δ.

In general,

|βσ(y, z)− βσ′(y, z)| ≤ 152δ.

Proof. Suppose first that σ(0) = σ′(0) = x. By Lemma 6.8(3), we have for
all large t > 0 that

⟨σ(t), σ′(t)⟩x > r − 2δ.

Fix such t > 0. Let t0 ≥ 0 be such that dZ(y, σ([0,∞))) = dZ(y, σ(t0)). By
Corollary 6.5, we have

(6.3) t0 + dZ(σ(t0), y)− 8δ ≤ dZ(x, y) ≤ t0 + dZ(σ(t0), y).

In particular, we have t0 ≤ dZ(x, y)+8δ < r− 2δ < ⟨σ(t), σ′(t)⟩x. Hence by
Lemma 6.1, we have

(6.4) dZ(σ(t0), σ
′(t0)) ≤ 4δ.

Similarly, letting t′0 ≥ 0 be such that dZ(y, σ
′([0,∞))) = dZ(y, σ

′(t′0)), it
follows from Corollary 6.5 that

(6.5) t′0 + dZ(σ
′(t′0), y)− 8δ ≤ dZ(x, y) ≤ t′0 + dZ(σ

′(t′0), y).

Similarly, by Lemma 6.1, we have

(6.6) dZ(σ(t
′
0), σ

′(t′0)) ≤ 4δ.

Combining (6.3) and (6.5), we have

dZ(σ
′(t′0), y)− dZ(σ(t0), y)− 8δ ≤ t0 − t′0 ≤ dZ(σ

′(t′0), y)− dZ(σ(t0), y)+ 8δ.
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Since dZ(y, σ
′([0,∞)) = dZ(y, σ

′(t′0)), we have

t0 − t′0 ≤ dZ(σ
′(t′0), y)− dZ(σ(t0), y) + 8δ

≤ dZ(σ
′(t0), y)− dZ(σ(t0), y) + 8δ

≤ dZ(σ
′(t0), σ(t0)) + 8δ

≤ 12δ

where the last inequality is by (6.4). Similarly, we have

t0 − t′0 ≥ dZ(σ
′(t′0), y)− dZ(σ(t0), y)− 8δ

≥ dZ(σ
′(t′0), y)− dZ(σ(t

′
0), y)− 8δ

≤ −dZ(σ′(t′0), σ(t′0))− 8δ

≤ −12δ

where the last inequality is by (6.6). Therefore we obtain

|t0 − t′0| ≤ 12δ,

and hence

dZ(σ(t0), σ
′(t′0)) ≤ dZ(σ(t0), σ(t

′
0)) + dZ(σ(t

′
0), σ

′(t′0)) ≤ 16δ.

Now for all large t > 0, it follows from Corollary 6.5 that

dZ(x, σ(t))− dZ(y, σ(t0))− dZ(σ(t0), σ(t))

≤ dZ(x, σ(t))− dZ(y, σ(t))

≤ dZ(x, σ(t))− dZ(y, σ(t0))− dZ(σ(t0), σ(t)) + 8δ.

This implies

t0 − dZ(y, σ(t0)) ≤ dZ(x, σ(t))− dZ(y, σ(t)) ≤ t0 − dZ(y, σ(t0)) + 8δ

for all large enough t > 0, and therefore we have

t0 − dZ(y, σ(t0)) ≤ βσ(x, y) ≤ t0 − dZ(y, σ(t0)) + 8δ.

Similarly, we also have

t′0 − dZ(y, σ
′(t′0)) ≤ βσ′(x, y) ≤ t′0 − dZ(y, σ

′(t′0)) + 8δ.

Hence, we have

|βσ(x, y)− βσ′(x, y)| ≤ |t0 − t′0|+ |dZ(y, σ(t0))− dZ(y, σ
′(t′0))|+ 8δ

≤ 12δ + 16δ + 8δ = 36δ.

By the same argument replacing y with z, we also have

|βσ(x, z)− βσ′(x, z)| ≤ 36δ.

Therefore, it follows that

|βσ(y, z)− βσ′(y, z)| ≤ 72δ,

proving the first claim.
The last claim follows from the first claim, by applying Lemma 6.6 and

Lemma 6.14. □
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Lemma 6.16. Let σ1, σ2 : [0,∞) → Z be geodesic rays from x ∈ Z. For
any w ∈ Z on a bi-infinite geodesic between σ1(∞) and σ2(∞), we have

⟨σ1(∞), σ2(∞)⟩x − 42δ ≤ 1

2
(βσ1(x,w) + βσ2(x,w)) ≤ ⟨σ1(∞), σ2(∞)⟩x.

Proof. Let [σ1(∞), σ2(∞)] be a bi-infinite geodesic in Z between σ1(∞) and
σ2(∞) and w ∈ [σ1(∞), σ2(∞)]. We then have

βσ1(x,w) + βσ2(x,w)

= lim
t→∞

dZ(x, σ1(t))− dZ(w, σ1(t)) + dZ(x, σ2(t))− dZ(w, σ2(t))

≤ lim inf
t→∞

dZ(x, σ1(t)) + dZ(x, σ2(t))− dZ(σ1(t), σ2(t))

= 2 lim inf
t→∞

⟨σ1(t), σ2(t)⟩x.

Hence, by Lemma 6.8(3), the upper bound follows.
To see the lower bound, let σ′1, σ

′
2 : [0,∞) → Z be geodesic rays that

parametrize the segments of [σ1(∞), σ2(∞)] from w to σ1(∞), from w to
σ2(∞), respectively. Then

βσ′
1
(x,w) + βσ′

2
(x,w)

= lim
t→∞

dZ(x, σ
′
1(t))− dZ(w, σ

′
1(t)) + dZ(x, σ

′
2(t))− dZ(w, σ

′
2(t))

= lim
t→∞

dZ(x, σ
′
1(t)) + dZ(x, σ

′
2(t))− dZ(σ

′
1(t), σ

′
2(t))

= 2 lim
t→∞

⟨σ′1(t), σ′2(t)⟩x.

Therefore, by Lemma 6.14 and Lemma 6.8(3), we have

βσ1(x,w) + βσ2(x,w) ≥ βσ′
1
(x,w) + βσ′

2
(x,w)− 80δ

= 2 lim
t→∞

⟨σ′1(t), σ′2(t)⟩x − 80δ

≥ 2⟨σ1(∞), σ2(∞)⟩x − 84δ.

This implies the desired lower bound. □

We can now compare two visual metrics in terms of Busemann functions:

Lemma 6.17. Let y, z ∈ ∂Z and x, x′ ∈ Z. Let σ′1, σ
′
2 : [0,∞) → Z be

geodesic rays from x′ to y′ and z′ respectively. Let σ1, σ2 : [0,∞) → Z be
any geodesic rays with σ1(∞) = y and σ2(∞) = z. Then

dx′(y, z) ≤ e164δe
βσ′1

(x,x′)+βσ′2
(x,x′)

dx(y, z)

≤ e244δeβσ1 (x,x
′)+βσ2 (x,x

′)dx(y, z).
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Proof. Let [y, z] be a bi-infinite geodesic between y and z and let w ∈ [y, z].
By Lemma 6.16 and Lemma 6.14, we have

2⟨y, z⟩x′ ≥ βσ′
1
(x′, w) + βσ′

2
(x′, w)

= βσ′
1
(x,w) + βσ′

2
(x,w) + βσ′

1
(x′, x) + βσ′

2
(x′, x)

≥ βσ1(x,w) + βσ2(x,w) + βσ′
1
(x′, x) + βσ′

2
(x′, x)− 80δ

≥ 2⟨y, z⟩x + βσ′
1
(x′, x) + βσ′

2
(x′, x)− 164δ

Therefore,

dx′(y, z) ≤ e164δe
βσ′1

(x,x′)+βσ′2
(x,x′)

dx(y, z).

Applying Lemma 6.14 again, we deduce

e164δe
βσ′1

(x,x′)+βσ′2
(x,x′)

dx(y, z) ≤ e244δeβσ1 (x,x
′)+βσ2 (x,x

′)dx(y, z).

□

Shadows. Let x ∈ Z, y ∈ Z̄, and R > 0. The shadow of R-ball at x viewed
from y is defined as

OZR(y, x) = {z ∈ ∂Z : ⟨y, z⟩x < R}.

Busemann function is comparable to the distance in a shadow:

Lemma 6.18. Let x, y ∈ Z and R > 0. Let σ : [0,∞) → Z be a geodesic
ray such that σ(∞) ∈ OZR(y, x). Then

|βσ(y, x)− dZ(y, x)| < 2R+ 48δ.

Proof. Fix any geodesic σ′ : [0,∞) → Z from y to σ(∞). By Corollary 6.9,
there exists t0 ≥ 0 such that dZ(x, σ

′(t0)) < R+ 4δ. We then have

|βσ′(y, x)− dZ(y, σ
′(t0))| =

∣∣∣∣ limt→∞
dZ(σ

′(t0), σ
′(t))− dZ(x, σ

′(t))

∣∣∣∣
≤ dZ(x, σ

′(t0)) < R+ 4δ.

By Lemma 6.14, we have

|βσ(y, x)− dZ(y, x)| ≤ 40δ + |βσ′(y, x)− dZ(y, σ
′(t0))|

+ |dZ(y, σ′(t0))− dZ(y, x)|
< 40δ + (R+ 4δ) + (R+ 4δ) = 2R+ 48δ.

□

Shadows viewed from ∂Z can be approximated by shadows viewed from Z.

Lemma 6.19. Let x ∈ Z and (yi) be a sequence in Z such that limi yi =
y ∈ ∂Z. Then for any R > 0, we have

OZR(y, x) ⊂ OZR+2δ(yi, x)

for all i ≥ 1 large enough.
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Proof. Let z ∈ OZR(y, x). Then by Lemma 6.8(2), we have for each i ≥ 1
that

R > ⟨y, z⟩x ≥ min{⟨y, yi⟩x, ⟨yi, z⟩x} − 2δ.

Since yi → y as i→ ∞, for i large enough so that ⟨y, yi⟩x > R+2δ, we have

⟨yi, z⟩x < R+ 2δ.

This shows the claim. □

Isometries. Let g ∈ Isom(Z) be an isometry of Z. Then g : Z → Z extends
to a homeomorphism g : Z̄ → Z̄. One can see that for x,w ∈ Z, y, z ∈ Z̄,
and a geodesic ray σ : [0,∞) → Z,

⟨gy, gz⟩gx = ⟨y, z⟩x and βgσ(gx, gw) = βσ(x,w).

Isometries of Z are classified into three categories. Let g ∈ Isom(Z).
Then either one of the following holds:

(1) g is elliptic, i.e., {gnx : n ∈ Z} is bounded for any x ∈ Z;
(2) g is parabolic, i.e., g is not elliptic and has exactly one fixed point

in ∂Z; or
(3) g is loxodromic, i.e., g is not elliptic and has exactly two fixed points

in ∂Z.

If g ∈ Isom(X) is loxodromic, we can denote two fixed points by yg, yg−1 ∈
∂Z so that gnx→ yg as n→ ∞ for all x ̸= yg−1 and g−nx→ yg−1 as n→ ∞
for all x ̸= yg. We call yg and yg−1 the attracting and repelling fixed points
of g respectively.

For g ∈ Isom(X), we define its asymptotic translation length by

ℓ(g) := lim
n→∞

dZ(x, g
nx)

n

for x ∈ Z. This does not depend on the choice of x. It is clear that
ℓ(hgh−1) = ℓ(g) and ℓ(gn) = |n|ℓ(g) for all g, h ∈ Isom(X) and n ∈ Z.

Lemma 6.20. Let g ∈ Isom(X) be loxodromic and [yg−1 , yg] a geodesic
between yg−1 and yg. Let x ∈ [yg−1 , yg] and σ0 : [0,∞) → [yg−1 , yg] be a
parametrization from x to yg. Then

|βσ0(x, gx)− ℓ(g)| ≤ 12δ.

Moreover, if σ : [0,∞) → Z is a geodesic ray with σ(∞) = yg and w ∈ Z,
then

|βσ(w, gw)− ℓ(g)| ≤ 92δ.

Proof. Note that gnx→ yg as n→ ∞ and gnx always belongs to a geodesic
gn[yg−1 , yg] between yg−1 and yg. Hence for all large n, there exists tn ≥ 0
such that dZ(g

nx, σ0(tn)) ≤ 6δ by Lemma 6.10. We then have for each n ≥ 1
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that

|βσ0(x, gnx)− dZ(x, σ0(tn))|
= lim

t→∞
|dZ(x, σ0(t))− dZ(x, σ0(tn))− dZ(g

nx, σ0(t))|

= lim
t→∞

|dZ(σ0(tn), σ0(t))− dZ(g
nx, σ0(t))| ≤ 6δ.

Together with dZ(g
nx, σ0(tn)) ≤ 6δ, this implies

|βσ0(x, gnx)− dZ(x, g
nx)| ≤ 12δ.

On the other hand, we have

βσ0(x, g
nx) =

n−1∑
i=0

βσ0(g
ix, gi+1x) =

n−1∑
i=0

βg−iσ0(x, gx).

Since each g−iσ0 is the geodesic ray in a geodesic g−i[yg−1 , yg] between yg−1

and yg, it follows from Lemma 6.10 that |βg−iσ0(x, gx)− βσ0(x, gx)| ≤ 12δ.
This implies

|βσ0(x, gnx)− nβσ0(x, gx)| ≤ 12δ(n− 1).

Hence we have ∣∣∣∣βσ0(x, gx)− dZ(x, g
nx)

n

∣∣∣∣ ≤ 12δ.

Since this holds for all large n ≥ 1, taking n→ ∞ yields the first claim.
Let us now show the last claim. We have

βσ(w, gw) = βσ(x, gx) + βσ(w, x)− βg−1σ(w, x).

Since g−1σ(∞) = yg as well, it follows from Lemma 6.14 that

|βσ(w, gw)− βσ(x, gx)| ≤ 40δ.

Applying Lemma 6.14 again, we obtain

|βσ(w, gw)− βσ0(x, gx)| ≤ 80δ.

By the first claim, we obtain

|βσ(w, gw)− ℓ(g)| ≤ 92δ

as desired. □

If a subgroup Γ < Isom(Z) acts properly discontinuously on Z, then the
actions of Γ on ∂Z and Z̄ are convergence group actions [7, Lemma 2.11].
We denote by ΛZ = ΛZΓ the limit set of Γ, which is the set of accumulation
points of the Γ-orbit in ∂Z. We say that Γ is non-elementary if #ΛZ ≥ 3.
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7. Essential subgroups for graph-conformal measures

Let G1 be a connected semisimple real algebraic group and Γ < G1 be a
Zariski dense θ1-hypertransverse subgroup. Let (Z, dZ) be a proper geodesic
δ-hyperbolic space on which Γ acts properly discontinuously by isometries,
with the Γ-equivariant homeomorphism ι : ΛZ → Λθ1 .

We keep the same notations as in Section 5. Let ρ : Γ → G2 be a
Zariski dense θ2-regular faithful representation with a pair of ρ-equivariant

continuous maps f : Λθ1 → Λθ2ρ(Γ) and fi : Λ
i(θ1) → Λ

i(θ2)
ρ(Γ) . Let G = G1 ×G2

and consider the self-joining

Γρ = (id×ρ)(Γ) < G.

Its limit set in Fθ is the graph Λθρ = (id×f)(Λθ1). Recall that for a Γ-

conformal measure ν on Λθ1 , the graph-conformal measure is defined as
follows:

νρ = (id×f)∗ν.
The main goal of this section is to prove:

Theorem 7.1. Let ν be a Γ-conformal measure of divergence type and νρ
the associated graph-conformal measure of Γρ. If Γρ is Zariski dense, then

Eθνρ = aθ.

Visual balls in Λθρ. Via the equivariant homeomorphisms ι : ΛZ → Λθ1

and (id×f) : Λθ1 → Λθρ, we identify ΛZ , Λθ1 and Λθρ. In particular, we can
use the notion of visual balls in Section 6 on all three spaces. More precisely,
setting f0 := (id×f) ◦ ι, we can define the visual metric on Λθρ as follows:

for x ∈ Z and ξ, η ∈ Λθρ,

dx(ξ, η) := e−2⟨f−1
0 (ξ),f−1

0 (η)⟩x .

We also use the same notation for the dx-balls: for ξ ∈ Λθθ and r > 0,

Bx(ξ, r) := {η ∈ Λθρ : dx(ξ, η) < r}. This allows us to regard Λθρ as the limit
set of Γ in ∂Z, and to employ the properties of visual metrics discussed in
Section 6.

Main proposition. Since (id×ρ) : Γ → Γρ is an isomorphism, we can
regard the Γ-action on Z as the Γρ-action on Z: for g ∈ Γ and x ∈ Z,
(g, ρ(g))·x = g·x. We will keep using this identification to ease the notations.

Proposition 7.2. Let ν be a Γ-conformal measure of divergence type, and νρ
the associated graph-conformal measure of Γρ. Let γ0 ∈ Γρ be a loxodromic
element such that ℓ(γ0) >

1
2

(
344δ + 10100δ + log 3

)
. For any ε > 0 and a

Borel subset B ⊂ Fθ with νρ(B) > 0, there exists γ ∈ Γρ such that

B ∩ γγ0γ−1B ∩
¶
ξ ∈ Λθρ : ∥βθξ (o, γγ0γ−1o)− λθ(γ0)∥ < ε

©
has a positive νρ-measure. In particular,

λθ(γ0) ∈ Eθνρ(Γρ).
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Remark 7.3. The proof of Proposition 7.2 is motivated by Robin [38] and
Lee-Oh [33]. In both ([38], [33]) there exists a nice Busemann function due
to the CAT(−1) and the higher rank Morse lemma respectively. In con-
trast, in the generality of our setting, the Busemann function on a Gromov
hyperbolic space (Z, dZ) is not as good as the one in CAT(−1) spaces, and
the higher rank Morse lemma is not available. We overcome this difficulty
by simultaneously controlling both the coarsely defined Busemann function
on (Z, dZ) and the aθ-valued Busemann map on the higher rank symmetric
space X to make the modified argument work. Our arguments are based
on the dynamical properties of transverse subgroups and the uniformity and
stability results on Busemann functions on (Z, dZ) obtained in Section 6.

In the rest of this section, we fix a loxodromic element γ0 ∈ Γρ and

assume that ℓ(γ0) >
1
2

(
344δ + 10100δ + log 3

)
. We denote by ξ0 ∈ Λθρ and

η ∈ Λ
i(θ)
ρ the attracting and repelling fixed points of γ0 respectively, which

are identified with the attracting and repelling fixed points yγ0 , yγ−1
0

∈ ΛZ

respectively. Since ξ0 and η are in general position, we can choose p = go ∈
X where g ∈ G is such that ξ0 = gPθ and η = gw0Pi(θ). We also fix a
point x ∈ Z on a geodesic [ξ0, η] between ξ0 and η in Z and a geodesic
ray σ0 : [0,∞) → [ξ0, η] with σ0(0) = x and σ0(∞) = ξ0. Finally, we fix
0 < ε < 1/2.

Covering the Myrberg limit set. We first make the choice of two con-
stants:

C1 = 10100δ and C2 = 1010δ.

We then have

C1 ≥ 5C2 + 104δ and ℓ(γ0) >
1

2
(344δ + C1 + log 3) .

We only need these two properties; one can choose different C1 and C2 as
long as they satisfy the above inequalities.

For each γ ∈ Γρ, let r0(γ) > 0 be the supremum of r ≥ 0 such that

• we have

sup
ξ∈Bx(γξ0,3e8δr)

∥βθξ (p, γγ±1
0 γ−1p)∓ λθ(γ0)∥ < ε; and

• for any geodesic ray σ : [0,∞) → Z with σ(∞) ∈ Bx(γξ0, 3e
8δr),

|βσ(x, γγ±1
0 γ−1x)∓ ℓ(γ0)| < C1.

Such an r exists by Lemma 3.2, Lemma 6.20, and Lemma 6.15.
For each R > 0, we define

BR(γ0, ε) = {Bx(γξ0, r) : γ ∈ Γρ, 0 < r ≤ min(R, r0(γ))}.
Choose 0 < s = s(γ0) < R small enough so that

• we have

sup
ξ∈Bx(ξ0,s)

∥βθξ (p, γ±1
0 p)∓ λθ(γ0)∥ <

ε

4
;
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• for any geodesic ray σ : [0,∞) → Z with σ(∞) ∈ Bx(ξ0, s),

|βσ(x, γ±1
0 x)∓ ℓ(γ0)| < C2; and

• we have

Bx(ξ0, e
2ℓ(γ0)+C2s) ⊂ Oθε/(8κ)(η, p) ∩O

Z
C2
(η, x)

where κ > 0 is the constant given in Lemma 3.3.

For each γ ∈ Γρ and r > 0, we set

D(γξ0, r) = Bx

Å
γξ0,

1

3e8δ
e−2dZ(x,γx)r

ã
.

Proposition 7.4. Fix R > 0. Let ξ ∈ Λθρ and γi ∈ Γρ be a sequence such

that γ−1
i p→ η and γ−1

i ξ → ξ0 as i→ ∞. Then for any 0 < r ≤ e−500δs(γ0),
there exists i0 such that for all i ≥ i0, we have

D(γiξ0, r) ∈ BR(γ0, ε) and ξ ∈ D(γiξ0, r).

In particular, for any R > 0, we have

Λθρ,M ⊂
⋃

D∈BR(γ0,ε)

D.

Proof. We first claim that D(γiξ0, r) ∈ BR(γ0, ε) for all large i. By Lemma

2.5 and the equivariance of the homeomorphism ΛZ → Λi(θ1), we have

that γ−1
i x → yγ−1

0
in Z̄, noting that η = y

i(θ)

γ−1
0

. Hence OZC2
(yγ−1

0
, x) ⊂

OZC2+2δ(γ
−1
i x, x) for all i by Lemma 6.19.

For each i ≥ 1, we set si =
1

3e8δ
e−2dZ(γix,x)r. We need to show that

sup
ξ′∈Bx(γiξ0,3e8δsi)

∥βθξ′(p, γiγ±1
0 γ−1

i p)∓ λθ(γ0)∥ < ε

and for any geodesic ray σ : [0,∞) → Z with σ(∞) ∈ Bx(γiξ0, 3e
8δsi),

|βσ(x, γiγ±1
0 γ−1

i x)∓ ℓ(γ0)| < C1.

Let ξ′ ∈ Bx(γiξ0, 3e
8δsi) and σ : [0,∞) → Z a geodesic ray with σ(∞) =

ξ′. We have from Lemma 6.17 that

dx(ξ0, γ
−1
i ξ′) = dγix(γiξ0, ξ

′) ≤ e244δeβγiσ0 (x,γix)+βσ(x,γix)dx(γiξ0, ξ
′)

< e244δe2dZ(x,γix)e−2dZ(γix,x)r = e244δr.

Since e244δr ≤ s(γ0), we have

∥βθ
γ−1
i ξ′

(p, γ0p)− λθ(γ0)∥ <
ε

4
and |βγ−1

i σ(x, γ0x)− ℓ(γ0)| < C2.

Hence we have

dx(ξ0, γ
−1
0 γ−1

i ξ′) = dγ0x(ξ0, γ
−1
i ξ′) ≤ e244δe

βσ0 (x,γ0x)+βγ−1
i

σ
(x,γ0x)

dx(ξ0, γ
−1
i ξ′)

≤ e244δe12δe2ℓ(γ0)+C2e244δr
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by Lemma 6.20. Since e500δr < s(γ0), this implies that γ−1
i ξ′, γ−1

0 γ−1
i ξ′ ∈

Bx(ξ0, e
2ℓ(γ0)+C2s). Since Bx(ξ0, e

2ℓ(γ0)+C2s) ⊂ Oθε/(8κ)(η, p) and γ
−1
i p → η,

we obtain from Corollary 3.4 that

∥βθ
γ−1
i ξ′

(γ−1
i p, p)− βθ

γ−1
0 γ−1

i ξ′
(γ−1
i p, p)∥ < ε

2
for all but finitely many i.

Now we have

∥βθξ′(p, γiγ0γ−1
i p)− λθ(γ0)∥

= ∥βθξ′(p, γip) + βθξ′(γip, γiγ0p) + βθξ′(γiγ0p, γiγ0γ
−1
i p)− λθ(γ0)∥

≤ ∥βθξ′(p, γip)− βθξ′(γiγ0γ
−1
i p, γiγ0p)∥+ ∥βθξ′(γip, γiγ0p)− λθ(γ0)∥

= ∥βθ
γ−1
i ξ′

(γ−1
i p, p)− βθ

γ−1
0 γ−1

i ξ′
(γ−1
i p, p)∥+ ∥βθ

γ−1
i ξ′

(p, γ0p)− λθ(γ0)∥

< ε/2 + ε/4 < ε.

Similarly, as Bx(ξ0, e
2ℓ(γ0)+C2s) ⊂ OZC2

(yγ−1
0
, x), it follows form Lemma

6.19 and Lemma 6.18 that

|βγ−1
i σ(γ

−1
i x, x)− βγ−1

0 γ−1
i σ(γ

−1
i x, x)| < 4C2 + 104δ for all large i.

Hence we have

|βσ(x, γiγ0γ−1
i x)− ℓ(γ0)|

≤ |βγ−1
i σ(γ

−1
i x, x)− βγ−1

0 γ−1
i σ(γ

−1
i x, x)|+ |βγ−1

i σ(x, γ0x)− ℓ(γ0)|
< 4C2 + 104δ + C2 ≤ C1.

By the same argument, we also have

∥βθξ′(p, γiγ−1
0 γ−1

i p) + λθ(γ0)∥ < ε and |βσ(x, γiγ−1
0 γ−1

i x) + ℓ(γ0)| < C1.

Since ξ′ ∈ Bx(γiξ0, 3e
8δsi) and the geodesic ray σ were arbitrary, it shows

D(γiξ0, r) ∈ BR(γ0, ε) for all large i.

We now prove the second claim that ξ ∈ D(γiξ0, r) for all large i. Since
γ−1
i ξ → ξ0, we may assume that

γ−1
i ξ ∈ Bx(ξ0, e

2ℓ(γ0)+C2s) ⊂ OZC2
(yγ−1

0
, x) for all i ≥ 1.

By Lemma 6.19, we have

γ−1
i ξ ∈ OZC2+2δ(γ

−1
i x, x) for all large i.

Note that ξ0 ∈ OZC2+2δ(γ
−1
i x, x) as well. Let σ be a geodesic ray with

σ(∞) = ξ. It follows from Lemma 6.18 that

|βγ−1
i σ(γ

−1
i x, x)− dZ(γ

−1
i x, x)| < 2C2 + 52δ;

|βσ0(γ−1
i x, x)− dZ(γ

−1
i x, x)| < 2C2 + 52δ.
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Therefore, we have

dx(γiξ0, ξ) = dγ−1
i x(ξ0, γ

−1
i ξ)

≤ e244δe
−(βσ0 (γ

−1
i x,x)+β

γ−1
i

σ
(γ−1
i x,x))

dx(ξ0, γ
−1
i ξ)

< e244δe−2dZ(γ
−1
i x,x)e4C2+104δdx(ξ0, γ

−1
i ξ).

Since γ−1
i ξ → ξ0, we have dx(ξ0, γ

−1
i ξ) < e−(4C2+348δ) 1

3e8δ
r for all large i,

and hence ξ ∈ D(γiξ0, r), completing the proof. □

Approximation by dx-balls. From now on, let ν be a (Γ, ψ)-conformal
measure of divergence type and νρ the associated graph-conformal mea-
sure of Γρ. Note that νρ is a (Γρ, σψ)-conformal measure where σψ ∈ a∗θ
is the composition ψ ◦ pθ1 (Proposition 4.4). It is more convenient to use
the following conformal measure νp (with respect to the basepoint p) as

Eθνp(Γρ) = Eθνρ(Γρ):

dνp(ξ) = eσψ(β
θ
ξ (o,p))dνρ(ξ).

Proposition 7.5. Let B ⊂ Fθ be a Borel subset with νp(B) > 0. Then for
νp-a.e. ξ ∈ B, we have

lim
R→0

sup
ξ∈D,D∈BR(γ0,ε)

νp(B ∩D)

νp(D)
= 1.

Proof. For a Borel function h : Fθ → R, define h∗ : Fθ → R as

h∗(ξ) := lim
R→0

sup
ξ∈D,D∈BR(γ0,ε)

1

νp(D)

∫
D
hdνp.

By Proposition 7.4, h∗ is well-defined on Λθρ,M . Since Λθρ,M has full νp-
measure by Theorem 5.3, h∗ is well-defined for νp-a.e. ξ ∈ Fθ. It suffices
to show that h(ξ) = h∗(ξ) for νp-a.e. ξ ∈ Fθ; taking h = 1B implies the
desired identity. Note that h = h∗ if h is continuous; we now consider the
general case.

Claim. We claim that for any α > 0, we have

νp(h
∗ > α) ≤ eσψ(λθ(γ0))+∥σψ∥ε

α

∫
Fθ

|h|dνp.

To see this, it suffices to show that for any compact Q ⊂ {h∗ > α}, we have

νp(Q) ≤ eσψ(λθ(γ0))+∥σψ∥ε

α

∫
Fθ

|h|dνp.

Fix R > 0 and a compact subset Q ⊂ {h∗ > α}. By the definition of h∗, for
each q ∈ Q, there exists Dq ∈ BR(γ0, ε) containing q such that

1

νp(Dq)

∫
Dq

hdνp > α.
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Since Q is compact, we have a finite subcover {Di = Bx(γiξ0, si)} of {Dq :

q ∈ Q}, where γi ∈ Γρ and si =
1

3e8δ
e−2dZ(γ

−1
i x,x)ri for some ri > 0.

By Lemma 6.13, there exists a subcollection Di1 , · · · , Dik of disjoint sub-
sets such that ⋃

i

Di ⊂
k⋃
j=1

3e8δDij

where 3e8δDij = Bx(γijξ0, 3e
8δsij ).

We observe that for each j, 3e8δDij ⊂ γijγ
−1
0 γ−1

ij
Dij . Indeed, for ξ ∈

3e8δDij and a geodesic ray σ with σ(∞) = ξ, we have from Lemma 6.17,

ξ ∈ 3e8δDij , and Dij ∈ BR(γ0, ε) that

dx(γijξ0,γijγ0γ
−1
ij
ξ)

= dγij γ
−1
0 γ−1

ij
x(γijξ0, ξ)

≤ e244δe
−(βγij σ0

(γij γ
−1
0 γ−1

ij
x,x)+βσ(γij γ

−1
0 γ−1

ij
x,x))

dx(γijξ0, ξ)

≤ e244δe92δe−2ℓ(γ0)+C13e8δsij < sij .

This shows γijγ0γ
−1
ij
ξ ∈ Dij , and hence ξ ∈ γijγ

−1
0 γ−1

ij
Dij .

Therefore, we have

νp(3e
8δDij ) ≤ νp(γijγ

−1
0 γ−1

ij
Dij ) =

∫
Dij

e
σψ(β

θ
ξ (p,γij γ0γ

−1
ij
p))
dνp(ξ)

≤ eσψ(λθ(γ0))+∥σψ∥ενp(Dij ).

Now it follows that

νp(Q) ≤
k∑
j=1

νp(3e
8δDij )

≤
k∑
j=1

eσψ(λθ(γ0))+∥σψ∥ε

α

∫
Dij

hdνp ≤
eσψ(λθ(γ0))+∥σψ∥ε

α

∫
Fθ

|h|dνp,

as desired.

We now finish the proof of the proposition by showing that h(ξ) = h∗(ξ)
for νp-a.e. ξ. We first show that h(ξ) ≤ h∗(ξ) for νp-a.e. ξ. Let α > 0 and a
sequence of continuous functions hn → h in L1(νp). Since hn is continuous,
h∗n = hn. Now we have

νp(h− h∗ > α) ≤ νp(h− hn > α/2) + νp(h
∗
n − h∗ > α/2)

≤ 2

α
∥h− hn∥L1 +

2

α
eσψ(λθ(γ0))+∥σψ∥ε∥h− hn∥L1 .

Since ∥h − hn∥L1 → 0 as n → ∞, we have νp(h − h∗ > α) = 0. Since
α > 0 is arbitrary, h(ξ) ≤ h∗(ξ) for νp-a.e. ξ. The similar argument shows
h∗(ξ) ≤ h(ξ) for νp-a.e. ξ, and it completes the proof. □
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Proof of Proposition 7.2. Let B ⊂ Fθ be a Borel subset with νp(B) > 0.
It suffices to show that for some γ ∈ Γρ, the set

B ∩ γγ0γ−1B ∩ {ξ : ∥βθξ (p, γγ0γ−1p)− λθ(γ0)∥ < ε}

has positive νp-measure.
By Proposition 7.5, there exists D = Bx(γξ0, r) ∈ BR(γ0, ε) such that

(7.1) νp(D ∩B) > (1 + e−σψ(λθ(γ0))−∥σψ∥ε)−1νp(D).

Since r < r0(γ), we have

D ⊂ {ξ : ∥βθξ (p, γγ±0 γ
−1p)∓ λθ(γ0)∥ < ε}

and for any geodesic ray σ with σ(∞) ∈ D, we have

|βσ(x, γγ±0 γ
−1x)∓ ℓ(γ0)| < C1.

This implies

B∩γγ0γ−1B∩{ξ : ∥βθξ (p, γγ0γ−1p)−λθ(γ0)∥ < ε} ⊃ (D∩B)∩γγ0γ−1(D∩B).

Hence it suffices to show

(7.2) νp((D ∩B) ∩ γγ0γ−1(D ∩B)) > 0.

By the conformality, we have

νp(γγ0γ
−1(D ∩B)) =

∫
D∩B

eσψ(β
θ
ξ (p,γγ

−1
0 γ−1p))dνp(ξ)

> e−σψ(λθ(γ0))−∥σψ∥ενp(D ∩B).

Hence we have

νp(D ∩B) + νp(γγ0γ
−1(D ∩B)) > (1 + e−σψ(λθ(γ0))−∥σψ∥ε)νp(D ∩B).

Together with the choice (7.1) of D, we obtain

(7.3) νp(D ∩B) + νp(γγ0γ
−1(D ∩B)) > νp(D).

We claim that γγ0γ
−1D ⊂ D. Indeed, if ξ ∈ D and σ is a geodesic ray

with σ(∞) = ξ, then by Lemma 6.17 and Lemma 6.20,

dx(γξ0, γγ0γ
−1ξ) = dγγ−1

0 γ−1x(γξ0, ξ)

≤ e244δeβγσ0 (x,γγ
−1
0 γ−1x)+βσ(x,γγ

−1
0 γ−1x)dx(γξ0, ξ)

< e244δe92δe−2ℓ(γ0)+C1r < r.

Hence the claim follows.
Now both D ∩ B and γγ0γ

−1(D ∩ B) are subsets of D. Therefore, (7.3)
must imply (7.2), completing the proof of Proposition 7.2. □

Corollary 7.6. For any loxodromic γ0 ∈ Γρ, we have

λθ(γ0) ∈ Eθνρ(Γρ).
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Proof. Let γ0 ∈ Γ be a loxodromic element. For sufficiently large n, both
γn0 and γn+1

0 satisfy the condition of Proposition 7.2. Hence we have

nλθ(γ0), (n+ 1)λθ(γ0) ∈ Eθνρ(Γρ).

Since Eθνρ(Γρ) is a subgroup of aθ, we have

λθ(γ0) = (n+ 1)λθ(γ0)− nλθ(γ0) ∈ Eθνρ(Γρ).

□

Proof of Theorem 7.1. By Corollary 7.6, λθ(γ0) ∈ Eθνρ(Γρ) for all loxo-

dromic γ0 ∈ Γρ. Since Eθνρ(Γρ) is a closed subgroup of aθ, it follows from

Theorem 2.3 that Eθνρ(Γρ) = aθ if Γρ is Zariski dense. □

Essential subgroups for hypertransverse subgroups. The same argu-
ment applies to a Zariski dense θ-hypertransverse subgroup Γ < G, which
is not necessarily a self-joining. Therefore we deduce:

Theorem 7.7. Let G be a semisimple real algebraic group and Γ < G a
Zariski dense θ-hypertransverse subgroup. For a Γ-conformal measure ν of
divergence type, we have

Eθν(Γ) = aθ.

8. Singularity of the graph-conformal measure

We are finally ready to prove our main rigidity theorems. We recall
the setting: let G1 and G2 be connected simple real algebraic groups and
Γ < G1 be a Zariski dense θ1-hypertransverse subgroup with the limit set
Λθ1 ⊂ Fθ1 . Let ρ : Γ → G2 be a Zariski dense θ2-regular representation with

ρ-equivariant continuous maps f : Λθ1 → Fθ2 and fi : Λ
i(θ1) → Fi(θ2). Let ν

be a (Γ, ψ)-conformal measure of divergence type, for ψ ∈ a∗θ1 .
Recall that Γρ = (id×ρ)(Γ) is the self-joining of Γ via ρ which is a discrete

subgroup of G = G1 ×G2. The graph-conformal measure νρ = (id×f)∗ν is

the unique (Γρ, σψ)-conformal measure on Λθρ where σψ is the composition
of ψ with the projection aθ → aθ1 (Proposition 4.4).

Theorem 8.1. If Γρ is Zariski dense, then

νϕ ̸≪ νρ

for all (Γρ, ϕ)-conformal measure νϕ on Fθ with ϕ ̸= σψ.

Proof. Let νϕ be a (Γρ, ϕ)-conformal measure on Fθ for some ϕ ∈ a∗θ. Sup-

pose that νϕ ≪ νρ. By Theorem 7.1, we have Eθνρ(Γρ) = aθ. Hence it follows

from Proposition 3.8 that ϕ = σψ on Eθνρ(Γρ) = aθ. Therefore, ϕ = σψ and
the theorem follows. □
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Proof of Theorem 1.4. Suppose that Γρ is Zariski dense and there exists

a (ρ(Γ), φ)-conformal measure νφ on Λθ2ρ(Γ) for some φ ∈ a∗θ2 such that

νφ ≪ f∗ν.

Then by Proposition 4.4, we have

(f−1 × id)∗νφ ≪ νρ

and (f−1× id)∗νφ is a (Γρ, σφ)-conformal measure where σφ is the composi-
tion of the projection aθ → aθ2 and φ ∈ a∗θ2 . By Theorem 8.1, we must have
σψ = σφ.

On the other hand, aθ1 < aθ = aθ1 ⊕ aθ2 is contained in kerσφ while
σψ(u) = ψ(u) ̸= 0 for some u ∈ aθ1 , which is a contradiction. Therefore,
Γρ is not Zariski dense and hence ρ extends to a Lie group isomorphism
G1 → G2 by Lemma 4.2. □

Proof of Theorem 1.6. By Theorem 7.7, we have Eθν(Γ) = aθ. Hence
Theorem 1.6 follows by the same argument as in the proof of Theorem
8.1. □

9. Deformations of transverse representations

In this section, we consider deformations of transverse representations
to which Theorem 8.1 can be applied. We keep the same notations from
previous sections. Let (Z, dZ) be a proper geodesic δ-hyperbolic space and
∆ < Isom(Z) a non-elementary subgroup acting properly discontinuously on
Z. For i = 1, 2, we consider θi-transverse representations ρi : ∆ → Gi and
write Γi := ρi(∆). The conjugate ρ = ρ2◦ρ1|−1

∆ between two representations
is referred to as a deformation from ρ1 to ρ2:

Γ1

∆

Γ2

ρ

ρ1

ρ2

In this setting, we obtain the following stronger form of the conformal
measure rigidity theorem which was stated as Theorem 1.8 in the introduc-
tion:

Theorem 9.1. There exists a pair of ρ-boundary maps f : Λθ1Γ1
→ Fθ2 and

fi : Λ
i(θ1)
Γ1

→ Fi(θ2). Moreover, unless ρ : Γ1 → Γ2 does not extend to a Lie
group isomorphism G1 → G2,

ν2 ̸≪ f∗ν1

for any Γ1-conformal measure ν1 of divergence type and Γ2-conformal mea-
sure ν2. In particular, if ν2 is further assumed to be of divergence type,
then

ν2 ⊥ f∗ν1.
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Proof. By definition of the transverse representation, for i = 1, 2, we have

a ρi-equivariant homeomorphism fi : ΛZ∆ → Λ
θi∪i(θi)
Γi

. Together with the

canonical projections Λ
θi∪i(θi)
Γi

→ ΛθiΓi and Λ
θi∪i(θi)
Γi

→ Λ
i(θi)
Γi

, we have the
following commutative diagram:

Λ
i(θ1)
Γ1

Λ
θ1∪i(θ1)
Γ1

Λθ1Γ1

ΛZ∆,

Λ
i(θ1)
Γ2

Λ
θ1∪i(θ1)
Γ2

Λθ1Γ2

fi

∼ ∼

f

f1

f2

∼ ∼

As indicated in the above diagram, the projections Λ
θi∪i(θi)
Γi

→ ΛθiΓi and

Λ
θi∪i(θi)
Γi

→ Λ
i(θi)
Γi

, i = 1, 2, are homeomorphisms due to the θi-antipodality

of Γi [27, Lemma 9.5]. Hence the maps f and fi are well-defined as above,
and are homeomorphisms. Moreover, since all maps in the diagram are
equivariant under the actions of the corresponding groups, f and fi are
ρ-equivariant. Therefore, they form a pair of ρ-boundary maps.

This allows us to apply Theorem 1.4, finishing the proof. □

10. Horospherical foliations and Burger-Roblin measures

In the rest of the paper, let G be a connected semisimple real algebraic
group and fix a non-empty θ ⊂ Π. In this section, we discuss ergodic
properties of Burger-Roblin measures on horospherical foliations.

Recall the space

Hθ := Fθ × aθ

and the actions of G and Aθ on Hθ given as follows: for (ξ, u) ∈ Hθ, g ∈ G
and a ∈ Aθ,

(10.1)
g · (ξ, u) = (gξ, u+ βθξ (g

−1, e));

(ξ, u) · a = (ξ, u+ log a).

Denoting by g+ = gPθ ∈ Fθ, the map g 7→ (g+, βθg+(e, g)) induces a homeo-

morphism

G/NθSθ ≃ Hθ.

Hence the space Hθ can be considered as the θ-horospherical foliation. In-
deed, when G is of rank one, Hθ is the horospherical foliation of the unit
tangent bundle of G/K.

Since Aθ normalizes NθSθ, the quotient G/NθSθ admits both left G-action
and right Aθ-action, and the above homeomorphism is (G,Aθ)-equivariant.
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A Radon measure m on Hθ is Aθ-semi-invariant if there exists a linear form
χm ∈ a∗θ such that for all a ∈ Aθ, we have

a∗m = eχm(log a)m.

We define a Γ-invariant Aθ-semi-invariant Radon measure on Hθ, called
Burger-Roblin measure.

Definition 10.1 (Burger-Roblin measures). Let Γ < G be a discrete sub-
group and ν a (Γ, ψ)-conformal measure on Fθ for some ψ ∈ a∗θ. The Burger-

Roblin measure mBR
ν on Hθ associated to ν is defined by

dmBR
ν (ξ, u) := eψ(u)dν(ξ)du

where du is the Lebesgue measure on aθ.

In fact, all Γ-invariant Aθ-semi-invariant measures arise as Burger-Roblin
measures. See ([1], [10], [32]) for rank one settings, and [33, Proposition
10.25] for higher rank:

Proposition 10.2. Let Γ < G be a Zariski dense discrete subgroup. Any Γ-
invariant Aθ-semi-invariant Radon measure on Hθ is proportional a Burger-
Roblin measure associated with some Γ-conformal measure on Fθ.

Ergodicity of horospherical foliations. We now prove the ergodicity of
horospherical foliations with respect to Burger-Roblin measures. The size of
the essential subgroup plays a role of criterion for the ergodicity of actions
of horospherical foliations. The following was proved in [40] for abstract
measurable dynamical systems, and more direct proof for particular case
of CAT(−1) spaces was given in [38, Proposition 2.1]. Following [38], the
higher rank version was obtained in [33, Proposition 9.2] when θ = Π. The
same proofs as in ([33] and [38]) works for general θ:

Proposition 10.3. Let Γ < G be a Zariski dense discrete subgroup and ν
a Γ-conformal measure on Fθ. The Γ-action on (Hθ,m

BR
ν ) is ergodic if and

only if the Γ-action on (Fθ, ν) is ergodic and Eθν(Γ) = aθ.

Proof of Theorem 1.11. Let Γ be a Zariski dense θ-hypertransverse sub-
group. Let ν be a Γ-conformal measure of divergence type. By Theorem 7.7,
we have Eθν(Γ) = aθ. Moreover, (Fθ,Γ, ν) is ergodic by Theorem 5.5. There-
fore, the ergodicity of the Γ-action on (Hθ,m

BR
ν ) follows from Proposition

10.3. □

Ergodic decomposition. In the rest of the section, we consider the case
θ = Π; we omit the subscripts and superscripts for θ = Π. Let Γ < G be a
Zariski dense Π-hypertransverse subgroup.

For a (Γ, ψ)-conformal measure ν on F for some ψ ∈ a∗, the associated
Burger-Roblin measure m̂BR

ν on Γ\G is defined in (1.1). Let νi be a (Γ, ψ ◦
i)-conformal measure on F . We now define the Bowen-Margulis-Sullivan
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measure for the pair (ν, νi). The generalized Hopf-parametrization for G is

an isomorphism G/M → F (2) × a defined by

gM 7→ (g+, g−, βg+(e, g))

where g+ = gP , g− = gw0P ∈ F . By fixing a Borel section G/M → G, it
induces an isomorphism

(10.2) G→ F (2) × a×M.

Via (10.2), the following defines a left Γ-invariant and right AM -invariant
measure on G: for g ∈ G,

(10.3) dm̂BMS
ν,νi

(g) := eψ(βg+ (e,g)+i(βg− (e,g)))dν(g+)dνi(g
−)dadm

where da and dm denote the Haar measures on a andM respectively. Hence
it induces an AM -invariant measure on Γ\G which we also denote by m̂BMS

ν,νi
and call the Bowen-Margulis-Sullivan measure associated to the pair (ν, νi).
Note that when ν is of divergence type, νi uniquely exists by Theorem 5.5,
and therefore we simply write m̂BMS

ν := m̂BMS
ν,νi

.
Recall from the introduction that DΓ is the collection of all P ◦-minimal

subsets of Γ\G where P ◦ is the identity component of P . For a fixed E0 ∈ DΓ,
we set PΓ := {p ∈ P : E0p = E0}. Then PΓ is a finite index co-abelian
subgroup of P and is independent of the choice of E0, and moreover the
map PΓ\P → DΓ, [p] 7→ E0p, is bijective [20]. We now present the ergodic
decompositions of the Burger-Roblin and Bowen-Margulis-Sullivan measures
on Γ\G, which is stated as Theorem 1.13 in the introduction:

Theorem 10.4. Let Γ < G be a Zariski dense Π-hypertransverse subgroup.
Let ν be a Γ-conformal measure on F of divergence type. Then

(1) m̂BR
ν =

∑
E∈DΓ

m̂BR
ν |E is an N -ergodic decomposition;

(2) m̂BMS
ν =

∑
E∈DΓ

m̂BMS
ν |E is an A-ergodic decomposition.

In particular, the number of N -ergodic components of m̂BR
ν and the number

of A-ergodic components of m̂BMS
ν are given by #DΓ = [P : PΓ].

In [34], Lee-Oh deduced the ergodic decomposition theorem for Π-Anosov
subgroups from the ergodicity of NM -action and AM -action on Γ\G respec-
tively, which were shown in their another work [33]. The Anosov property
was used in order to have

• Π-regularity and Π-antipodality of Γ;
• the ergodicity of NM -action and the complete conservativity and
ergodicity of AM -action on Γ\G;

• appropriate covering of the limit set to show that the a×M -valued
essential subgroup for a Γ-conformal measure ν is the whole a×M .

On the other hand, when Γ is Π-hypertransverse, it is Π-regular and Π-
antipodal. Moreover, if ν is of divergence type, then we showed that the
NM -action on (Γ\G, m̂BR

ν ) is ergodic in Theorem 1.12 and the complete
conservativity and ergodicity of AM -action on (Γ\G, m̂BMS

ν ) were known
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([12], [27], Theorem 5.7). Finally, as we have shown in Section 7, the new
covering of the limit set defined in terms of the visual metric on the Gromov
boundary plays an appropriate role to prove that the essential subgroup
is full. The deduction for the extended version of the essential subgroup,
taking values in a ×M , can be done in a same way as in [34]. Therefore,
Theorem 10.4 can be deduced by the same argument as in [34], with these
replacements of the above three items.

Dense A+-orbits. We now deduce the following which is stated as Theorem
1.14 in the introduction:

Theorem 10.5. Let Γ < G be a Zariski dense Π-hypertransverse subgroup.
Let ν be a Γ-conformal measure on F of divergence type. Then for any
E ∈ DΓ and m̂BMS

ν -a.e. x ∈ E,

xA+ = supp m̂BMS
ν |E .

Proof. Let ΛΠ ⊂ F be the limit set of Γ and set Λ(2) := (ΛΠ × ΛΠ) ∩ F (2).
Via the isomorphism in (10.2), consider a subset

S := Λ(2) × a×M ⊂ G.

Then Γ\S = supp m̂BMS
ν , and the right A-action on G corresponds to the

translation action on the a-component. Let ψ ∈ a∗ be a (Γ,Π)-proper linear

form associated to ν and set Sψ := Λ(2)×R×M and the projection S → Sψ
given by (ξ, η, u,m) ∈ S 7→ (ξ, η, ψ(u),m) ∈ Sψ. By Theorem 5.6, the
induced Γ-action on Sψ is properly discontinuous, and hence we have the
projection

Ψ : Γ\S → Γ\Sψ.
The translation on the a-component descends to the translation on the R-
component, under Ψ.

As in (10.3), consider the following Γ-invariant measure on Sψ given by

eψ(βξ(e,g)+i(βη(e,g)))dν(ξ)dνi(η)dtdm

for g ∈ G such that (g+, g−) = (ξ, η). This induces a measure m̂ν on Γ\Sψ
which is invariant under the R-translation. Then m̂BMS

ν is the disintegration
of m̂ν along the fiber kerψ.

Let Eψ := Ψ(Γ\S∩E). By Theorem 10.4, the R-translation on (Eψ, m̂ν |Eψ)
is ergodic. Moreover, since M is compact, it follows from Theorem 5.7 that
the R-translation on (Eψ, m̂ν |Eψ) is completely conservative. Therefore, m̂ν-
a.e. R+-orbit in Eψ is dense. Denoting by Aψ := exp{ψ > 0} ⊂ A, this

implies that for m̂BMS
ν -a.e. x ∈ E , xAψ = Γ\S ∩ E .

Fix x ∈ Γ\S ∩ E with a dense Aψ-orbit. We now show that xA+ is dense
as well. Since Γ\S ∩ E − xA ⊂ Γ\S ∩ E is dense, it suffices to show that

xA+ ⊃ Γ\S ∩ E − xA. Let y ∈ Γ\S ∩ E − xA. Then there exists a sequence
an ∈ Aψ such that ψ(log an) → ∞ and

xan → y as n→ ∞.
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We choose g, h ∈ G such that [g] = x and [h] = y. Then there exists
a sequence γn ∈ Γ so that γngan → h. In particular, comparing the a-
component of S, we have that

βg+(γ
−1
n , e) + log an is bounded.

Since ψ(log an) → ∞, this also implies ψ(βg+(γ
−1
n , e)) → −∞. By [27, Proof

of Proposition 9.10], we have for some R > 0 that

g+ ∈ OΠ
R(o, γ

−1
n o) for all n ≥ 1.

It then follows from Lemma 3.3 that

−µ(γ−1
n ) + log an is bounded.

Hence, for any fixed closed convex cone C ⊂ a such that a+ ⊂ int C ∪ {0},
we have

(10.4) log an ∈ C for all large n ≥ 1.

On the other hand, by [33, Lemma 8.13], for any Weyl chamber W ⊂
a − int(a+ ∪ −a+), the orbit map W → x expW is proper. Hence, the
convergence xan → y implies that

(10.5) log an ∈ int(a+ ∪ −a+) for all large n ≥ 1.

Now we choose the cone C ⊂ a satisfying (C − {0}) ∩ −a+ = ∅. Then by
(10.4) and (10.5),

log an ∈ a+ for all large n ≥ 1.

Since xan → y and y is an arbitrary point in a dense subset Γ\S ∩ E − xA,
we have

xA+ = Γ\S ∩ E .
Since the above equality holds for m̂BMS

ν -a.e. x ∈ E and supp m̂BMS
ν = Γ\S,

this finishes the proof. □

Remark 10.6. When Γ is Π-Anosov, the ergodic decomposition (Theorem
10.4) was already proved by Lee-Oh [34], and hence Theorem 10.5 follows
from their work. Indeed, in this case, the space Γ\Sψ in the proof of Theorem
10.5 is compact ([14, Proposition A.1], [15, Theorem 4.15]) and hence the
conservativity of the R-translation is a consequence of Poincaré recurrence
theorem. Therefore, the same deduction from the ergodic decomposition
[34] works.
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